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THEORY OF THE MOON'S MOTION. 



INTRODUCTION. 



The motion of the moon around the earth has in all ages excited the wonder 
and the curiosity of mankind. In the study of its motion, the first and most 
important element to be determined would obviously be the interval of time 
between two successive new or full moons. By means of long-continued obser- 
vations, the mean or average length of time between two successive phases of 
the moon would be accurately determined; and the knowledge thus obtained 
would serve as a basis for predicting the position of the moon in the heavens at 
any future time. The most important and interesting question which would 
arise would evidently be in regard to the time of new moon. To a careless 
observer it would seem to move always at the same distance, and with a uniform 
velocity, through the celestial sphere ; but a more careful and attentive observer 
would very soon detect a variation in its apparent size at diflferent times, which 
would show that its distance from the earth was variable ; and he would also 
perceive that its motion in the heavens was subject to very considerable irregu- 
larities. Thus, in attempting to predict the time of new moon after having 
obtained the mean time of its revolution, he would notice that his predictions 
were seldom or never exactly verified by observation, but that the time of new 
moon would happen sometimes earlier, and sometimes later, than the computed 
time, but would never be in error to a greater extent than about one half a day. 
A long-continued series of observations would, however, enable him to deduce 
the law of development which the errors of prediction would follow; and he 
would thus be enabled to apply a correction to the time obtained on the suppo- 
sition of a uniform motion of the moon. An observer would notice an inseparable 
relation between the apparent size of the moon and its velocity in the sky, both 
elements being a maximum or a minimum at the same time. Thus, when the 
apparent size of the moon is the greatest, its velocity is also the greatest; and 
when its apparent size is the smallest, its velocity is the least. But the apparent 
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magnitude of the moon is greatest when its distance from the earth is the least ; 
whence it would follow that there is a relation between the velocity of the moon 
and its distance from the earth. Now, in comparing the observed times of new 
moon with the times predicted on the supposition that it moves with a uniform 
angular velocity, we should notice that the predicted and observed times were 
always the same when the apparent size of the moon was either the greatest 
or the least, and that the difference between the computed and observed times 
was the greatest when the apparent size was the mean between the extreme 
values. In other words, the observed and calculated places of the moon are the 
same at the extremities of the greater axis of its orbit ; and the difference between 
the calculated and observed places is the greatest when the moon is at its mean 
distance from the earth. The correction which it is necessary to apply in order 
to obtain the true place of the moon when its mean place is given is called the 
equation of the centre. The moon's equation of the centre was found by means 
of observations of the times of new and full moon to be about jive degrees ; and, 
if we accept the claims of the Hindoos, this correction to the moon's mean place 
was known to that people more than three thousand years before Christ ; but if 
we reject their claim, it would seem to follow that this correction escaped the 
knowledge of mankind until the time of Hipparchus, or about three thousand 
years after the Hindoos claim to have employed it in their tables of the moon's 
motion. 

By means of the equation of the centre which we have just explained, astron- 
omers were enabled to predict the time of new or full moon with all desirable 
precision ; but in attempting to calculate the place of the moon about the time 
of the quadratures, a remarkable deviation was sometimes found to take place. 
Hipparchus first noticed a remarkable discrepancy between the calculated and 
observed places of the moon at the time of the quadratures, and executed a series 
of observations for the purpose of finding its value ; but the law according to 
which the inequality was developed escaped detection during a period of three 
hundred years after its existence was made known to astronomers. It was 
reserved for Ptolemy, who lived in the second century of our era, to give a com- 
plete explanation of the inequality of thp moon's longitude at the quadratures. 
By means of a long series of observations he discovered that the inequality 
vanished when the apsides of the moon's orbit were also in quadrature, and 
attained a maximum value when the apsides were in the syzygies. A relation 
was thite shown to exist between the moon's longitude and the position of the 
greater axis of the orbit with respect to the sun. According to Ptolemy, the 
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coeflScieDt of the inequality was variable, and equal to 2° 40' multiplied by the 
cosine of the elongation of the moon's perigee from the sun. The coefficient thus 
found being multiplied by the dne of the moon's elongation from the sun, gave 
the required correction to the moon's longitude in any part of the orbit, and rep- 
resented the observations at the quadratures with all desirable precision. This 
second inequality in the moon's longitude has been called by the name of eveetion. 
It is plain that the evection always vanishes at the time of new or full moon, and 
becomes a maximum in the quadratures when the apsides of the moon's orbit 
are in the syzygies ; it vanishes also in the quadiutures when the apsides are in 
quadrature* 

By means of the equation of the centre and the evection, astronomers were 
enabled to calculate the moon's place in the heavens at four equidistant points 
with all the precision required by the observations ; and it was more than eight 
hundred years after the evection was discovered, and its laws ascertained, before 
astronomers suspected the existence of a third inequality in the moon's motion. 
Toward the end of the tenth century, Abdul Wepa, an Arabian astronomer, by 
comparing the observations of the moon with the calculated place which was 
found by applying the equation of the centre and the evection, noticed that the 
observed and computed places differed considerably at the octants, and remarked 
the necessity of a third correction to the moon's longitude ; but he failed to detect 
the law by which the inequality was developed, and it was neglected and forgot- 
ten by succeeding astronomers until after the revival of science in Europe, when 
it was rediscovered, and its law of development ascertained by Tycho Brahe, 
toward the close of the sixteenth century. This third inequality in the moon's 
longitude has received the name of the variation; and its maximum value was 
found to be about 36', or six-tenths of a degree. If we multiply this quantity by 
the sine of twice the moon's elongation from the sun, we shall obtain the value of 
the inequality for the corresponding part of the orbit. 

Tycho Brahe also remarked the existence of a fourth inequality in the 
moon's longitude ; but he failed to determine its amount or to assign the law of 
its variation. It has since been found to amount to about 11', and it varies in 
proportion to the sine of the sun's anomaly. Since its period is about one year, 
it has received the name of the annual equation. 

An inequality in the moon's latitude was also discovered by Tycho Brahe. 
It was very similar to the evection in its form, but its magnitude depended on 
the position of the node, instead of the perigee with respect to the sun. The 
coefficient of the inequality was variable, and equal to 22' multiplied by the cosine 
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of the distance of the moon's node from the sun. If the coefficient thus found 
were multiplied by the sine of the moon's elongation from the sun, we should 
obtain the value of the inequality in the latitude. The inequality therefore van- 
ishes at the time of new or full moon ; it also vanishes in quadrature when the 
node is in quadrature, but it is a maximum at the quadrature if the node is in 
conjunction or opposition with the sun. 

The preceding inequalities in the moon's motion are the only ones that were 
discovered by observation during all the ages of antiquity, and until near the 
close of the seventeenth century. Indeed it is not probable that any additional ones 
would have been discovered till the present time, had not a physical cause of the 
inequalities been found in the law of universal gravitation. By means of the four 
inequalities, the equation of the centre^ the evection, the variation, and the annual 
equation, astronomers were enabled to predict the moon's longitude for eight 
points of the orbit, at any time of the year, with all the precision required by the 
existing state of astronomy. But for intermediate points of the orbit, and even 
for thovse eight points which had been specially examined, considerable residuals 
sometimes still remained, thus showing that additional equations were necessary 
in order to make the calculations agree with the observations. However, since 
the remaining residuals were due to a multitude of equations of unknown form, 
together with small errors in the values of the four equations which had been 
•discovered, it was plainly impossible to disentangle the separate equations from 
the confused mass of outstanding errors. But, on the discovery of the principle 
•of universal gravitation, astronomers were enabled to refer all the inequalities in 
the motion of the moon to a physical cause ; and the development of all the con- 
sequences resulting from the operation of this cause has been one of the most 
important and interesting problems which have engaged the attention of mathe- 
maticians from the time of Newton to the present day. Before the discovery of 
the principle of universal gravitation, it was necessary to reason from phenomena 
to their causes ; and the phenomena which had been discovered by astronomers in 
the solar system, and at the surface of the earth itself, were sufficient to reveal 
the causes which produced them. Thus Kepler, by careful and long-coatinued 
study of the motions of the planets observed by Tycho Brahe, was enabled 
to discover the laws and determine the centres of their motions ; and these laws, 
when viewed in connection with the principles of mechanical science as made 
known at the surface of the earth, enabled Newton to discover the law of uni- 
versal gravitation. The laws of the planetary motions which Kepler deduced 
from the celestial phenomena are as follows: 
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First. — The orbits of the planets are ellipses, of which the sun occupies one 

of the foci; 
Second. — The radium vector of each planet sweeps over equal areas in equal 

times; and 
Third. — The squares of the times of revolution of the different planets are 

in the same proportion as the cubes of their mean distances from 

the sun. 

These are Kepler's three laws of the planetary motions ; they were dis- 
covered early in the seventeenth century, and from them may be deduced the 
law of universal gravitation. Thus, from the law that the radius vector describes 
equal areas in equal times, Newton draws this conclusion : that the force acting 
on the planets is directed toward the centre of the sun. From the law that the 
orbits of the planets are ellipses, of which the sun occupies one of the foci, he 
concludes, that the force acting on the planet varies in the inverse ratio of the 
square of the distance of their centres from that of the sun. Lastly, from the law 
that the squares of the times of revolution are proportional to the cubes of the 
mean distances from the sun, he concludes, that the force is proportional to the 
ma^s. 

The same laws of motion are found to prevail in the systems of the satellites, 
by comparing their times of revolution with their mean distances from their pri- 
maries ; and it may be demonstrated for the moon by a comparison of her motion 
with that of projectiles on the surface of the earth. We may therefore consider 
the gravitation of the heavenly bodies toward each other as a general law of the 
universe. 

Immediately on the deduction of the law of universal gravitation, Newton 
attempted to apply it in order to explain the inequalities in the motion of the 
moon by reason of the disturbing influence of the sun. Were the moon attracted 
only by the earth, she ought to move in an elliptical orbit around the earth, and 
describe equal areas in equal times ; but, being also attracted by the sun, her mo- 
tion ought to deviate a little from the elliptical path which she would otherwise 
exactly* follow. And hence has arisen the famous ''problem of three bodies," in 
which it is required to determine all the circumstances of the motion of one body 
when it is subjected to the attraction of two other bodies, whose masses and posi- 
tions are given as the data of the problem. The rigorous solution of this problem 
surpasses the power of analysis ; but approximate solutions of various degrees of 
excellence, depending on the skill and patience of the calculator, have been ob- 
tained by nearly all the great mathematicians since the time of Newton. 
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In Newton's day modern methods of analysis were in their infancy or 
wholly undeveloped ; and he was obliged to employ the ancient methods of geo- 
metrical synthesis in his investigaticms of the moon's perturbations. In this 
attempt he not only showed his complete mastery of the method, but also 
exhausted its capabilities, since no succeeding mathematician has been able to 
extend his solution beyond the point where he left it. Indeed it has been sus- 
pected that Newton first obtained his solution by the analytical method, and 
afterward translated his results into the language of the geometrical method ; but 
this seems doubtful, since, were tiiis the case^ the wonder were all tiie greater 
that he failed to obtain other considerable inequalities of the lunar motionfi which 
wholly escaped biuL We shall now give some account of the results at which 
he arrived. 

Among the inequalities of the moon's longitude which were discovered by 
observation, three only, the eveetion, the variation, and ihe annxud eqiuUion, are 
found to arise from the disturbing influence of the sun. Of these three inequal- 
ities, the last two were investigated by Newton ; ajid he obtained a very dose 
approximation to their true values. He also showed that the sun's disturbing 
force caused the moon's nodes to retrograde upon the ecliptic, and also produced 
a periodic variation in the inclination of the moon's orbit. There are also a num- 
ber of other inequalities in the moon's motion and in the motion of the node, 
which he explained in a general way, without attempting to determine their numer- 
ical values. But in his calculation of the motion of the moon's perigee he obtained 
only half the motion indicated by observation. According to the historians of 
science, this was the only failure of Newton's efforts in the lunar theory. It is 
manifest, however, tiiat his method of solution, even isx his own hands, was not 
equal to the emergency, for be not only foiled in computing the motion of the 
perigee, but he was wholly unable to explain the eveetion, which is by far the 
largest of the moon's inequalities. Newton's investigations in the lunar theory 
were therefore chiefly valuable as a first attempt to deduce the inequalities of 
the moon's motion from a strictly physical cause ; and his success, although not 
complete, was sufficient to inspire confidence in the adequacy of the prin^fiple of 
universal gravitation to account for all the lunar motions. 

Newton's theory of the moon's inequalities is given in his Prindpia, which 
was published in the year 1687 ; and no attempt was made to verify or extend 
his development beyond the point where he left it, until more than half a century 
had elapsed. Toward the middle of the eighteenth century several of the most 
distinguished mathematicians of Europe occupied themselves with the subject 
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of the lunar motions, and Clairaut succeeded in completely acoounting for the 
motion of the moon's perigee in 1749. The explanation of the motion of the 
moon's perigee by Clairaut inspired new confidence in the theory of gravita- 
tion, and it was subsequently applied with success to account for the irregularities 
of the planetary motions. 

Since Newton's time the theory of the moon's motion has been one of the 
most complicated problems of astronomy. In 1747, Clairaut gave a new solu- 
tion of the "problem of three bodies," which he applied to the motion of the 
moon. By means of this solution he fully explained the evectionj together with 
the variation and anrnuit equation, and also made known the existence of several 
other inequalities which had not been discovered by observation. All the inequal- 
ities which had been discovered by observation were therefore completely explained 
by the theory ; and the theory had also indicated several new ones whose exist- 
ence was subsequently confirmed by observations. Two years later Clairaut 
succeeded in accounting for the motion of the moon's perigee ; and thus all the 
inequalities of the lunar motions, which had so long perplexed astronomers, were 
shown to be necessary results of the law of universal gravitation. The results 
at whidi Clairaut arrived were subsequently confirmed by the investigations 
of EuLER and D'Alembert, although the theory was not further improved or 
extended by their labors. 

The next person who contributed materially toward the improvement of the 
physical theory of the moon's motion was La Place, who explained the origin 
of the secular inequality in the moon's longitude, which was first suspected by 
Hallet, and fully confirmed by subsequent investigations. He afterward 
demonstrated that the motions of the nodes and perigee were also subjected to 
secular inequalities ; and that the moon's latitude and longitude were afiected by 
sensible inequalities arising from the oblateness of the earth. And by carrying 
on his approximations to terms of a higher order of magnitude than Clairaut 
had done, he made known the existence of several new inequalities of sensible 
magnitude in the njoon's motion which had not before been suspected by 
astronomers. But, notwithstanding these elaborate investigations, the moon's 
calculated place in the heavens continued to deviate from the observed place, 
and the predicted times of occultations and eclipses often differed considerably 
from the observed times. 

Before the year 1820, the coefficients of the inequalities of the moon's motion 
were obtained by th« discussion of great numbers of observations, the arguments 
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of the equations being alone derived from theory. They were therefore to a great 
extent empirical; and as this circumstance was considered derogatory to the 
dignity of physical astronomy, La Place induced the Academy of Sciences of 
Paris to propose for the subject of its mathematical prize for the year 1820 the 
formation by theory alone of lunar tables equally perfect with those which had 
been obtained from theory and observation combined. This action of the French 
Academy was the origin of a number of very elaborate works on the lunar theory, 
the mast complete being that of Plana, which was published in three large quarto 
volumes in the year 1832. In this work Plana has computed one hundred and 
thirty-three diflferent inequalities in the moon's longitude, eighty-three of which 
have coeflScients of less than one second of arc. Tables of the moon's motion 
containing some empirical terms were developed from Plana's theory by the 
late Professor Peirce, in 1853 ; and from these tables the ephemeris of the moon 
in the American Ephemeris and Nautical Almanac is computed. The place of 
the moon as determined from Plana's theory agrees somewhat better with obser- 
vation than those in previous use by astronomers ; but the predicted time of an 
eclipse or occultation is still uncertain by almost a minute ; thus indicating a 
considerable imperfection in the theory of her motion. 

In the development of the differential equations of the moon's motion, Plana 
employed the true longitude as the independent variable; or, in other words, he 
determined the time in functions of the true longitude of the moon. He then 
obtained, by inverting the series, the true longitude in functions of the time as 
the independent variable. Plana's work on the lunar theory was followed, in 
the year 1846, by Pontecoulant's Theorie Analytique du Systeme du Monde, 
which contains an elaborate theory of the moon's motion, in which he integrates 
the diflFerential equations by employing the time as the independent variable. He 
obtains very nearly the same results as Plana had already found by an entirely 
different method. 

The next person who contributed by his labors to the improvement of the 
lunar theory was Hansen. In the year 1857 he published very extensive tables 
of the moon's motion, which were based on a new solution of the problem of three 
bodies. According to Hansen's very refined conception of the problem, the 
elements of the moon's orbit may be regarded as constant, and the time alone be 
subject to perturbation ; and his formulae, being derived by means of a different 
form of development are not easily comparable with those of Plana and Ponte- 
COULANT. Hansen's tables of the moon have, however, been used in the compu- 
tation of the moon's ephemeris in the English Nautical Almanac since the year 
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1857 ; bat the comparison of the ephemerides with the observatioDS since made 
does not indicate any very decided improvement over the tables based on Plana's 
theory. 

The latest important work on the lunar theory is, however, due to Delaunay. 
This mathematician has given a very elaborate development of the theory of the 
moon's motion in two large quarto volumes which were published in the years 
1860 and 1867. This work is a development of the theory of the variation of the 
elements, and gives very nearly the same results as Plana's, although the approx- 
imations are carried much further. He finds four hundred and seventy-nine 
equationa of the moon s longitude, four hundred and thirty-six for the latitude, 
and one hundred for the paraUax. Of these various equations, only about ffty 
for the longitude and forty for the latitude exceed one second of arc. His theory 
of the moon's motion has not, however, been compared with observation ; but the 
close agreement of his equations with those of Plana leads to the belief that the 
computed place of the moon would not diflfer very materially from the place given 
by Plana's theory. 

We may therefore sum up the progress of the theory in modern times as 
follows : Before the time of Tycho Brahe the best lunar tables gave the moon's 
place only by a distant approximation ; Tycho's discovery of the variation and 
annual equation reduced the errors of the tables to less than one-quarter of a 
degree; the labors of Newton and Halley brought the errors within about 
one-eighth of a degree ; Mayer, by the aid of theory and observations reduced 
the errors to about the thirtieth part of a degree ; and lastly, Mason and Burg, 
according to the authority of La Place, reduced the errors of the tables to less 
than one-quarter of a minu;te of arc. This brings us to the epoch of pure theory. 
In this department La Place made the first important advance, and computed 
the value of upward of thirty equations of the longitude, ^teen of the latitude, 
and twenty-seven of the parallax. La Place was followed by Plana and Ponte- 
COULANT, who have given about one hundred and thirty equations of the longi- 
tude, and nearly one hundred in the latitude and parallax; and these were 
followed by Hansen aud Delaunay, the latter of whom has given upward of 
four hundred and seventy equations of the longitude, four hundred and thirty 
for the latitude, and one hundred for the parallax. The^ various theories all 
agree in assigning very nearly the same numerical values to the coeflScients of 
the difierent inequalities which are common to them ; and this agreement would 
seem to preclude the possibility of any accidental errors having crept into the 
calculations so as to vitiate the results to any great extent. And yet, notwith- 
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standing the vast development which the mathematical theory has received, the 
most recently constructed lunar tables fail to give the moon's place with much, 
if any, greater precision than the tables in use at the beginning of the present 
century. It is hence easy to conclude that the mathematical developments of the 
lunar theory during the last fifty years have not been attended with any corre^ 
aponding degree of improvement. 

Nearly all the lunar inequalities which Delaukay has calculated, in 
addition to those calciUated by Plana, are utterly insignificant in comparison 
with the outstanding errors of theory. It therefore seems a waste of time and^ 
labor to attempt to reconcile the theory with observations by simply pushing 
the approximations to terms of a still higher order than Delaukay has already 
done ; and it still remains a problem of the highest importance to construct a lunar 
theory which will represent the observations. But the problem of the moon's 
motion has an irresistible charm, aside from its intrinsic importance ; and I have 
therefore devoted the little leisure at my command during several years past to 
its careful and systematic development. The results of my labors are given in 
this volume ; and, notwithstanding its small size in comparison with the great 
works of Plana and Delaunay, I have much confidence in its general correct- 
ness. I shall therefore now give a somewhat detailed comparison of the present 
theory with the theories already mentioned in this Introduction. 

In Chapter I. we have given the general differential equations of motion, in 
which the variable quantities are expressed in terms of both rectangular and 
polar co-ordinates. The differential equations which are expressed in terms of 
the polar co-ordinates, have then been so combined that they may be directly 
integrated. The constants introduced by the integrations give the elements of 
the moon's orbit, a, e, y, <i>, and Q, together with the longitude of the moon at a 
:given epoch. By putting the disturbing function equal to nothing we have 
^obtained the equations of the elliptical motion, or the expressions of the three 
•co-ordinates r, v, and in terms of the time. The whole theory of the moon's 
motion is contained in equations (104), (119), and (124) when we neglect the 
consideration of the effects of the disturbing forces. The general differential 
equations of the variations of the elements of the elliptical motion are also 
given in this chapter. 

Chapter II. is wholly devoted to the development of the functions and forces 
which enter into the differential equations of the co-ordinates; and Chapter III. 
contains the development of that part of the perturbations which depends on the 
first power of the disturbing force. In these investigations I have carried the 
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developments only so far as to include terms of the fourth order depending on the 
eccentricities and inclinations; while Plana and Delaunay have carried the 
development to terms of the sixth order depending on these quantities. And 
since the confidence inspired in a new method of analysis depends very much on 
the facility with which it can be applied to the determination of well-established 
results, we shall now give a comparison of the numerical values of some of the 
inequalities of the moon's motion with the values obtained by other investigators. 
This comparison will be restricted to those inequalities in which the agreement is 
-almost perfect, and to those in which they are most widely different. 

We will first compare the coefficients of those inequalities which are mainly 
independent of the eccentricities and inclinations of the orbits. The inequalities 
of this kind depend on the argument 2 (nt — n't) and its multiples. If we sub- 

stitute the value of — , which is given by equation (716), in the coefficients of 

Bin 2 {nt — n't) in equations (307), (400), (470), and (551), omitting the terms 
depending on e, e', and y, we shall obtain the complete value of the coefficient 
as follows: 

2111".841 - 6".562 - 0".030 - 0".0007 = 2106".248. 

According to Delaunay's development, this coefficient is composed of the 
following terms: 

1586".888+424'^447+80'^091+12".769 + 1".809+0''.223+0".021 =2106".248. 

These two results are identically equal to each other. But a most important 
distinction between them is the convergency of the series by which they are deter- 
mined. The four terms of my development are more accurate than the seven 
terms of Delaunay's, since the seventh term of the latter series is thirty times 
greater than the fourth term of the former. 

If we now compare the coefficients of sin 4(?i^ — n'^), we shall find from 
equations (400), (470), and (551) the following terms: 

8".789 -0".056 - 0^.0001 = 8".733, 
while Delaunay gives 

6".070 + 2".612 + 0".813 -f 0".196 + 0''.060 = 8''.761. 

These two coefficients, though practically equal to each other, show the same 
remarkable diflFerence in the convergency of the series by which they are deter- 
mined; the second term of my development being smaller than the fifth of 
Delaunay's. 
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For the equation whose argument is 6 {nt — nU) we find from equations 
(470) and (651), 

0''.0493 - 0".0005 = 0".0488, 

while Delaunat gives 

0'^0218 + 0'^0167 = 0".0385. 

This coeflBcient of Delaunay's is about one-fourth part too small, since he 
has not carried the approximation to terms of so high an order as in the two 
former cases. To show, however, that my coefficient is correct, I would observe 
that the Monthly Notices of the Royal Astronomical Society for November, 1877, 
contains a paper by Prof. J. 0. Adams, which purports to give the coefficients 
of the equations we have been comparing, with extreme accuracy. If we reduce 
his coefficient of sin 6 {nt — n't) to seconds of arc, we obtain 0".0490 for this 
coefficient — a value almost identical with my own. For the coefficient of sin 
8(n^ — n'^), I find from equation (551) 0''.00034, while according to Pro£ 
Adams it is 0".00031. 

According to my development, the coefficient of the parallactic inequality is 
composed of the following terms, which are the coefficients of sin (jit — n't) in 
equations (307), (400), (470), and (551) : 

84''.523 + 26''.801 + 10''.280 -f 3".872 = 125".476, 

while Delaunay gives the following series of terms : 

74".023 + 34".330 4- 11".885 + 4".428 + 1".862 + 0".712 + 0".381 = 127".621. 

The coefficient of this inequality is one of the most troublesome to be deter- 
mined by the theory, and the four terms above given are the only ones I have 
yet computed. If we estimate the sum of the remaining terms by induction 
from those already calculated, we should increase the preceding coefficient by 
2".10, which would make it equal to 127".58. Delaunay's coefficient ought 
also to be increased, for the same reason, by about 0".38, which would make it 
amount to 128".00. These coefficients correspond to a solar parallax of about 
8".75. According to my computations, the eccentricity and inclination of the 
orbits would diminish the above coefficient by 2'Ml ; and if we assume the mass 
of the moon to be one-eightieth of the earth's mass, the perturbations of the earth 
by the moon would diminish it by 2". 10 more. The theoretical coefficient would 
therefore be equal to 123''.37. Were the exact value of the coefficient of this 
inequality determined from observation, we might, by comparing it with the 
theoretical coefficient, determine the correction to our assumed solar parallax. 
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The preceding ineqnalitied are the principal ones in which the coefficients of 
the different theories are directly comparable with <w5h other. For those inequal- 
ities in which the eccentricity and inclination enter as factors, the value of the 
coefficient depends, to a certain extent, on the manner in which the arguments 
of the different equations are measured. 

In Delaunay's theory the anomalies are measured on the plane of the orbit, 
while the longitudes are measured on the plane of the ecliptic. I find, however, 
that it conduces to greater simplicity to measure the mean anomalies along the 
plane of the ecliptic from the point of projection of the perigee of the orbit on the 
same plane. However, in order to show the rapid convergency of the series 
which determine the principal periodic inequalities depending on the eccentricity 
and inclination of the orbit, I here give the two terms of the coefficient of the 
evection, which I have computed. The first two terms depending on the first 
power of the eccentricity are as follows : 

4280".9 + 122".0. 

These terms are found in equations (307) and (400) with the argument 
sin {nt — 2n't'{-ai). According to Delaunay, the corresponding coefficient of 
the evection is made up of the following terms : 

3176".4 -h 1041".5 -h 297".5 + 72".3 -f 16".6 + 3".3 + 0''.8 + 0".3. 

It is evident that the first series converges about ten times as rapidly as the 
second. 

The preceding comparison is sufficient to show the correctness and value of 
the method which I have employed in the problem of the moon's motion, and the 
facility of its application is apparent from the work itself. I shall now mention 
a few cases in which my results are wholly different from what other calculators 
have found for the same inequalities. 

Before doing so, however, we may observe that there are certain fundamental 
and axiomatic conditions which ought to be satisfied by the results arrived at, 
whatever may be the method of analysis which we may employ. In the present 
case the condition to be satisfied is simply. That ail the inequalitiea introduced 
into the ezpreeiioms of the eo-ordinatea by the disturbing function ought to disap- 
pear when the disturbing function is put equal to nothing. In other words, the 
perturbations ought to be functions of the forces which produce them. It is, how^- 
ever, a remarkable fact in connection with the lunar theory that there are several 
terms of considerable magnitude in the theories of La Place, Plana, Pontecou- 
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LANT, and Delaunay which are not functions of the disturbing force. From 
this circumstance it seems legitimate to conclude that there must be something 
seriously wrong in the published theories, notwithstanding their intricacy and 
refinement. 

According to the methods of development employed by La Place, Plana, 
and PONTECOULANT, the general differential equation of the radius vector is of 
the following form : 



d^ 



+ iV^V + m* cos (i^ - e) = 0; [1] 



in which IP differs from unity by quantities of the order m*. Now, m* denotes 
the disturbing function, and m? cos {it — e) is the general term of its development. 
The general integral of the preceding equation is 

which is the part of r arising from this term. 

Now, it is evident that if t^ differs from unity by a quantity of the order m, 
the term m' cos {it — e) acquires by integration a divisor of that order, which 
increases the term considerably ; so that it will be of the order n — 1 in the 
integral if it be of the order n in the differential equation. La Place remarks 
that the greatness of the evection arises from this circumstance. But if i^ differs 
from unity but by a quantity of the order m*, then the expression of r becomes 

971- 

r = -— cos(i^-e), [3] 

m 

and thus becomes of the form -»- when the disturbing force vanishes. The 
general integral therefore assumes the indeterminate form in all those cases in 
which the quantity i^ differs from unity but by quantities of the order m*. It is 
evident, however, that the value of r must vanish when m = 0, and that it can 
never become independent of m. 

Now, there are several terms in the development of the disturbing function, 
in the lunar theory, in which t* is unity, or differs from it but by quantities of the 
order m' ; and some of the most remarkable cases of perturbation which have 
liitherto been supposed to affect the moon's motion have really no existence in 
nature. The two most important equations of this character having a short 
period are those depending on the arguments nt-i- w — 2Q, and nt -— at' of the 
present theory. Plana has given two independent determinations of the coef- 
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ficient of the first of these inequalities. One of these solutions is obtained by 
means of the preceding equation, in which he obtains a value independent of the 
disturbing force by merely cancelling the factor rn^-^Tn?) and the other, by 
means of the variation of the elements. I shall now show that his solution, 
depending on the variation of the elements, is also obtained by means of an inde- 
terminate equation ; and that the true value of the variations, instead of being 
independent of the disturbing force, should really be equal to nothing. 

Plana*s solution is obtained in the following manner : In equation (89) we 
have given the value of the moon's mean longitude nt ; and we may suppose that 



n^ = V — 2€8in {v — w), 



[4] 



by neglecting the squares of e and y. If we suppose that e and w are variable, 
the corresponding variation of nt will be given by the equation 



d{rU) = — 2de sin (y — €o) + 2e8€o cos {v — w). 



[6] 



Now, Plana gives the diflferential variations of e and o) on page 97 of Volume I. 
of his theory, as follows : 

dde 



dv 

dSo) 

dv 



= y mV sin (2a> - 2Q), 



= ^mVco3 (2ai-2Q); 



[6] 



in which I have changed (? into Q, in order to conform to the notation of the 
present work. In finding the integrals of these equations we must observe that 
(o and Q, are variable. If we suppose that 

o> = a>o + (l-c)v, a = Q,-(5r~l)t;, [7] 

we shall find, 

dde 



dv 

ddw 

dv 



^^m*ef Bin {2gv — 2cv + 20)0 — 2Q>o), 



= ^mV cos {2gv - 2ci? + 2q}q - 2Q^). 



[8] 



These equations give by integration, after substituting w and Q, in the integrals, 



da> = y- ^*^ Bin (2a» - 2SJ). 
^ 2g-2e ^ ' 



[9] 
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Now the motions of the perigee and node are of the order 7f?^ And w« have verv 
nearly 

and the values of de and do) become 



m* 






m* 



dw = + i — f sin {2w - 2Q). 

mr J 



[101 



Now, if we cancel the factor which is common to the numerator and denominator 
of these expressions, the resulting values of it and i(a would seem to be inde- 
pendent of the disturbing force, and the law of their variation only, would be 
determined by it. If we then substitute the values of it and im in the value 
of ii^nJf) we shall find, 

*(ni) =1 6y*8in (n^ + «> - 2gJ) ; [11] 

which agrees with the value found by Plana on page 98 of his theory. But 
this conclusion is not satisfactory ; and I shall now show that if we neglect the 
square of the disturbing force we may suppose the elements to be constant in the 
di£ferential equations, and that we shall then have 

ae = 0, *co=a [12] 

For this purpose let us put, for brevity, 

2a;o-2ao = i9; [18] 

and let the variation of ^ arising from the disturbing forces be denoted by */9. 
The differential equation which determines it Ivill then become 

dit 



dv 



^^rn^ef {sin 09 + i^) =sini9 + ificot^fi}. [14] 



Now, ifi being of the order m*, we may neglect the term m^ifi cos fi, since it is 
of ther order of tiie square of the disturbing force ; and we shall have 

i^ = ^mV8ini9. [15] 

dv 

To integrate this equation we shall suppose that ^ is a function of v, and that 

we have 

^ = i9o + «t;. [16] 
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We shall them have 

dde 



^^m^efeXn (i?o + «^); [17] 



dv 
and this gives by integration, 

^=.-:^^!L9fcoe(^o + '«^) + C'; [18] 

C being an arbitrary constant qus^tity. If we determine C so that de may 
vanish when v^O, we shall have 

C^v'^cos^.. • [19] 

and the complete integral becomes 

ae = -^— Vco»09a + ^)+V— Vcosi^o. [20] 



In the case of constant elements we shall have « = 0, and then the value of 8e 

will become 

8e = 0. [21] 

In the same way we may show that 8&p=^0; and if we substitute these values 
of 8e and dto in the value of d(7U) we shall obtain 

8{nt) = 0. [22] 

The effect of this term on the lunar tables is to add — 84".8 to the coefficient 
of the inequality depending on the elliptical motion, thus changing it from 
+ 45".4 to — 39".4. Its importance in the theory of the moon's motion is 
therefore very apparent. 

The two equations which I have mentioned above are the most important 
ones of short period in the lunar theory which are affected by the conditions of 
indeterminationi and become thereby apparently independent of the forces 
which produce them« 

The preceding are examples of inequalities of short period in the moon's 
motion ; but there is a very important equation of long period depending on the 
argument w ^ w\ or the angular distance between the perigee of the sun and 
that of the moon, and which has a period of about nine years. This inequality 
was not computed by La Place ; but in the theories of Plaka, Ponteooulant, 
and Delaukat it appears as an inequality which is independent of the dis- 
turbing force, although it is wholly due to perturbation. Only two terms of 
D 
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the series which give the value of the coefficient were computed by Plana and 
PoNTECOULANT, but Delaunay has calculated four terms of the series, the first 
two terms of which agree with Plana. According to Delaunay, the sum of 
the first two terms is +0".39, and the sum of the third and fourth terms 
amounts to -f 0".49, which make the whole coefficient amount to 0".88 ; while 
according to the theory here given the coefficient of this inequality is 108".5. 
The inequalities of long period, or those which are independent of the co-or- 
dinates of the sun and moon, and arise from the variation of the elements of the 
elliptical motion, are determined with great facility in the present theory. For 
if we designate the forces of long period by the equations, 



cos {»t — ^), 






[23] 



in which A is a constant coefficient depending on the masses, mean distances, and 
eccentricities of the disturbed and disturbing bodies, and • is a coefficient de- 
pending on the variation of the elements of these bodies, but independent of their 
distances and configuration, the whole effect of these forces on the longitude of 
disturbed body will be given by the equation. 



av = A j 2- - 3~ Isin H -i9). [24] 



In this equation the first term of the second member gives the whole perturba- 
tion arising from the variation of the central force, and the second term gives the 

whole effect of the tangential force ; and since the factor - denotes the period of 

the argument, it follows that the inequalities of long period arising from the 
variation of the central force are proportional to the products of the forces by the 
periods of their arguments ; while the similar inequalities arising from the tan- 
gential forces are proportional to the products of the forces hy the squares of the 
periods of their arguments. 

It is remarkable that the magnitude of the inequalities of long period arising 
from the two classes of forces which produce them should follow the same law as 
the acquired velocity and the space parsed over by falling bodies at the surface 
of the earth, the one being proportional to the time, and the other to the square 
of the time. 
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But the most interesting problem in regard to the moon^ aside from the 
immediate requirements of practicsal astronomy, is unquestionably in relation to 
the secular acceleration of its motion. The principal cause of its acceleration 
was made known by La Place nearly a century ago ; and the amount of the 
acceleration, as calculated by him, was found to satisfy, very nearly, the ancient 
and modern observations. I have given a new solution of this interesting prob- 
lem, from which it appears that the secular equation of the longitude arises from 
a secular diminution of the moon's radius vector, instead of a secular variation 
of the mean distance. Indeed, if we neglect the square of the disturbing force, 
the moon's mean distance is subject only to periodical inequalities depending on 
the mutual configuration of the three bodies — ^the earth, the moon, and the sun ; 
and in this respect it conforms to the same law of perturbation as that which 
prevails in the planetary system. The principal part of the secular acceleration 
arises from the diminution of the eccentricity of the earth's orbit ; but I have 
discovered that there is also a small secular equation of the longitude arising 
from the oblateuess of the earth. It has been known since the time of Newton 
that the attraction of a spheroidal body on a point without its surface is different 
from that of a sphere having the same mass. If the spheroid be one of revo- 
lution, like the earth, the attraction depends not only on the distance of the 
attracted point from the earth's centre, but also on its distance from the equator. 
If the attracted point were situated in the plane of the earth's equator, the 
attraction of the earth upon it would be greater at a given distance than if the 
earth were spherical. The attraction would also be greater either north or south 
of the equator until we reached the parallel of ab6ut 35° 16', at which points the 
attraction of the earth would be nearly independent of its spheroidal form. For 
all points situated beyond the parallels of 35° 16' the attraction of the earth is 
less than it would be if it were spherical. 

From these general considerations we may draw the following conclusions, 
which are confirmed by analysis : First, A body would revolve round the earth, 
at a given distance from its centre, in less time if it moved in the plane of the 
equator than it would if the earth were spherical; and its motion would be 
uniform. Second, The time of revolution would be increased if the body moved 
in a plane inclined to the equator, and its motion would not be uniform, on 
account of the redundancy or deficiency of matter beneath the different parts 
of its course. Now, since the inclination of the moon's orbit to the equator is 
always less than 35° 16', it follows that the earth's attraction on the moon is 
always greater than it would be if the earth were spherical. But since the incli- 
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nation varies between the limits of about 18° 19' and 28® 35' during a period 
of about nineteen years, it follows that the earth's attraction undergoes sensible 
variations; and hence the moon's place at any given time requires to be corrected 
on account of the varying inclination of its orbit to the equator. All these vary- 
ing inequalities in the forces would accurately compensate each other during each 
revolution of the moon s node, provided the mean inclination of the lunar orbit to 
die equator always retained the same value. But the mean inclination of the 
moon's orbit to Uie equator is the same as the inclination of the ecliptic to 
the same plane; and since the inclination of the ecliptic to the equator is 
slowly becoming less, it follows that the plane of the moon's orbit is gradually 
approaching the plane of the equator; and hence its mean motion must be 
increasing. 

The equations of long period and the secular equations are investigated in 
Chapter IX. The secular equation arising from the eccentricity of the earth's 
orbit is given in a finite form, instead of being developed in an infinite series 
depending on the different powers of the time. If we reduce it to the form of an 
infinite series, we shall find that it is represented by the following equation, in 
which we have retained only the first term of the development : 

5v = - 111108''.5 r{e'» - V'} dt^-V 7".90 1^, [25] 

in which i denotes the number of centuries elapsed since the epoch of 1850. It is, 
however, more accurate to use the tabular value of the integral which is given 
on page 362, since that includes all the powers of the time. The corresponding 
secular equation arising from the oblateness of the earth is found on page 363 to 
be equal to 0'M979^. If we add this to the value of iv arising from the varia- 
tion of the eccentricity, we find that the secular equation is equal to 

*i; = 8'M0i». [26] 

In Chapter VIII. I have investigated the inequalities of the moon's motion 
arising from the oblateness of the earth ; and the results which I have obtained 
agree in all respect* with the deductions of previous investigators, with the single 
exception of the equation in longitude, which I have found to be less than the 
value assigned to it by La Place, Plana, and Pontecoulant in the ratio 
12 to 19. 

The periodic inequalities in the moon's motion arising from the oblateness 
of the earth, and which are independent of the sun's attraction, are entirely 
insensible; and we have an interesting example of the manner in which a 
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disturbing force which iB too feeble to produce any sensible perturbations is 
made wonderfully eflFective by means of an independent element of disturbance. 
This independent element which gives effectiveness to the earth's spheroidal 
form, as a disturbing force, is the motion of the moon^s node, which arises from 
the sun's attraction; and it is interesting to trace the manner in which this 
modification of the earth's attractive force is produced. For this purpose we 
shall suppose the moon's orbit to be circular, and it is evident that the earth's 
attraction on the moon is then at a maximum whenever the moon is in the 
celestial equator, or twice during each revolution. We will now suppose that 
the longitude of the moon's ascending node is 90°, and examine into the con- 
sequences that must take place while it retrogrades through a semi-circum- 
ference, or from + 90° to - 90°. 

When the longitude of the node is equal to H- 90°, the plane of the moon's 
orbit intersects the equator at a distance of 12° 45' to the eastward of the 
vernal equinox; and since the node retrogrades on the ecliptic about 1° 27' 
during each sidereal revolution of the moon, it follows that the moon will arrive 
at the equator at a point a little to the westward of its previous crossing. In 
other words, the moon will make a complete revolution with respect to the centre 
of force in a period somewhat shorter than the sidereal revolution. At the end 
of 9.8 years the longitude of the node will be — 90°, and the orbit will inter- 
sect the equator at a distance of 12° 45' to the westward of the vernal equinox. 
Now, the moon performs 124.3256 sidereal revolutions while the node is retro- 
grading through an arc of 180°. But 124.3256 sidereal revolutions correspond 
to 124.3256 revolutions +23° 21' with respect to the equator. Whence it 
appears that while the node is retrograding from -f 90° to — 90° the time of 
revolution with respect to the equator is shorter, on an average, by 20~ 32' than 
the sidereal revolution. It is plain that while the node is retrograding from 
— 90° through the autumnal equinox to +90°, the point of intersection of the 
orbit and equator will advance from — 12° 45' to + 12° 45', and the time of 
revolution of the moon with respect to the equator will exceed the time of the 
sidereal revolution by the same amount that it fell short of that quantity while 
retrograding through the other half of the orbit. It is evident that the inclina- 
tion of the orbit to the equator increases while the equatorial node is approaching 
the vernal equinox, at which point it is a maximum, and diminishes while it is 
receding from it. The constant retrograde motion of the ecliptic node of the 
moon's orbit, therefore, gives rise to a merely oscillatory motion of the equatorial 
node ; and it is this pendulum-like motion of the equatorial node that produces 
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all the sensible inequalities in the moon's motion depending on the oblateness 
of the earth. 

In the American Journal of Science for January, 1880, I have attempted 
to explain the origin of the discordance between the results found by La Place 
and those obtained in the present work. I find, however, by re-examining the 
subject after an interval of a year, that the explanation there given does not cover 
the whole ground ; and I shall now give what seems to be an entirely satisfactory 
explanation. For this purpose I shall here examine in detail the whole of La 
Place's calculation of the inequalities which aflfect the radius vector and the 
longitude. In this investigation it has been found convenient to use Bowditch*S 
translation of the MScanique CHeate, as the facilities for referring to any part of 
the work by means of the marginal numbers are much better than in the original. 
I shall also change the notation somewhat, putting e for X, Q> for 0, and shall also 
put / equal to unity. The numbers here enclosed in brackets refer to the corre- 
sponding marginal numbers of the Mieanique Cileste, 

The expression of the force H [5362], which is used by La Place, is the 

same as the fourth term of the value of JR given in equation (613), since we 

may put sin tf cos (? = tan (? = « by neglecting the third power of the inclination. 

If we put /i = 1, and 

^ = m sin t cos e, [27] 

m being given by equation (612), the value of H will become 

JJ = 2a* 4 e sin v. [28] 

This value of JR gives the following values of the partial differential 
coefficients : 



/^\ = -6a«4«8iiiv, [29] 

\ar J r* 

(f )-^'^"=°"'' f*" 



rfJi!\_2a«^8inv. [31] 



The equations which determine the values of dr and 8v are [5361] and 
[5367], which are here repeated for convenience of reference : 



cPrSr . r8r 



+ ^+2/dS + ,(f)=0, [32] 
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d9v = S^CdIi + 2^T(^] [33] 

rdvJ rdv \dr J 



Now, the values of di? and a are given by the equations 



dJ? = 



L [37] 



« = y sin (5^ — Q>). [35] 

Equation [36] gives by diflferentiation, 

ds = gydv cos (^ — fj). [36] 

If we neglect the eccentricity of the orbit, we shall have dr = 0; consequently, 
the term ( — ) cir will disappear from the value of diZ, and we shall have, by 

substituting the values of b and cb, 

/^yt, = a«^(fv{sin(5fi? + v-Q) + 8in(5rv-t;-Q)} 

— \d8^ a^^gdv {sin (gft? + 1; — S3) — sin (gv—v — Si)} 
ds I J 

If we substitute these values in equation [34], we shall find, by retaining only the 
term depending on sin {gv —v — SJ), 

AR ^^a^ty{g- 1) dvsin {gv - v - Q). [38] 

This gives by integration, 

rdi2 = a*^ycos(5fV--v-SS); [39] 

and this is the value found by La Place in [5364]. In these equations 5^ — 1 
denotes the ratio of the retrograde motion of the nodes to that of the moon ; and 
in the case of constant elements we should have g=^\* 

If we substitute the value of* in equation [29], we shall obtain the following 
term, after multiplying by r : 

t{^^\ = - 3a*4 y cos (ov - V - SS). [40] 

\dT I IT 
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Therefore, equation [32] will become 

^ + '-^-a'lrcoB(9^-v-Q.)=0. [41] 

Now, since df = a^dv^, and r = a, when we neglect the eccentricity of the orbit, 
equation [41] will become 

^ 4- 5r - ai9)^ cos (^ - v - 9) = 0. [42] 

The integral of this equation is 

3r = aj9y cos (^ — t; — Q). ' [43] 

This is the value of dr corresponding to La Place's method, and it is only 
one-third of the value which I have found for the same term in equation (647). 
I shall now explain the origin of this discordance, and the explanation thus 
found will also completely account for the discordance of the inequality in the 
longitude. 

For tliis purpose it is necessary to observe that La Place has given in Book 
II., Chapter V., of the MScaniqice CSleste, a general method for integrating the 
diflferential equations of the second order ; and that the method followed by him 
in his investigation of the effect of the earth's oblateness does not seem to be in 
accordance with it. In explaining this method at the commencement of Chapter 
VIII., he says : " These diflferential equations being of the second order, their 
finite integrals, and also their integrals of the first order, will he the same as if the 
ellipses were invariable; so that we may take the differentials of the finite eqiuztions 
of the elliptical motions, supposing the elements of these motions to he constant'^ 

Now, if we suppose the elements of the elliptical motion to be constant, we 

must put ^ = 1 in taking the differential of the value of s, and we shall thus 

obtain 

ds = ydv cos {gv — ^)\ [44] 

and if we use this value of ds in the formation of equation [34], we shall find 

di2 = 0. [45] 

This value of diZ agrees with the value found in equation (669') ; and if we 
substitute it and the value of r ( — - j in equation [32], it will give 

8r = 3a^y cos {gv-v- Q), [46] 

which is the same as the corresponding term found in equation (647). 
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-— I given by equation [40] 
in equation [33], it will become 

d8v^-6^ -^^(^(gv-v-a). [47] 

This is twice the value found by La Place in [5368], but it agrees perfectly 
with the value of the corresponding term given by equation (652) of this work. 

La Place has, however, given a second term depending on the same argu- 
ment. This second term arises from the variation of the sun's disturbing force, 
which is due to the variation of the moon's latitude produced by the earth's 
oblateness. The expression of this force is given in equation [537^], and is 

as follows: 

dR = fm'u V«d/f. [48] 

I shall now show that this value of dR is the same as the value of R given 
by* equation [5362], except that it has a contrary sign. 
According to [5374], we have 

4m't^V = f^' = 2^^, [49] 

r* r 

and if we substitute this in {48], it becomes 

dR-^2^-^8d8. [50] 

T 

« 

But since the value of da given by [5376], when reduced to the notation 
here used, is 

5« = — a* — - — - sin V, [611 

its sabstitutioa in [50] will reduce it to 

aj2 = - 2a» 4 « sin v. [62] 

This is the same as equation [28] or [5362] of Micanique (Meate, except that 

it has a contrary sign. This force is therefore the reaction of the force expended 

by the sun in giving motion to the moon's nodes, which in turn produces the 

inequality in the moon's latitude. 
8 
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Bat in this second part of lils work La Place seems to have committed a 
grave oversight, for he has treated his equation [5372] in the construction of 
[5373] as though da were constant ; whereas it is a function of both r and v, 
according to [5376], which he afterward uses in his reductions. However, since 
I have just shown that equation [5372] is the same as [5362], and has a contrary 
sign, it is unnecessary to pursue this part of the inquiry further, since it is evident 
that the whole value of iv must be derived from the value of J2 in [5362]. 

La Place has given the complete value of ddv corresponding to the plane 
of the orbit in [5379] ; and he gives a correction in [5385] to reduce ijb to the 
plane of the ecliptic. It is apparent, however, that this correction is not required, 
for La Place has shown in [923'], etc., where this subject is first treated, that 
this correction is of the order of the square of the disturbing force ; and as terms 
of that order have not been considered, it is evident that the value of that correc- 
tion which he has given in [5385] is erroneom. 

In Chapter VII. we have investigated the variations of the elements of the 
moon's orbit. The computation of the motion of the moon's perigee baffled the 
efforts of the best mathematicians during more than half a century after the dis- 
covery of the law of universal gravitation. The variations of all the elements are 
here obtained with great facility ; but since a knowledge of these variations is not 
essential for the purposes of the present work, it has not been thought necessary 
to continue the approximations to terms of a higher order than the square of the 
disturbing force ; and the computations have been introduced more for the pur- 
pose of illustrating the use of the various formulae, and showing the rapid con- 
vergency of tie successive approximations, than for the completeness of the 
results already obtained. 

Chapter X. contains the investigation of the inequalities arising firom the 
perturbations of the sun's motion. The only bodies that disturb the sun's ap- 
parent motion, which we have here considered, are the moon and Venus; but 
the inequalities resulting from this cause are of very little importance — the 
parallactic equation being the only one of sensible magnitude. 

Lastly, in Chapter XI. we have reduced the inequalities contained in the 
preceding chapters to numbers. The numerical values of the perturbations of 
the radius vector, the longitude and the latitude of the moon, are given in equa- 
tions (724), (725), and (726) respectively ; and a comparison of the numbers 
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arising from the different approximations shows the rapidity of the convergence 
of the series by which the complete values of the inequalities are determined. 
In general, the terms of a higher order than we have computed are of very little 
importance in the present state of the lunar theory ; but there are a few terms, 
the most important of which are the annual equation and those whose arguments 
are the sum and the difference of the mean anomalies of the moon and sun, in 
which it is necessary to continue the approximations to terms of a higher order. 
This is what we hope to do hereafter, in a Supplementary Chapter. 

We see, by this exposition, how very intricate is the mechanical problem 
of the moon's motion, and what laborious and long-continued efforts have been 
necessary in order to attain a near approximation to its correct solution. Begin- 
ning in the remotest ages, the most gifted geniuses among mankind have succes- 
sively grappled with it, and many have made important contributions to our 
knowledge of her motions. The earliest observers, however, directed their 
efforts more to the discovery of important and interesting cycles of change in 
the motions of the sun and moon, rather than to the discovery of the inequalities 
which affect her motion among the stars. Thus, the Saroa or cycle of eclipses, 
dates from an unknown antiquity; and the Metonic cycle antedates Ptolemy, 
the discoverer of the evection, by nearly six hundred years. After the time of 
Ptolemy our knowledge of the moon's motion was not sensibly increased during 
a period of fifteen hundred years. At the close of this long stationary period 
the people of Western Europe had acquired a taate for science, and the intel- 
lectual energies which had been slumbering during so many ages suddenly 
awoke to a consciousness of their power, and immediately aspired to a higher 
destiny. The invention of logarithms and the discovery of the Infinitesimal 
Calcuiits supplied the means of estimating the effect of the mechanical forces of 
nature ; and the fortunate discovery of the law of universal gravitation presented 
a most inviting field for the exercise of their powers. We have seen what rapid 
advances the development pf the lunar theory began to take about the middle 
of the last century, and how bright were the prospects for its immediate and 
complete solution. But the complete solution of the problem was like the con- 
quest of a great empire, in which the first assault of the invading army was too 
successful, and further advances made before the capitulation of important 
strongholds which lay along its path, thus leaving obstacles in the rear which 
neutralize all the advantages gained by the subsequent advance. This appears 
to have been the case with the lunar theory ; for, if the computations of the 
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present work are correct, astronomers have carried their approximations to 
terms of the ffth, sixth, and seventh orders of magnitude, before those of the 
third SLnd fourth had been correctly computed. This seems to be a sufficient 
reason for the nearly stationary condition of the lunar theory during the past 
three quarters of a century, notwithstanding the great efforts which have been 
made to perfect its solution. Its advancement has been blocked by the obstacles 
thrown in its path by analysis itself; and we may therefore reasonably hope 
for substantial improvement in the theory and tables when they are no longer 
embarrassed with equations which have no existence in nature. 

We have thus completed the development of the physical theory of the moon's 
motion to the extent which we originally proposed ; and this elaborate investiga- 
tion has fully confirmed the conclusions at which we arrived by means of a com- 
parison of the published ephemerides of the moon with the observations ; namely, 
that the existing theories, instead of being correct to terms of the seventh order, 
are really erroneous in terms of the third order. Now, it is evident that the 
elements of the moon's orbit, deduced from the observations by means of a theory 
which was so imperfect, must necessarily partake of its imperfections ; and hence 
it is that empiricism has been so frequently invoked to supply the defects or 
neutralize the errors of existing theories. It is, however, perhaps too much to 
expect that the present work is whplly free from errors, either systematic or 
accidental; but great care has been taken, by means of duplicate computations, 
to avoid accidental errors, and it is confidently believed that none of any con- 
siderable magnitude will be found in this investigation. And if the present work 
is free from systematic errors, it will serve as a very good basis for the extension 
of the theory to terms of a higher order than has here been undertaken, shouM 
such extension at any time be thought necessary or desirable. 

It now remains to compare the present theory with observations ; but this 
requires too much detail for the limits of the present work ; for it is evident that 
any comparison of sufficient extent to be useful would require a vastly greater 
expenditure of time and labor than the development of the theory itself. In 
order to do this properly it would be necessary to first determine the elements 
of the moon's orbit corresponding to the form of development given in the pres- 
ent work, and then by means of these elements and the general equations of the 
perturbations to compute the place of the moon corresponding to the times of the 
observations. This is a work of too great magnitude for private enterprise, and 
can only be properly done by means of organized efibrt. However, should mathe- 
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maticians and astronomers find that my criticism of existing theories is cor- 
rect, I feel that the labor and expense incurred in the preparation of this 
work has not been wholly wasted, since it indicates the direction which future 
efforts must take in order to remedy the defects of our present tables of the 
moon's motion. 

Clevelahd, February tl, 1881 



CHAPTER I. 

GENERAL DIFFERENTIAL EQUATIONS OF THE MOON'S MOTION, WITH THE THEORY OF 
HER ELLIPTICAL MOTION, AND THE VARIATION OF THE ARBITRARY CONSTANTS. 

1. For this purpose let us take the general differential equations of the 
motion of a body which is acted upon by any number of gravitating forces, which 
equations are as follows {Micanique Cileste [499], Bowditch's translation) : 

ddx /dQ\ ddy ldQ\ ddz /dQ^ .^. 

In these equations x, y and z denote the rectangular co-ordinates, and the 
function Q represents all the forces which act upon the body whose motion is 
required. The time is denoted by i, whose element ^d^ is supposed to be constant. 
We may put equations (A) under a more convenient form for computation in the 
following manner. If we denote the sum of the masses of the moon and earth by 
//, and all the other forces which act upon the moon by iJ, the function Q, will be 
ffiven by the equation 

q = '^-R. (1) 

r 
The co-ordinates, ar, y and z, of the moon will also be given by the equations 

a = rcos(?cosv, y = rcos^Bint;, « = rsintf. (2) 

If we substitute these values of a?, y, z and Q, in equations (A), they will 

become 

ddr — Tdx^co^^0 — rd8^. fx fdlt\ ,qx -. 



%-drdv cos* — 2r* si n <? cos <? dvdd + r* cos' ddv 



de 

2rdrdd + r* sin <? cos dp* + r'ddO 

d^ 



=-(f)- <^) 



[ddl 



(5) 



(AO 



The integrals of these equations will be the polar co-ordinates r, v and of 
the body whose motion is required. 

If we multiply equation (4) by dt, and integrate, we shall find 

r*co^*d^ = c-C(^]dt, (6) 

dt J\dvJ 

c being an arbitrary constant quantity. 

8 1 
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If we now multiply equation (4) by tan^sinvcft, and equation (6) by 
cos vdt, and take the sum of their products, we shall get, after putting 
2 sin'0 = 1 — cos' d + 8in*(?, 




2rdrdv sin d cos d&mv + r^dv^ sin tf cos tf cos v + r^ddv sin cos (? sin v 
+ r^dvd0coa^dBmv + 2rdrddcosv — r^dvddsinv + r*dcW cosv 
— T^dvdd sin*(? sin v 

= — dtJ I --— |tan(?sinv +(-rr Icost? I 
\\dv) \dd) / 



Equation (7) gives by integration, 

— {r*(iv sin tf cos tf sin t? + r* cW cos t?} 
dt 



. (7) 



(8) 



In like manner, if we multiply equation (4) by — tan 9 cos vdi^ and (5) by 
:8in vdt^ we shall get, by integrating the sum of their products, 

1 



ctt 



{i^dJd sin V — 'P'dv sin tf cos ^ cos v} 



(9) 



'Hf and d' being arbitrary constant quantities. 

If we now multiply equations (A') by r* {dv cos /? sin v + d ^ sin ^ cos v} , 

^T Y 2rcivcos d cos v, and dr sin tf cos v + 2cW cos /? cos v, respectively, and 

cos(? 

Ttake the sum of the products, we shall obtain 

Sr^drdO^ cos tf cos i? + 27^d0ddd cos cos v — r^dS^ sinOcosv 
— r^dff^dv cos (? sin v + Zr^drdv^ cos* cos v + 27^dvddv cos^O cos v 
—Sr^dv^dd sin (? cos* ^ cos v — r^dv* cos' (? sin v + 2rdr*(iv costf sin v 
(J^ + r^ddrdv cos tf sin v + r^drddv cos (? sin t? — r^drdvdO sin tf sin v 
+ r*(ir(iv*cos^cosv + 2rc?r*ci^sintf cosv + r^ddrdO sinO cos v 
+7^drdd0 sin cos V + r^drdff^ cos(?co8V — r^drdvdO sin sin v 
+ // {cos ^ sin vdv + sin cos t?cW} 

^=— r*{dt;co8(?sinv+cWsin^cosv}(— — )— {dr +2rcii;cos^co8t;}(-— ) 

\dr/ cos (? \dv/ 

— {dr sin ^ cos v + 2rcW cos^ cos v} (-— ) 

\d0/ ^ 



(10) 



Iklultiplying equations (A') respectively by r*{cW sin ^ sin i? — dv cos ^ cos v}. 
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cost? 
— dr + 2Tdv cos (? Bin v, and dr sin ^ sin t7 + irdd cos sin v, the sum of their 

products will give 

Zr^drdff^ cos sin v + ^ddddd cos tf sin v — r'd^?^ sin tf sin v ^ 
+ T^dvdff' cos ^ cos i7 + SMrdv^ cos^O sin v + 2'r^dvddv coa^O sin v 
1 — Sr^dv^dd Hind cos*(? sin v + r^dv^ cos'^ cos v — 2rci7^civ cos ^ cos v 
j^ I —r*cZc?rciv cos cos V + rdrcZvdtf sin cost; +r*circiv' cos ^ sin t? 
— T^drddv cos ^ cos V + 2Tdr*d0 sin (? sin t; + r^ddrd tf sin tf sin v 
H- T^drddO sin (? sin v + r^drdff* cos ^ sin t? + i^drdvdO sin ^ cos v 
+ /i{<i(? sin (? sint? — dv cos cos v} 

= r*{<ivcos^cost;— cWsin^sinv}/ — j + fdr -— 2rdi;cos^sint;}(___ ) 

\dr I cos(? \dv I 

— {(irsin^sinv + 2rci(?costf sinr}( — ) 

If we now multiply equations (A') respectively by — r*d/?costf, 2rc?i;sintf, 
and — dr cos (? 4- 2rdtf sin (?, the sum of their products will give 



* • 



(11) 



de 



-2rd7^d0 cmd- r^ddrdd cos tf - r^drddO cos ^ + r^drdd^ sin tf 
+ Sr^drd^sin d + r^cZ-y^dtf cos» tf + 27^d0dd0 sin tf + r»dtf» cos 
+ Sr^drdv^ 8in(? cos*/? + 27^dvddv sin tf cosV — 2r'dt;'cW sin*^ cos 
— fi cos ^ dd 

= r»dtfcos/?/— \-2rdv8in^(^» + (drcos^-2rdd8in 



1 



/^\_ 
U'-/ 



(f)-'^- 






(12) 



>' 



Lastly, if we multiply equations (A') respectively by 2cZr, 2dv and 2d0y the 
sum of their products will give 

f 2c?rddr + 2rdrdv^ cos*0 + 2rdrcW* 4- 2T^d0dd0 1 , o ^ ^ 
+ 2n^dvddv cos* — 2r*(it;*dtf sin tf cos (? J r* 



(ft* 



=-{(f>-(f)*-(fh} 



(13) 



J 



If we now take the integrals of equations (10), (11), (12) and (13), we shall obt«ain ' 



—- {r*cW* costf cos V +r*cit;* cos*(? cos V + r*drdvco3^ sin v +r*dr(id sin^cost;} 
dr 

— fxcoaOcoBV—f 

= — I J r*(dt;costfsinv+d^sin(?cost;}| — \+{dr — -+2rdt;cosffco8t?} I-t-] 
J \ ^ ^\drj cos/? \dvj 

+ {dr8in^cosi; + 2rcWcos^cosv}j-— J I 



> ; (14) 
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—{r^d^ cos<? sin V + r^dv^cos* <? sint; — i^drdv coqO cob v + r^drdOsin 6 sin v} 
dr 

" fiCosdBinv — /' 
= — C\r*{d0^ndBiRV—dvooe0(X)Qv}l—-\+{2rdvco&dsijiv dr}l — j 



+ {drBindBinv + 2rddcoBdBinv}l-—\ [ 



.(15) 



de 



{r^dff* sin d + r'dv' sin tf coe*tf - i*drd9 cob tf } - /a sin ^ -/" 



= r|r*cWco8(? /^ - 2rdi;8in^ (^ -{^ddfaad-drcose}(^ I 



>: (16) 



-i-{rfr» + r*(i^ + r'dv' co8»(?} - ?^ + ^* 
d^ ' r a 



-nf}Hf) 



dv + 




(17) 



/, /', /" and - being arbitrary constant quantities to complete the integrals. 

d 

Equations (6), (8), (9), (14), (15), (16) and (17) are the polar equivalents of 

equations (P), Micanique (Meste [572]. 

If we now multiply equation (8) by cos v, and equation (9) by sin v, the sum 
of their products will give 

dd _ c^cos?; + c^^sinv 
dt^ i^^~" 

+ -— Cdt\ |-:^|tan<?cost;— |-^::r|8inv V 




-T/*{(f)-'- 




(18) 



Equation (6) gives 



dv 



dt r*cos' 



i-cmdt. 

}9 i»co&*dJ\dvj 



(19) 



If we now multiply equations (14) and (15) by sinv and — cosv respectively, 

dv 
and divide the sum of their products by r^costf-—, we shall get 

dt 
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dr fainv—f'coBV dt 
dt r*C08tf dv 



COB vdt 
r^co^ddv 



f 




r^{dd Bind Qinv — dv co&d coav} 



+ \ 2rdv cos <? sin V — dr — - [ ( -r— ) 
( coB0)\dv/ 



+ {2rddcoQdBinv + dr Bin dsinv) 




> . 



Binvdt 
r^coB0dv 



s 




r*{dO sini? cos v + dv cos^ sint;} 



\ 2rdvcoBdcoBv+dr — r- M-^ 

I COB0)\dv 



+ {2rd(?co8tfco8t; + drsintfco8t; 



iW 



(20) 



The integrals of equations (18), (19) and (20) will give the latitude, longitude 
and radius vector of the moon at any time t To determine the integrals of these 
equations it is however necessary to know the values of the constant quantities 
^1 <^9 <^"i /> /'i /" ^^d a which were introduced by the integrations, when the 
function J2 is equal to nothing, and we shall now proceed to determine them. 



2. For this purpose we shall suppose that -B=0, which gives |-7-)=0, 




/^\= 0, and (^= 0; and equations (6), (8), (9), (14), (15), (16) and (17) 



will become 



rcos'ff-— = c; 
dt 

r»sin«co8(?sInt;^ + r»cosT;? = c'; 

dt dt 

• • dO m . n n dv ff 

r'smv r'smtfcostfcosv-- = c''; 

dt dt 



1 f T^dd^ cos <? cos t? + T^dv^ cos^ d cos V 
d?\-\r r^drdv cos tf sin v + r^drdd 8in<? cosv 



V— ywcos^cosv =/; 



(21) 



• (22) 



(23) 



(24) 



1 f r'cW* cos <? sin v + r'civ^cos^/? sin V ) a - xf /ok^ 

— } }. — yMcostfsmt;=/ , (25) 

d^ [ — r^drdv COB 6 COB V + r^drd0 Bind Bin v) 



de 



{r^de^Bind + 7^d%^^inecoB^e -7*drd9QOBd}^ /jLBind =f'; 



(26) 
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-^{dr» + r»i^ + r»(fr»cos*tf}-?^ + ^ = 0. (27) 

dr T a 



Equations (18), (19) and (20) also become 

dd c'cosv + c'^sinv 



di r» 



dv 



dt r'coQ^d' 

dr fsinv—f^coav dt 
dt r^coad dv 



(28) 



(29) 



(30) 



If we substitute the value of dt given by (29) in equation (28) it will become 

= — cos vdv + — sin vdv . (31) 



cos*tf c c 

Equation (31) gives by integration 

tan<? = — sinv cosv. (32) 

c c 

When the moon is at the node v = Q, and d = 0, therefore equation (32) 
will give 

= — sin Q — — cos Q; (33) 

c c 

therefore tan Si = — . (34) 

c' 

When <? is a maximum it is equal to the inclination of the orbit ; and — = ; 

dv ^^ 
equations (22) and (23) will therefore give, by substituting the value — , 

dt 
c' = ctantf8int?, c"= — ctantf cosr. (35) 

If we square these equations the sum of their squares will give 

tan»tf= ^ ^/ =f. (36) 

(f 

The quantities c, (/ and c" therefore determine the place of the node and the 
inclination of the orbit ; and if we now put 

-- = ycosgJ, — =ysinQ, (37) 

c c 



VALUES OF THE CONSTANTS. 7 

equation (32) will become 

tan tf = y {sin v cos Q — cost; sin Q} = y sin (v — Q,), (38) 

which gives 



smtf = ^ ^ , costf = 



l/l+f&m^{v-a) i/l+y*sin*(v-a) 



(39) 



If we now square the values of c, c' and c", and put their sum equal to h\ we 
shall find 

^2 = c» + c'* + c'^ = ^{r» cos^tfcZi;* + r*d<^}. (40) 



This equation gives 

If we substitute this in equation (27) it will become 



(41) 



At the extremities of the transverse axis, dr = 0, and equation (42) will 

give 

/XT* - 2ixar = - ah\ (43) 

\ T? 

This equation gives r = a + a\/l— — , (44) 

• 

and r = a — a\;l— — . (45) 

The sum of these values of r is equal to the transverse axis of the orbit, and 
their difference is the double of the eccentricity. Therefore 2a denotes the trans- 

verse axis of the orbit, and \/l denotes the ratio of the eccentricity to the 

^ fxa 

semitransverse axis or mean distance. If we put 

e = Jl^; (46) 

equations (44) and (45) will give 

r = a(l±g), (47) 

which are the values of r at the extremities of the transverse axis. 
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If we now denote the longitude of the moon, when r is a minimum, by w, and 
also put dr = 0, and v = w, in equations (24) and (25), they will become 

\-j-{T^dd^cm0+7^dj:^(^^0}--/iCosd]coQcj =/; (48) 

\-^{r^d^co&O + r^dv^coQ^0}-tiQOQd]Binw =/'. (49) 

Lor J 

These two equations give 

tanctf = ^. (60) 

/ 

If we now take the sum of the squares of the values of /, /' and f'\ given 
by equations (24-26), we shall obtain 



^ {7^(d0* + dv'cos'dy + r'd7^{d0' + dv'co&'e)} 



di^ 



-^{dO' + dv'co^^e} I 

dfi J 



=/»+/«+/'"-;/*. (51) 



But equation (41) gives 



r 

Substituting this in equation (51) it becomes 



d(P + dv' das' 6 = J^. (52) 



!^ + k'^-if^=f+fn+fn-ff, (53) 

7^ dr T 

If in this equation we put cZr = 0, r = a (1 ± e), and A* = a/i (1 — e*), it will 
become 

If we now substitute d!t= , r = a(l— 6), t? = ai, d^do and(ir = 0, 

c 

in equations (24), (26) and (26), they will become 

1-;^ t( — 1^31 + —^l-McoQdoCG&io =/, (65) 

ia{l — e)[QOBr0(dir cos'</oJ J 

[^){^^-'^.}-''j^'^''""=-^'' . ^''^ 

La(l — €) tco8*</oatr cosrOo) J 
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But equation (38) gives, when t? = «>, 

dO =^y cos^ 80 cos (co — SJ) dv, (58) 

dd^ 
whence we get — - — --• = y* co8*(fli — SJ), (59) 

atrco8*tfo 
and — ^ = 1 + / 8in*(fi> - Q), (60) 

whence we get — --r-— + — — = 1 + y*, (61) 

and equations (66-67) become 

]— 7; — ^ — /ilcostfoC08o> =/, (62) 

la(l-6) J 

{^-^^^-A'oose.sinto =/', (63) 

ta(l-e) J 

But equation^ (36), (40) and (46) give 

(^(1 +f) = (^ + c"^ + c'^ = h* = a/i{l - ^), (65) 

therefore we get —^ ^ = /u (1 + e). (66) 

a{l — e) 



Substituting this value in equations (62-64), we get finally, 

f =^ fjtecoBdoCO&w, 

f^ = /ie cos 00 sin w, f (67) 

y = fie&mdo. 



1 



Therefore the quantities /, /' and /" denote the product of the sum of the 
masses of the moon and earth into the co-ordinates of the centre of the orbit 
when referred to the focus as the origin, 

8. Having thus found the values of the constant quantities introduced by the 
integrations, if we now substitute them in the differential equations of the co- 
ordinates r, V and 0, we shall obtain, by means of another integration, the values 
of these co-ordinates in terms of the time. But as we have already found the 
value of in terms of t;, in equation (38), we shall also find the values of r and t 
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in terms of v. "We shall then, by inverting the formulas, be able to find the 
values of r, v and d in terms of the time t 



Equation (65) gives 



o=i^^S3. (68) 

vT+7 



If we substitate this value in equation (29) it will become 



^=_VI±Z1_.^C08»<?. (69) 



And if we also substitute these values, and also the values of / and /', in 
equation (30), it will give 

d. ^ e{\^f)c^ ^ ^^^^ _ 

r* a(l-e») ^ ' ^ 



1 



But we have . C08*(? = ; .; (71) 



which, being substituted in equation (70), gives 

dr __ e(l+f) costfpsin {v — w)dv 
r* "■a(l-e*){l + }^sin^(v-Q)}** 



This equation will give, by integration. 



(72) 



1 _ 1 / 1 , g(l + h^) cos ^0 COS (v-^a)) — \ey^ cos gp cog (t? + ctf ~ 2Q) 1 , .ho\ , 
r a(l-e»)l Vl + fsxn^{v-Q) J' 

which is the equation of an ellipse. 

If we now substitute this value of r in equation (69) it will become 

dt^ ^ a*(l-6^*l/rT7co8' <? .y^. 

dv /-{ ^ t ^0- + I)^co8^ocos(v — w)— |ey^co8^ocos(t; + fl;— 2Q) | 
^'^\ i/l + y^sin»(i;-a) J 

This equation expresses the rigorous relation which exists between the element 
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of time dt and the differential of the moon's motion in longitude corresponding 
to any part of the orbit ; and its integral will give the true time t, which is 
required for the moon to pass through any arc of longitude which is denoted by v. 
It is not, however, readily integrated in its present form; but we may develop the 
second member into an infinite series arranged according to the ascending powers 
of e and y, which, in the lunar theory, are numerically small quantities, and carry 
the approximations to any degree of accuracy which may be necessary. The 
different terms of the equation when thus developed can then be integrated 
separately, without any analytical difficulty. We shall now attend to this trans- 
formation of equation (74), and shall carry the approximation to terms of the 
seventh order of magnitude depending on the eccentricity and inclination of 
the orbit. This degree of approximation is greater than is necessary in the 
theory of the moon's motion ; but as the same formula may be applied to the 
motions of the planets, it was thought best to give it all needful extension for 
that purpose. 

4, If we develop the variable part of the second member of equation (74) by 
the binomial theorem, it will become as follows : 



cos 



i^fi 1^0-'^ iy^) cos^o cos {v — Q})— Jey* cos <?o cos {v + w — 2Q) ) "* 

i u •{ 1 ~r Zi^^izzizzzziizizzzz: "^ r 

\ >/H-y»8ia*(v-ft) J 



_ to — o g(l + iy*)co8<?oC03(y — o)) — |ey* co8<?a COS (p + o) — 2Si) 
,n {e(l + |y*) coa0tCOB{v — (o) — iey' co6d tCm(v + <o — 2Si)}* 
_ J, {e{l + i}^ coBdeOoa jv — (o) — iey*coa Otcm {v + (o — 2Q)}' 

■ - {e (1 + |y*) cos dt C08 (v — w) — \ef cos ff, cos (t> + o) — 2Q) } * 

• {1 + f Bia* {v - Q,)y 

_/. {e(l + ^y*) coB0tCoa{v — (o) — jey* cosOtCoa (v + «» — 2Q)}' 

{H-y*sin*(v-gJ)}J 

■ w {e (1 + |y*) coaOt cos (v — m) — ^ey*co8,ff coa (v + a> — 2Q)}* 

{l+y*8in»(v-Q)}* 

_Q {(8(1 + |y*)co8<?tC08 {v — w) — |ey*co8(>(? co8(t> + a> — 2Q)}^ 



(75) 
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We shall now develop each term of this equation separately. Since 

co8<? = , we shall obtain 

V'H-y*8in»(»-Q) 



co&*d:^{l+y'Bm*(v-gi)}-^ = l-/Bm*(v-gi) + y*Bm*{v-Q)-y»Bm'{v-Q) 



1 - iy* (1 - Ix* + */) + iy* (1 - y* + i*/) cos 2 (« - gj) 

+ b* (1 ~if) C084 (v-Q,) + ■^y'coB6(v - Si) 



} 



(76) 



, We also have 
cos<?o= {l+y»sin*(«-Q)}-i 

=1 -iy* + Ay*-is%/+iy*(i -|y* +T¥ir/)co82 («.-Q) 

+ Ay^l - f yO COS 4 («» - gj) + ^/ C03 6 (« - ft) 



}■ 



(77) 



We shall therefore obtain the following values of the different terms of the 
second member of equation (75) : 



e (1 + ^y*) cos dt cos (v — w)— ^ey* cos/?, cos (v + w — 2Q) 

{1 + y*sin»(t; - Q,)}i 

= e(l-^f + iiy*-^/)coB{v-<o)+-^*(l-if)cos3(v-a>) 
+ |€y*(l-y*+fjy*) co8(3v -o> -2Si)+^{l - f+Uy*} cos(w-3a»+2a) 
-■ rlr^y" (1 - f y*) cos (3t; + fl> - 4Q) + Ti^*(l - f y*) cos (« + 3a» - 4Q) 
+ I'i^ey* (1 - f y*) cos (5w - <u - 4Q) + Tb«y* (1 - f 7*) cos (» - 6a» + 4Q) 
~7f^Vcos(5w+a>— 6Q)+y|7ey*cos(«+5«>— 6Q)+y^fj€/co8(7w— a»— 6Q) 
+ TMT«y* cos (6w - 3a» - 2a) + TT^Vie/coB (3v - 5a» + 2^) 
+ n/Vi^y* cos (v — 7<ii» + 6Q) 



;(78) 



{e (1+ ^y*) cos (» - w) - i€y* cos (w + a> - 2Q)}*cos»^»{l + y* sin* (tJ - Q)}-* 



ie»(l - Jy»+ |/)+ie»(l-iy»+i/) co82(w-o»)+ieV(l-y*) co82(w 
+ icV(l -7*) cos(2» -4a» + 2^) +^^*cos(2t7 -6a» + 4Q) 
+ iJ5€*y*cos 4 (« — «>) + ^%}«V cos (6t; — 2o» — 4^) 
+ i«V (1 - y*) cos (4w - 2a» - 2g3) 



Q) 



; (79) 
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4- 3j»^V«V*co85(t? - fli) + A6V(1 -y") co8(3v- «^ - 2^) 

— y|^* cos (Sv + 01 - 4Q) + ^»^ (1 - y^ cos (v - 3ft> + 2Q) 

+ ^^(l->^co8(6v-3a>-2Q)+^eV*(l-)^cos(3v-6ft> + 2Q) 

- -jI^^cos (3t; + 01 - 4^) + ^f^* cos (v + 3fl; - 4Q) 

+ yfy^V* cos (v -- 5ft> + 4Q) + |j4^* cos (3v -- 7co + 4Q) 

+ :^^*cos (7ne - 3c£i - 4Q) 



; (80) 



{e(l+i>^cos(v-a>)-^co8(v + tt>-2Q)}^cos*^o{l+Ain(t;-Q)}"* 

= f€*(l-i}^ + ie*(l-i>^cos2(t?-«) + ^(l-i>^co84(v-ai) 
4- 3VeVco8 2(t;-Q)+^feVcoe(2t; -4<w + 2i3)+-^eVcoa(4v-2co 
4- ^eVcos (61; -4a> - 2^) + T^eVcos (4v - 60; 4- 2Si) 



;(8i) 



{e(l4-Jy*)cos(v-fl;)-^co8(v4-fti-2Q)}«costfo'{l+)^8in^(v-S3)}-* 



= |e*(l-iy^co8(v-«i)4-^(l--^>^cos3(v-a>) 
4- -jVe* (1 -i>^ cos6 {v - <«>) 4- iVV^cos (3v - 
4- yfy eVcos (v — 3a> 4- 2Q) 4- rlr^'^^s (^^ 
+ A^cos (3t; - 5fl; + 2^) + jh^^^ C^^ 
+ tIt^'cos (fry - 7ft> + 2Q) 



ai~2Q) 
3<i*-2Q) 
•6fl> - 2Q) 



(82) 



{e(l 4- ^f) cos (t; — <o) — -^gy^cos {v + io— 2Q)}*cos^<?o 

{l4-y»sin*(v-fi)}* 

= -^e* 4- J^^cos 2(v — (o) 4- -^e^cos 4 (v — fo) 4- ^^cosG (t? 



> ; 



-0,) J 



{e(l 4- ^y^ cos (v — <tf) — -^cos (t^4"ft> — 2g^)}^co8^<?o 

= fl e' cos (v — to) 4- ^^e^ cos 3 (v -co) 4- ^e^ cos 6 (v — ai) 4- ^j^^e^cos 7(t; 



(83) 



-^)J 



. (84) 



If we now multiply equation (78) by -% (79) by +3, (80) by -4, (81) by 
+ 5, (82) by - 6, (83) by + 7, and (84) by - 8 ; and then add the products to 
equation (76), we shall get the following development of equation (74) : 
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Vl^ 



dt 



ot(l-e*)tvTT? dv 



^h^-Wf 



+ 1«»{1 - Jy» + fc» + }y* + f|«* - |«V} cos 2 (w - w) 

+ {|«* - I'VeV + tW^ + H**} cos 4 (v - ft>) + 1^ cos 6 (i 
- {F + le" -■ iW* + if«V} cos 6 (« - «) - i^ cos 7 (w - 
+ {iy* - i/ + |«V + 4f / - |eV + T^«y} cos 2 (t> - Q) 
+ i/{l -M C08 4(W- gj) + T^/co8 6(v-fi) 

- { Jey» - f!/ + .}eV - |«V* + Hi*/ + ifcV} cos (St; - fi 

- {i«y* - i«y* + i«V -• Ky' + ^AW + i$€V} cos (» - 3a 

+ { A«y* — rfTr«/ + A«V} COS (3v + a> - 4Q) 

- { A«y* - rK^y* + A«V'} cos (« + 3 a> - 4Q) 

- {M«y* - 1^*/ + T^VfiV*} COS (6v - m - 4a) 

- {A«y* - T*T«y* + Tfs«V*} cos (l> - 6a» + 4^3) 

+ ^iifV COS (6v + o) - 6^) - ifffCy* COS (« + 6a» - 6a) 

- :^^r«/ COS (7n< - « - 6a) - Tfrcy* cos (v - 7«> + 6a) 

+ {|«V - feV + il«V} COS {2v - 4«> +2a) 

+ {|«V - l*V + H«V} cos (4t; - 2« - 2a) 

+ ^j<V cos (2« - 6« + 4a) + i^* cos (6w - 2«> - 4a) 

- {|«V - |«V + -rfre/ + AeV} cos (3v - 5«> + 2a) 

- {|«V - l«V* + WW + ff«V} cos (6 V - 3.« - 2a) 

+ M«V cos (6w - 4«. - 2a) + ^eV cos {Ant - 6« + 2a) 

- iSW cos (3?i« - 7a> + 4a) - T^^* cos (7v - 3w - 4a 

- Ji<V cos (7n< - 6a> - 2a) - i|«V cos (6» - 7a» + 2a) 



► • 



(85) 
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Now we have 

(l'-6«)*vTT?=l-}€«+^>^ + |€*-i/-|^+TJVeV+i^^ (86) 

Multiplying equation (85) by this value of (1 — e^i|/l + y*, it becomes 

at dv 

- {«» + |e» + ;^ + VVe' - A«V - T^} coe 3 (v - fl.) 
+ {|«* + -^^^ + 1^} cos 4 (w — «») + ^^ cos 6 (» — «>) 
—{^ + -fs^ + a^} co85(i> — o») -•J/co8 7(w — a>) 
+ iy* {1 - ^y* - F + A/ -• i«* + l«V} COB 2 (w - ^) 

+ |y«{l-y*-|«*}C084(v-^)+^/c086(v-Q) 

- }«y*{ 1 - iy* - i«* + Hy* - A«* + i«V} COS (3v - fl. - 2Q) 

- i«y* {1 - iy» - i€» + Hy* - A«* + i«V} cos (v - 3a> + 2Q) 

+ A«/ { 1- y* - i«*} C08(3v + w - 4Q)- ,>j«y* { 1- y* - ie*} C08(t;+8a>-4a) 

- ^ey* {1 — y* — c*}co8(5v — «» — 4gJ) + ^fifey* cos (&» + a> — 6Q) 

- T^cy* {1 — y* — c*} cos (» — 6a> + 4gJ) — yj^ey* cos (t) + 6tt» — 6^) 
+ |«V { 1 - Jy* - ie»} cos (2w - 4«> + 2Q) - ;^ey' cos (?« - a» - 6Q) 
+ feV{l - ^•y'-ie*} cos(4v - 2fl» - 2g3) - ^fTcy* cos (v - 7a> + 6g3) 

- {|«V - A«V* + rfiey*} cos {Zv-6w + 2Q) +t^* coe (2v -6a> + 4Q) 

- {|«V- ^^* + Vft«y*} cos (6v - 3o» - 2g2) + ^r«V cos (61; - 2fl» - 4Q) 

- ■^^^* cos (3v - 7«» + 4^) - Vy^* cos (7w — 3a> — 4Q) 
+ M«V cos (6« - 4a> - 2Q) + T^V^V cos (4v - 6a) + 2Q) 
-tt«ycos(7»-6o»-2Q) -•J|eVco8(6v-7a> + 2Q) 



If we now put n = ^^, (88) 

eqaation (87) will give, by integration, 



.(87) 
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n< = v - 2c(l —^Y* + rh^* + A/)8i° (^ - «») 
+ 1«* (1 + i** + A«* - i/) sin 2 (v - o*) 

- (ic* + K + -8^* + A«' - A«V - ?W) sin 3 (t; - a>) 
+ { A^ + A^ + A*V} Bin 4 (v — a>) + -j-J^e* sin 6 (i> —at) 

- { A^* + A«' + A«V*} sin 5 (v - fl>) - j«yc' sin 7 (v - fi>) 
+ iy*{l - ix* - 1<* + Ay* -• i«' + l«V} sin 2 (v - Q) 

-iy'{i-iy'-F+Ay*-i«*+l«V}8in2(a.-gj) 

+ AyM 1 - y* - !«*} sin 4 (v - g3) + -riry* sin 6 (« - ^) 
- itr* {l - f - ^} Bin i {a>- Si) -j^y* 6m 6 {to -Q) 

. -i«y*{i -iy*-i«* +Hy* -■ A«* +i«V} sin(3v- fi» - 2gj) 
-iV{i-iy*-K+Hy*-A«*+i«V}8in(v-3«'+2Q) i- (89) 

+ T^«{l-y»-ie»}8in(3» + a> -4Q) — A«y*{l-y*-i^}8in(w+3a>-4Q) 

- A«y*{l - y* - «*} sin (5v - a» - 453) + Th«y* sin (5i> + o) - 6Q) 
— A«y*{l — y* — «*} sin (v — 5a> + 4^) — ^i^e/Bin (t> + 6«) — 6f;3) 
+ A«V{1 - iy* - K} 8in (2t> -Aa> + 20,) - ^f^cy* sin (7t; - « - 6Q) 
+ A«V{ 1 - iy* - i*"} sin (4w - 2a» - 2Q) - ;pfre/ sin (v - 7a> + 6a) 

- {i«V - A^V + rfr^y*} sin (3v - 6ft» + 2Q) + A«*y* sin (2» - 6a» + 4Q) 

- xl-ffeV sin (3v - 7«> + 4Q) - tMV* sin (7t; - 3ai - 4Q) 
+ ^V^sin (6i;-4ft> -2£^) + "^^sin (4v - 6ai + 2^) 
--■A^8in(7i;-6fti~2S3)-A6y8in(5v-7fl> + 2^) 



In this equation rU denotes the mean longitude of the moon^ and v the true 
longitude ; and the constant introduced by the integrations has been made to 
satisfy the condition that the mean and true longitudes shall be equal to each 
other at the extremities of the transverse axis. By inverting this series we may 
obtain the value of v in terms of nt, 

5. For this purpose we shall observe that if we change the sign of all the 
terms of the second member except the first, and at the same time change v into 
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nt in those terms, and calling the sum of the terms thus changed f{nf), we shall 
have, according to the theorem of La Grange, 



V = 



nt +firU) + i«! + t^^ -f A^/(-^)' 1 



ndt 



nHe 



nHe 



.rd*f(nty^^f{nty 






(90) 



We shall therefore have 



/(ne) = 2e { 1 - A/ + T^T^V + A/} 8i° («< - «) 

- |e*{l + ^c» + -^e* - \y*} sin 2 (n< - w) 

+ {i€» + ie» + tjW* + T^ -■ A«V* -■ sW*} sin 3 (n< - a») 

- { A«* + A«* + ■A**)'^} ""^ 4 (7i« - o») - yj^ sin 6 (n< - «») 
+ (A^* + tV«^ + A«V*} sin 6 (?i< - «) + ^ sin 7 (we - a») 

- iy* {1- iy* - !«* + A/ - F + l«V} sin 2 (tk - a) 

+ i)^ { 1 - iy* - 1«* + Ay" - -J** + l«V} 8in 2 (ft> - Q) 

- ^y* { 1 - y* - |c*} sin 4 (n< - g3) - lir/ sin 6 (nt - gj) 
+ Ay*{ 1 - y* - !«*} sin 4 («» - gj) + -rb/ Bin 6 («» - Q) 

+ i«y* { 1 - iy* - i«* + Hy* - A«* + i«V} sin (3n< - w - 2Q) 

+ i«y* { 1 - Jy« - ie» + Hy* - A** + i«V} sin (n< - 3«» + 2Q) 

-A«y'{l-y*-i«*}sin(3n<+tt»-4^)+^«{l-y»-^}8in(n<+3a»-4a) 
+ A«yM 1 - y* - «*} sin (5n< - o) - 4^) - 7^^ sin (5n< + a> ~ 6Q) 
+ A«y* (1 - y* - ^}8in {nt - 6a> + 4^) + ^^^sin (to< + 6(o - 651) 

- A«V { 1 - iy* - i«*} sin (2n< - 4«» + 2Q) + yf^c/ sin (7n< - a» - 6Q) 

- A«*y' { 1 - iy* - i«*} sin (4n< - 2a> - 2^) + yf^ sin (n< - Tw + 6Q) 
+ {yy - A«V* + rfr^y*} 8in(3n<-6a» +2Q)--^c*j'*8in(2n<-6«+4gi) 
+ {i«V - A«V* + A«y*} sin (5n< -Za> + 2Q) - ^«V* sin {6nt - 2a»-4Q) 
+ t4?«^* sin (Snt - 7a> + 4^) + j^^* sin (7n« - 3«> - 4ft) 

- ^ey sin (6n« - 4«> - 2ft) - ^eV sin {4mt - 6w + 2ft) 
+ A«Vsin(7n<-6a»-2ft) + ^!f«y sin (5n< - 7«> + 2ft) 



(91) 
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From this equation we get the following values of the different powers of 
/(n^), which are all correct to terms of the seventh order : 



- {4e» + ie» + i€y« + T^jc' - i|cV* - iey*} cos (rrf - «») 

- {2e» - |e* + ^if/ - ^^¥5«* - tW* - T^/} cos 2 (n< - «,) 
+ {f^* - TVs' + iey' - A*' - 1^^* - ix'} cos 3 (n< - r.,) 

- {fi«' + iVi/ + if^l cos 4 (n« - a») - ime« cos 6 (n< - «) 
+ {^ + y + T^eV^} cos 6 (n< - (o) + ■f^c'cos 7 (n< - to) 

+ {H«V-H«V'-M«V + TiTry*} {cos2(n<-Q) +cos2(« -gj)} 

- {iS^y* - TT^/ -■ sV**)'*} (cos 4 (»< - £2) + cos 4 (a» - ft) } 

- •i-^/{co3 6(n< — ft) + cos6(w — ^)} — y^^€/ cos (3n^ + 3«» — 6Q) 

- {«y* - i«>'* + ^/W* - i«V - l«V + ■A<V*} cos (n< + w - 2Q) 

+ {i«y* - i«y* - f «V + A«V* - tJf«V + A^y*} cos (n< - 3w + 2Q) 
+ (iV - i«y* - f«V + A«V* - Th«V + 15^*} cos (3n« - w - 2Q) 
+ {iV-i«?'*-i^«V*} {cos(n«-5ft> + 4a) +cos(57ie- w -4Q)} 

- {H«V*-H«y-T^V+Tk/} {cos(2n«-4«>+2Q) +cos (4n<-2w-2Q) } 
+ lttey-fi€V*-|^+7^^!{cos(3n(-5«>+2Q)+cos{6n<-3w-2J 



■ ; (92) 



\ 



- [W ^W-^ ih^'] (co3 (3^ -^^0- 4Q) + cos (nt + 3<o - 4^)} 
+ { A/ - 1^/ - A^*} cos (2n« + 2«; - 4^) 

- tfteV' {cos {&nt - 2w - 4Q) + cos {2nt - &io + 4SJ) } 

- HJ^V {cos {&nt - 4ai - 2Q) + cos (4?i^ - 6cu + 2Q)} 
+ T%e/ {cos (ne - 7fl> + 6Q) + cos (7ne - a> - 6Q)} 

- rf^* {cos (n^ + 6a> — 6Q) + cos (6n^ + «> — 6Q)} 

+ IfleV {cos (7ne - 3«; - 4Q) + cos (3n^ - Ico -f- 4Q)} 
+ IfJ^y {cos (7n^ - 5ai - 2Q) + cos {5nt - 7^«; + 2SJ)} 
+ tJy/ {cos (4ne + 2£u - 6gJ) + cos {2nt + 4fti - 6Q)} 
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nt in thoee terms, and calling the sum of the terms thus changed f{nt), we shall 
have, according to the theorem of La Grakoe, 



V = 



,,f, ,x , Afinty ,,<Pf{nty , . <Pf{nty 1 



, dyjnty cPfjnty 



n*dt* 



n*di^ 



Wny 



d*f{nty 



n*dl? 



(90) 



We shall therefore have 



f{nt) = 2c {1 - ^/ + -jI^ + VV/} sin (rrf- «) 

- |e»{l + ^e» + tV - i/} sin 2 {nt - «) 

+ {i«» + F + irW + T^ - T^V«V - ^^} sin 3 (rrf - fl>) 

- (V^ + A«* + A«V^} 8in 4 (7i< - <») - xb^ Bin 6 (w« - a») 
+ { A«* + tV + A«V*} sin 5 (n< - «) + ■gig*' sin 7 (n« - a>) 

- iy* { 1- iy» - 1€» + A/ - ic* + |eV} sin 2 (n« - a) 
+ ly* {1 - iy* - 1«* + A/ - i«* + l«V} sin 2 (« - Q) 

- I^jy* { 1 - y* - |e*} sin 4 (n« - Q) - T^y* sin 6 (n« - Q) 
+ TJ'Ty'fl -/ - !«*} sin 4 («» - gj) + T^y* sin 6 («. - a) 

+ i«y* { 1 - iy» - ie* + Hy' - A«' + i«V} sin (3n< - «» - 2a) 

+ Jey* { 1 - ^y* - ^ + Hy* — jS^e* + JcV} sin (n« - 3o» + 2a) 

-■ M'*{l-y*-K}sin(3n<+fl)-4a)+^Ml-y*-i«*}8in(n<+3«<-4a) 

+ ^«y* { 1 - y* - c*} sin (5ni - a) - 4a) - ^cy* sin (5n< + «>- 6a) 

+ ^' {1 - y* - e*} sin (7i< - 6«» + 4a) + yi^ey* sin (w< + 5«» - 6a) 

- A«V { 1 ~ iy* - i«*} sin (2n« - 4<«> + 2a) + T^Tcy* sin (7ni -«»- aa) 

- A^V* {1 - ^y* - i«*} sin (4«< - 2«» - 2a) + 7f7«y» sin (n< - 7«» + 6a) 
+ {i«V - I'ffA* + Aey*} 8in(3n« -5a> + 2a) - •A«V 8in(2n< -6«»+4a) 
+ {i«V - -^fiV* + rf^ey*} sin (6ji< - 3<u + 2a) - ^«*y' sin (6n< - 2a»-4a) 
+ T^^eV* sin [Zvi - lio + 4a) + yf^ sin (7n< - 3a» — 4a) 

- ^ey sin (6ne - 4<i» - 2a) - ^cV sin (4w< - 6«> + 2a) 
+ ^eV sin (7n< - 5a» - 2a) + ^eV sin {brU -7<o+ 2Q,) 



y • (91) 
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f(nty=^6^ + ^+i^* 



- {8e* - fi^ + ^*} COS 2 {rU-(o) 
+ {9e* + fje^ + HeV*} cos 3 (»< - to) 

+ {2e* - ^ + IcV*} cos 4 (n< - «) + -V^ cos 6 (n< - w) 

- {3e* - W^ + MA*} cos 5 (n« - «) - J^ cos 7 (n< - «) 

- {6«V - 3cV* + ii«V + A^y*} cos (»< + «'- 2Q> 

+ {4ey - 2eV* - W«V + VW} cos (3n< - a» - 2Q) 
+ {4eV - 2e)>* - J^!^^ + -ft^y*} cos (n< - 3«» + 2Q) 

- {«V - i«V* - W«V + A«/} cos (3n« - 6 w + 2Q) 

- {e-y - ^eV* - ^^ + ^«} cos (5n< - 3«» - 2Q) 

+ |eV* cos {2nt + 2co -4^) - ^ey* cos (3n< + 3«> -6Q) 
— ^ey* {cos (7n< - w — 6Q) 1 cos («« -7to + 6SJ)} 

- W«V {cos (5n< - 7a» + 2Q) + cos (7u< - 5a» - 2Q) } 

- 4^^ {cos {Snt + a» - 4g3) + cos {nt + Sw- 4Q)} 

- |i«V* {cos (3n< - 7co + 4gJ) + cos (7nt -Zto- 4gJ)} 
+ -^f {cos (2n< - 6(0 + 4Q) + cos {6nt - 2w - 4Q)} 
-• V^V {cos (2n< - 4«> + 2Q) + cos (4?i< - 2w - 2Q)} 
+ V«V {cos (4n< - 6ft* + 2Q) + cos (6n« - 4w - 2Q) } 
+ W«V* {cos (n< - 6a» + 4Q) + cos (5n< - w - 4Q)} 
+ I'ff*?'' {cos (n< + 5w-6Q,)+ cos (6n« + to - 6gJ) } 

- |eV* {cos 4(<e» — gj) + cos4 {nt -Si)} 
+ J|l«y {cos2(«» -gj) + cos 2(n< - Q,)} 



r> 



(94) 
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/(n«)» = {20e» + ^^ + V A'} sin {nt - «) - J^ sin 2 {nt - w) 

- {106»--2^^ + ^€V*}8in3(n«-«*) + 15«*co8 4(n«-a») 
-t {2e» - ^^ + |«V*} sin 5 (n< - «») - W sin 6 (n< - a») 

+ ^e' sin 7 (n« - w) + ^eV {sin 2 («) - Q) - sin 2 (n< - ^)} 
+ ^^ {sin (2n< - 4o» + 2^) + sin (4n« - 2«> - 2^)} 

- {cV {sin (4n< - 6a» + 2Q) + sin {&nt - 4a» - 2Q) } 
+ ^eV {sin (5n< - 7a> + 2Q) + sin (7n« - 6«» - 2Q)} 
+ xj^ey {sin(n^-"3a> +2^3) +sin(37i^-fl>-2f2)} 

- -Jy^ {sin (3n^ - 6a> + 2S3) + sin (5n^ - Zio - 2Q) } 
+ J3^4 {sin (3n« + a> - 4^) - sin (n« + 3a> - 4^) } 
— ff^V* {sin (7^-5(0 + 4^3) + sin (5n^ - a> -4£3)} 
+ -jfijf eV {sin (3r^^ - 7ai + 4Q) + sin (7n^ - 3ft> - 4S3) } 



► ; (95) 



y(ne)» = 20^ - 4^e^ cos (nt - €o) - 30c« cos 2 (n< - a>) 

+ -^j*^ cos 3 {nt — (o) + 12e? cos 4 (n^ — a>) — 4^e? cos 5 {nt — a>) 
- 2^ cos 6 (nt - fl>) + |e^ cos 7(nt - €o) - 30eV cos(ni + a> - 2Q) 
+ A^ {cos (3nt - €0 - 2Q) + cos(nt - 3a> + 2f2)} 
- 9eV {cos (5nt - 3ai - 2^) + cos (3nt - 5ai + 2^)} 
+ |eV {cos (7nt - 6a> - 2^) + cos (5n< - 7a> + 2fJ) } 



(96) 



f{nty = 706^ sin (nt - ai) - 426^ sin 3 (nt - to) 
+ 14e*8in 5 (nt - a>) — 26^ sin 7 (Tit — a> ) 



(97) 
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.dfintY _ 
ndt 

{f e» + i«» + ^* + A«' - tW - T^l^'} sin (n< - «») 

+ {2e* - fe* + tVx* - tVt* " ^ftr** - A^V^ sin 2 (n< - «,) 
-{!«'- Ae» + ^i^* - :^e^ - ^i^e/ - HI«V'} sin 3 (n< - w) 
+ {H«* + IK + iV«*)'^} sin 4 (n< - o») + fllfe* sin 6 (n« - w) 

- {M^* + 1*' + H4«V'} sin 5 (n< - w) - Ml«' sin 7 (n< - «) 

- {H«V -H«V* - if«V + Tk/l sin 2 (n< - Q) 

+ {tVx' - iV/ - AeV'} sin 4 (n< - ft) + t^tt/ sin 6 (n< - ft) 

+ {iey» - iey^ + ^^VW* - I'lr^V - A«V + A«V'} sin (n< + «> - 2Q) 

- {i€y» - i«y« — fteV + ^eV' - jlir^V + tIt*/} sin (n« - 3«» + 2ft) 

- {|cy» - |«y* - |cV + |eV* - T^^* + T¥ff«y*} sin (3rK - «» -2ft) 
+ ItKy* - H«V* - T^cV + ik/} sin (2n< - 4«, + 2ft) 

+ { V«V-H«V -fl«V + Ti^y*} 8in(4n«-2«-2ft) 

- {M«V - T%«V* - Nfs<^ + TftV^y*} sin (3n« - 6<o + 2ft) 

- { W«V - 1M«V - MeV + ift^ey-} sin (5n< - 3« - 2ft) 

- {iVy'-^y*- A«V}8in(2n« + 2«» -4ft) + 7|^8in(3n<+3<w -6ft) 

- { A«y* - -iW - TfftA*} sin (n< - 5« + 4ft) 

- { Aey* - T^ - fff«V*} sin {6nt - «> - 4ft) 
+ { Aey* - T<V<^ - ^<^*) sin (37i< + « - 4ft) 
+ {i^' - tW - t'V^'} sin (n< + Sto - 4ft) 

+ T^jeV* sin (6n< - 2o» - 4ft) + 1^^' sin {2nt - 6w + 4ft) 
-HI |eV* sin (7n< - 3« - 4ft) - ^«»y' sin {Znt - 7«» + 4ft) 
- tHt*/ sin (n« - 7a» + 6ft) - H^ef sin (7n< - <e» - 6ft) 
+ rbey* sin (n< + 5a> - 6ft) + ^ey* sin (6n< + <e» - 6ft) 

- -HiKy* sin (7/K - 5«> - 2ft) - ^fJeV sin {6nt -1a> + 2ft) 

- ^/ sin (4n< + 2«» - 6ft) - -j^/ sin (2n« + 4a» - 6ft) 

+ lii«V sin (6n< - 4a» - 2ft) + If^V sin (4n< - 6«> + 2ft) 



>• » 



(98) 



J 
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/(n«)» = {20e» + ^^ + 3^*) sin {nt - w) - ^ ain2 (nt - o>) 

- {10e» - -W*" + ^€V*} sin 3 (n« - w) + 15^ cos 4 (»« - w) 
-f {2e»--^^ + |eV*}Bm6(?i<-<»>)-V^8in6(n<-a») 

+ ^c' sin 7 (n« - «») + ^eV {sin 2 («. - a) - Bin 2 (n< - ^)} 
+ ^«y {sin (2n« - 4«» + 2Q) + sin {Ant -2a>- 2Q)} 

- JcV {sin (4«« - 6«» + 2£J) + sin {6nt - 4a» - 2£3) } 
+ ¥«V {sin (5»< - 7a» + 2g3) + sin {7nt -6a>- 2Si)} 

m 

+ ^^eY {sin (nt- 5(0 +2Q) +sin(3n^-fl>-2f2)} 
— %^ {sin (3n^ - 6a> + 2S3) + sin (5?i< - 3a> - 2Q) } 
+ ¥^ {sin (3^^ + a> - 4^) - sin (n« + 3a> ~4Q)} 
— ff^V* {sin (nt -5(0 + 4tCi) + sin {5nt - a> - 4Q) } 
+ ^^ {sin {3nt - 7<o + 4Q) + sin {7nt - 3ft> - 4Q)} 



(96) 



/(ne)» = 20e* - 4^ cos (n« - a>) - 30c« cos 2 (n^ - co) 

+ -^j*^ cos 3 {nt — fl>) + 12c* cos 4 (n^ — a>) — 4^6^ cos 5 (nt — a;) 

— 2^ cos 6 (n< - fl>) + f e^ cos 7(ne - €o) - 30eV co8(nt + a> - 2g5) 
+ A^ {cos (3ne - 01 - 2Q) + cos (ni - 3ai + 2Q)} 

- 9eV {cos (5n^ -So}- 2Q) + cos (37ii~6o> + 2Q)} 
+ |cV {cos {7nt - 6a> -2ft) + cos {6nt -7a) + 20,)} 



> • 



(96) 



f{nty - 70/ sin {ni-a)- 42^ sin 3 {nt - w) 
+ Mc'sin 6 (n< — <w) — 2/ sin 7 (n< — <i> ) 



(97) 
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nW 



+ {W + ffK + ffieV} Bin 3 (n< - «,) 
+ {^e* - Jyie» + ey } sin 4 {nt - w) 

- iH'^ - ^m^ + ^m^*} sin 5 {nt - a>) 



+ ^4iV sin 6 (n< - w) - 



sin 1 {nt — w) 



- U«V - ieV* + ^sVieV + ^ey«) sin (n< + « - 2gJ) 
+ {feV - |e»y* - J^W^ + T%«/} sin (3rK - «> - 2Q) 
+ {i«V— l^* - TVW«y + Tkey*} sin (n< - 3«> + 2Q) 

- {*«y - AeV* -W^+-^^'} Bin (3n< - 5a> + 2Q) 

- { W«V - W«V' - ^HfF«V + m^^*} sin (5nf - 3« - 2SJ) 
+ fc^y* sin (2n< + 2a. - 4S3) - ^^^ sin (3n< + 3«- 6Q) 

- T%VW sin (7n< - 0. - 6£J) - -rjiy^ sin (Trf - 7a; + 6Q) 

- Wi^«y sin (5»< - 7a» + 2a) - 4rtJyyiey 8in(77K - 5a, - 2Q) 

- fll«V sin (37i< + a, - 4a) - tVitcV sin (n< + 3a; - 4^) 



> : 



- m^* sin (3n< - 7a; + 4^) - JiVW^V* sin {7nt - 3a; - 4^) 
+ T>5€V*8in (27i« - 6a, + 4a) + H«V sin (6»< - 2a, - 4a) 
-^y sin (2n< - 4« + 2a) - 17«y sin (4n< - 2a, - 2a) 

+ Wy»8in (4n< - 6a, + 2a) + 4i«Vsin {6^ -4a, - 2a) 

+ TiVir<V* sin (n< - 5a, + 4a) + ^Jjjy^* sin (5n< - a; - 4a) 

- 2eV' sin 4 (n< - a) + i|«V sin 2 (n< - a) 

+ TiT«/ sin (n< + 5a, - 6a) + Hle^ Bin (5n<+ a; - 6a) 



J 
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- { W - Vlft^ + W«V*} sin 3 (n< - «») + 32e« Bin 4 (n< - a>). 
+ { W** - ¥^Vy^ + fM«V'} sin 5 (n< - «>) - V e* sin 6 (n< - a») 
+ HfM^ sin 7 (rrf - «) - |eV sin 2 (n« - gj) 

+ |«V8in i^nt - 4«> + 2Q) + ^cV sin (4n< - 2«» - 2Q) 

- |cV sin (4n« - 6«> + 2^) - V«V sin {&nt - 4«» - 2Q) 

+ Wf «V sin {5nt -7<o + 2Q,) + ^^^ sin (7n< - 6a. - 2Q) 
+ tyV«Vsin(n<-3a»+2Q) +«^cV8in(3n<- « - 2gJ) 

- W-cV sin (3ji< - 6«» + 2Q) - J^fVy* sin (6n< - 3a» - 2^) 
+ W«V* sin (3n< + a; - 4^) - -rfyeV* sin (ti* + 3a; - 4Q) 
-yfr^V* sin (7i< - 6a; + 4Q) - ^V^e^* sin (5ji< - a; - 4Q) 

+ tft«V* sin {Snt -7<o + 4£J) + ^^^^^ sin {7nt - 3a; - 4 JJ) 



>; 



(101) 



T^TT — M^ = + 1^ 8i° (^< - "') + i<^ "•» 2 (n< - a;) 
n. or 

- Wf ^^ sin 3 (n< - «;) - ^^ sin 4 (7i« - a;) 
+ ^^^Bm 5 (n« - a;) + l^e« sin 6 (n< - o») 

+ ^»l€y sin (n< + a; - 2^) - W«y sin (3n< - a; - 2Q) 

- ^ijeV sin (n< - Zto + 2^) + W«V sin (5n< - 3a; - 2Q) 

+ W«V sin (3n« - 6a; + 2Q) - Hf^PcV sin (7n< - 5to - 2Q) 

- W«V sin (6n< - 7a» + 2Q) - ifff^e^sin 7 (n< - a;) 



>» 



(102) 



■^^rf^^=-^^m{rU-w)+i^BmS(nt-w) 



n*df* 



- ^^ ain 5 {nt- a)) +1^3^ Bin 7 (rU-w) 



■ 



(103) 



If we now substitute equation (91) and equations (98-103) in equation (90), 
we shall obtain the following value of the true longitude v of the moon in terms 
of the mean longitude rU. 

6 
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- {|e« - 1^ + ley } sin 2 (n« - «) 

+ { W + fH«' + Mi«V'} sin 3 {nt - a,) 
+ {:^e« - i^e» + eV} sin 4 (n< - a>) 

- {ij V - ^^V^ + ^^V^'} sin 5 (n< - w) 
+ 1|^ sin 6 (n< - w) - -fi^^^e? sin 7 (nf - a») 

- (ieV - i«V + tWi«V + T*ir«/} 8in (^ + « - 2Q) 
+ {f«V - ley - Jjft^jLey + .j^z^e/} sin (3ni - a. - 2Q) 

+ (ieV - A«V* - tWV«V + Tk«y*} sin (n< - 3«» + 2Q) 

- {*«V -■ i%«V - ^yW^ + ift^} 8i° (3«< - 5'" + 2Q) 

- { J^V^ - WA* - HfF«V + iM«y*} sin (5n< - Zto - 20) 
+ i^* sin (2n< + 2a» - 4Q) - ^^^ sin (37i< + 3o*- 6Q) 

- AVW sin (7n< - «» - 6Q) - T5VW sin (n< - 7«> + 6SJ) 

_ :^j^ey sin (6ri< - 7«» + 2£^) - 4j'yyy»«Vsin(7n< - 5«» - 2Q) 
-f||«y sin {3nt + a>- 4Q) --^^^'sin (n< + 3a> -4g^) 

- iWY sin (3»i< - 7 to + 4^) - -VWeV sin (7n< - 3w - 4^3) 
+ T?t«V8in (2n< - 6o» + 4Q) + 1^ sin (67i< - 2«» - 4Q) 

— ^V sin {2nt - 4« + 2^) - 17eV sin {'irU - 2(o - 2Q) 
+ Jj^V sin (47i< - 6«» + 2Q) + ^^eY sin {6nt - 4<u - 2g5) 
+ iV^* sin {nt-5a> + 4Q) + ^>^^* sin {5nt - a; - 4Q) 

- 26^* sin 4 (n< - Q) + IJeV sin 2 (n« - g3) 

+ Tk«)^ sin (n< + 6a» - 6g3) + m</ sin (57i<+ a» - 6Q) 



1 
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6. Having found the value of v in terms of nt, if we now substitute it in equa- 
tions (73) and (39), we shall also obtain the values of r and d in terms of nt. For 
this purpose we shall first develop equation (73) in a series, carrying the approxi- 
mation to terms of the fifth order, and we shall find 

-^^^^1— ^ = l~e{l-^y*}cos(i;-fl>)-W{l-4)^}cos(i; + 
r • 

+ \ef{l-if}coB{v-3a>+2Q)-^^{l-if}cos{Zv-a)-2Q) I ^ (iqS) 

+ j^-gey^ cos {v — 5a) + 4Q) + xfy^* cos (5v — <w — 4Q) 

— Y^^*co8{3v + (0—4:0,) — Tfff^^cos(v + 3a;— 4Q)+-j^6y*cos3 (v— w) ^ 



In order to substitute the value of v in this equation, we shall observe that if 
we put all the terms of the second member of equation (104), except the first, 
equal to j9, we shall have 

v = nt + ^. (106) 



This gives 



mv + »= (mnt + ») + mj9. 



(107) 



m being any positive whole number, and » any angle whatever. 
Equation (107) gives 

cos (mv + ») = cos {mnt + ») cos mfi — sin {mnt + ») sin m^. 



(108) 



Since ^ is a small quantity, we may develop sin m^ and cos mfi in a series, 
and we shall have, with suflBcient accuracy, 



sin mj9 = m^ — -Jm^/?, 



cosmj9 = 1 - imy + ^jm^^. 



(109) 



We shall then find, as far as terms of the fourth order, 

^ = 2e* + ^ + ^lyy^ + ^e* cos (n^ - a;) 

- {26^-|e* 4- ^y*] cos 2(n^ - w) -fe'cos 3 {nt - to) 
-^^<cos4(n^-fti)-f^6Vcos2(n^-Q)+H«Vcos2(a;-Q) 
-■5V/cos4(ne - Q) - ^y*cos 4(a> - Q) + i^/^os {2nt + 2a} -4^) 

- e>^cos(n^ + fl> - 2Q)+ i6y*cos(3n^ - w - 2Q) + ^C08(n^-3eu+2Q) 
+ H^ cos (4ni - 2ft; - 2Q) + -^eV cos (2n^ - 4o> + 2Q) 



* • 



(110) 
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^ = 6^ ain {nt - <o) +i^e*aia 2 (nt-w)- 2^ a\nZ{nt-<o) 

- J^< sin 4 (n< - «) - 1^ Bin 2 (jt< - Q) + }«V sin 2 («» - a) 
+ |eV sin (4n< - 2w - 2«) + |cy sin (2»i - 4a» + 2Q) 



>; 



(111) 



)9* = 6e* — 8e* cos2{nt — aji)+ 2e* «os 4 (n^ — ai). 



(112) 



Therefore equation (108) will become 

cos {mv + ») = cos {mnt + ») X 

{l-m*(«* + ^* + 3Vx')H-imV-JmVcos(n<-ai) 1 

+ (m V — ^m V + ^m V ~ im^€*) cos 2 (n^ — a;) 

+ ^m^^cosZ{nt — a)) + (|4f^^^* +1^5^*^^) cos 4 (n^ — a;) 

+ f^m'6Vco8 2(n^~Q)~JJm^eVco8 2(«i-a) 

H- ^"jwi V cos 4 (n^ — Q) + -^fmY cos 4 (ai — Q) 

— ^mV cos (271^ + 2tt) — 4Q) + Jey^m* cos (n^ + co — 2^) 
— Jm'ey^ cos {Znt — oi — 2Q) — ^m^e^ cos (71^ — 3a> + 2Q>) 

- Jim'eV cos (47i« - 2a> - 2Q) - ^V^*«V cos (2ne - 4a> + 2Q) } 



I . (113) 



— 8in(mn^ + ») X 

{{2me-^m(?—^(?)Bm{rU—a)) +(f ??i^— ^me^+i^my*- jTn'e^sin 2{nt—a}) 
+ (\^m^ + ^771 V) sin 3{nt — <o) -{- {^^^^me* + ^mY) sin 4 (71^ — ai) 

— {^my^ — ^m/ — me^ — -fT/i^eV) sin 2{nt — Q>)— i^mef sin (3/iiC — ei — 2SJ) 
+ (J77i)^ ~ ^/ — ^^Tn^V— Im^eV) sin 2(^0 — Q) + ^TTiey* sin(ri^ +tti ■— 2f3) 
+ ^rrvf sin 4 (71^ — ft) + ^2m7*sin4(ft> — Q) — ■j^77i/sin(27i^ + 2a> — 4£3) 

— (ff 7n^ + |7n,»eV) sin (4ne - 2a> - 2gJ) - i7n»6V sin (2n^ - 4w + 2Q) } ^ 



If in this equation we put in succession m = l, »= — 01; m=l, 
»=ft>— 2^; m = l, » = — 3o; + 2Q; and 77i = 3, » = — ft> — 2Q; we shall 
get the following equations : 
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cos(t; — <e;) = — e-f {1 — fe^ + ^r«* — 7^y*}cos(n^ — fo) 

-{■ {e-ie^} coa2{nt - 0)) + {^e" -me^ + -^y^} coaS(nt- w) 
+ |e*cos4(ni — fti) + ^^^^ coa 5{nt — w) 

- (iy" - Ay' - M^} cos (3n^ - 1^ - 2gJ) 
+ {iy*-i7'"- iW^} C08(7ie + a^ -2a) 

+ yIy/co8 {5nt — ft> — 4Q) — -j^y^cos (3n^ + ai— 4SJ) 
+ xl^y* cos {nt + So; — 4Q) — jiti/ ^os (n^ — So + 4g3) 
+ ^cos2(nt - Q) - |€y^co3(4ne - 2(o - 2gS) 

- |€}^cos {27U - 4.(0 + 2Q) - ^6)^ cos 2 (ft> - Q) 
-fieVcoa {5nt - 3a> - 2^) - -A^cob {3nt -6(o + 2^) 



; (114) 



C08(v f a* - 2^) = (1 -e^ co8(n^ + w-2Si) + |€^co8(37i^ - <» - 2Q) 

-■^co8('/i^ - 3(0 + 2Q)-\fcoa{3nt + ai -4gJ) 
+ -^y* cos (n^ + 3a> — 4SJ) + e cos 2 (ti^ — Q) — e cos 2( w— gS) 



; (115) 



coB(i; -Sw + 2Q) = (1 -e^ cos {nt-SM + 2Q) -|«*cos(n< + w -2Q) 

+ 1^ cos (3ne -5(0 + 2g3) + ^y* cos {nt + S(o- 4Q) 
— ly'cos (n^ — 6ai 4- 4Q) + e cos {2nt — 4(0 + 2Q) 
^ecos2(ai — Q) +\y*cos(nt — cu) — -^y^cosS (n^ — cu) 



I ; (116) 



cos (Sv - fl> - 2a) = (1 - 9e*) cos (37i« - 01 - 2Q) + ^ cos (6nt ~ 3ai - 2Q) ^ 

+ ^e*cos(?i^ + (o-2Q) + |y*cos(3n^ + oi -4Q) 

— 4/ cos {5nt — eel — 4Q) + 3e cos (4n^ — 2fo — 2Q) 

— 3e cos 2 (n< — Q) + |y^ cos (n^ — (o) — |y^ cos 3 {ni — (o) 



■ (117) 



If we now substitute these values in equation (105), and at the same time 
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change v into nt in the t-erms of the fifth order in that equation, it will 
become 



^ — ^ = l-6^ + e{l-|€» + ty^}cos(ne-ai) 
r 

+ e^{l-y^}coa2{nt-a})+ {fe» - f^} cos 3(ne 

+ ^e* cos 4 (nt — w)+ flJe* cos 5{nt — a}) 



-w) 



>• 



(118) 



In the substitution in equation (105), the coefficients of all the terms contain- 
ing Q, become identically equal to nothing, and the quantity y disappears from 
the coefficients of all the remaining terms; whence it follows that the radius 
vector of the orbit is entirely independent of the position of the orbit. We shall 
therefore have 



a 



- = 1 + e{l — \^ + -^e^] co'^{nt — co) + ^ {\ — \^] co%2 {nt — w) 
+ {\^ ~ -N^] c^3 3 {nt — to) + |e* cos 4t{nt — lo) + fj^e* cos 5 (r^ — lo) 



(119) 



In order to find the tangent of the latitude it is only necessary to find 
sin {v — Q), and multiply it by y. To find sin {v — Q) we shall observe that if we 
change cos (m7i< + «) into sin (mn^ + »), and — sin(mn^ + «) into + cos (mn^ + »), 
cos {mv + ») will change sin (mv + »), If we then make these changes in equa- 
tion (113) and put m = l, « = — gj, we shall get, after multiplying by y, the 
following value of y sin {y — Q), or tan ^, 

Und=y{l-i?-\'^^i^' + i^y'-Vi^]a\n{nt-a) 
-{i7'-TiF7*-|i«V}8in3(7it-g3)+T4^7^sin5(ni-Q) 
+ ey { 1 — |e* — \f] sin {2nt — io — Q)—ey sin (co — ft) 
+ {|^-H^V + A7'-A^}sin(3ne-2^~Q) 
+ {i^-i7'-iV^V + i/Vy* + ii^r^}8in(n«-2^ + ft) 

+ {ix'-l^7^-H<^}8in(n^ + 2a>-3ft)-i^sin3(ai-Q) 1.(120) 

+ |eV sin {Ant - S(o - Q) -|^sin(57i«-2a>-3Q) 
+ {t^ -W) sin (2n^ - 3^0 + Q) + fH^sin (5n^-4a> - Q) 
+ (tIt^- A^} sin(3n«- 4ft> + Q) + j^y^8m{nt + 4:(o-6a) 
+ { A^ - jhf} sin (^^ "- 4co + 3ft) - l^y* sin (4n< - «; - 3ft) 
— ^y*sin(37i^+2a;~5ft)+icy*8in(2n^+fl>-8ft) 
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This equation will give 

+ ^f sin 5 {nt - Q) - ^cy* sin (a; - Q) + ^q^ sin {2nt + oi - 3S3) 

+ ^sin {2nt —w — Q,)— ^ey'sin(47i^ — a> — 3SJ)— ■^fBin{Znt-\-2co-5Q,) 

+ ^f{f'^9e^}8m{3nt-2a)-Q)-^^i^sin{5nt-2co-Sa) 

+ ^f {^ -f}Qin{nt-2io + gi) + ^f {f-7e'} sin{nt + 2(0 -ZSi) J 



> ; (121) 



^tan^^ = i/ sin (?i< - Q) - ^y* sin 3 (71^ - Q) + -gi^y* sin 6 (ne - ^). 



(122) 



Now we have 



= tan» -Jtan*^ + J tan*^ -, etc. 



(123) 



If we now substitute these values of tan 6 and its powers in equation (123) we 
shall get the following expression for the latitude of the moon, which is correct to 
terms of the fifth order : 



= y {1 - «• - |y* + A«' + Ay* + H«V} sin (rK - ^) 

- (ij^y* - t^tX* - M«V} sill 3(n< - Q) + ifl^ry' sin 5 (n< - Q) 
+ ey{l-y'-lf}Bin{2nt-a>-Q)-ey{l-^f}B,m(a>-Q) 

+ {i<^ - iie*y + -^f - Hi^} Bin {int- 2a) -Q)~:^e)» Bin S {to -i 

+ {i«V - iy* - iVV + Ay* + t/^«V} sin (n< - 2«» + Q) 

+ {if - -iif- ^^} Bin {nt + 2a>- SO,) + ^ Bin {4nt-Sa> - Q) 

-^ef Bin (4^-0)- ZQ,) + \ef Bin {2nt + o>-SSi) 

+ { A«V - i«y*} sin (2n< - 3w + ^) + llfeV sin (5n< - 4«» - a) 

+ {ih^^Y - ^^r«V} sin (Zvi - 4«> + Q) + -^f sin {nt + 4w - 6g3) 

+ {ii^ - xky*} sin (n< - 4«» + 3Q) - -^f sin {Znt + 2«» - 5£l) 

- H«y sin {5nt - 2<i» - 3£J) 



• (124) 



?• We have thus found the values of the three co-ordinates r, v and 6 in terms 
of the time. We may however find d directly from the diflFerential equation (28), 
which will serve as a verification of all the developments which have thus far 
been made in the determination of t, v^ r and d. For this purpose we shall sub- 
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stitute the values of c, d and c" in equation (28), by which means it will 
become 






cos(v — Q). 



(125) 



Now equation (119) will give 



E 
r" 



= 1 + ie» + |e* + { 26 + le' + ff e'} cos (n^ - a;) 



+ {fe* + J6^} cos 2 (rii - ft») + J;^* cos 4 (n« - ft>) 

+ {W~M^} cos3(7i^-ru) + J4i^z^cos6(ne-eu) J 



> ; 



(126) 



and equation (113) gives, by putting m = 1, and a = — Q, 



cos (« - ^) = { 1 - e» + iy» + T^ — j^y* - ^3j€V} cos (»t< - a) 

- ecos («> — Q) + {e — ^c* + -^e)^} cos (2n< — o» — ^) 
+ {f«* -• H«* + Ay* + A«V} cos (3n« - 2«» - ^) 

- {iy* - Ay* - fi«V} cos 3 (n« - Q) 

+ W--ht-Wf\ COS (nt + 2io - 3g3) 

-"{F + i}^-A^--Ay'~l^V}cos(n^-2«) + Q) 

+ f e' COS (4n^ - 3ai - Q) - {^e^ + ^} cos(2n<-3«^ + Q) 

- \€f cos 3 (^0 - Q) + ^ cos (2n« 4- fti - 3Q) 

- ley^ cos (47^ - ^» - 3Q) + 1||6* cos (571^ - 4ft; - Q) 

- (t!?^ + -hff) cos (3n^-4ft> + Q) + xfry^ cos 6 {ni - ^) 

+ Th7'cos(n^ + 4co-6Q) - (yk/ + V^} cos(n« -4€ci + 3fi) 

- -^y* cos (3n^ + %o - 5Q) - fJeV cos (5n^ - 2ft> - 3g^) 



. (\27) 



If we now multiply equations (126) and (127) together, and the product by y, 
we shall obtain 



DEVELOPMENT OF THE ELLIPTICAL MOTION. 

r a 

- {iy* — r^X* - M«V} cos 3 (n* - SS) + tIt/ cos 6 (n< - gS) 

+ {2ey - feV + i€y»} cos (2n< - a» - Q) + -^leV cos (4nt - 3<» - S3) 
+ {¥«V - ¥«V + H«V + Ay*} cos (3n< - 2<a - Q) 

+ Hy* - Ax* - -HfiV } 008 («< + Sw - 3Q) 

+ {1«V - iy* + A«V + Ay* + A«V} coe («< - 2«» + a) 

- {^ey» - ^} COB (2nt - 3«» + gj) + ^ COB (2nt + a - 3ft) 

+ {t^V-H«V} co8(3n<-4<w + Q) — i«y*co8(4n* - o>-3Q> 
+ {Vl«V —rky*} cos (ttf - 4«> + 3Q) + iy^^cos (5n< - 4« - ft) 
+ tIyT* coa (n< + 4a» - 5ft) - ^y» cos (3»< + 2a» - 5ft) 

- |4«V COB (5n< - 2<o - 3ft) 
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. (128) 



If ve multiply this equation by 



v^l+y* 



and put '-^ = », we shall obtain 






= y {1 - «* -iy* + Ay* + A*^ + M«V} cos N - ^) 

- iy* { 1 - Hy* ~ ¥«•} cos 3 (n< - ft) + TfffT* COB 5 (n< - ft) 

+ 2ey { 1 - 1€» - |y*} cos (2n< - to - ft) + Y«V cos (4»i< - 3a» - ft) 

+ {¥«V - li«V - li«V + Ay*} cos (Stk - 2«» - ft) 

+ {iy*-Ay*-il«V} co8(n< + 2«» -3Q)-||eVco8(5n<-2<u-3ft) 

+ {i«V - iy*- A«V + Ay* + A«V} cos (n< - 2fl» + ft) 

-{i<y'-i«V} C08(2»<-3«» + ft) + i«y»cos(2n< + a»-3ft) 

+ { AV«V - H*^} cos (3n« - 4a» + ft) — ^ COB (47i< - a> - 3ft) 

+ {A«V-TiTy'}co8(n«-4« + 3ft) +^^^«^co8(6n<-4«»-ft) 

+ ifff/ cos (n< + 4«> - 5ft) - Ay* COS (3n< + 2» - 6ft) • 
7 



>. 



(129> 
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Equation (129) gives, by integration, 

- iiif-Thf - H^} sin 3 (nt -Q)+ ^hff «« 5 {nt - Q,) 

+ ey { 1 - |c* - |y*} 8iu (2n< - a» - a) - i|eV sin (6ji« - 2o» - 3g3) 

+ {|«V - H«V + A/ - H«y } sin {Snt -2a,-Q) 

+ {i^-h^ --:j^V + i^y' + A«V} sin (»< - 2a» + Q) 

+ {ir* --^f- il«V} sin (n< + 2<c» -3Q) + |eV sin (4w« - 3o» - Q) 

- \ef sin (4n« - « - 3SJ) + ^V sin (2n< + « - 3Q) 

+ {tVcV - i«y*} sin (2nt - Sw + g^) + |||eV sin {5nt - 4w - Q) 
+ {t't«V - A«V} sin i^nt - Ato + Q) + j^f sin (n< + 4<«» - 5Q) 
+ {it'r^V - ih/] sin (n< - 4« + 3Q) - ^/ sin {Znt + 2<o - 6Q) 



(130) 



'(d) being the constant quantity to complete the integral. It is evident that the 
two expressions for the value of given in equations (124) and (130) will be iden- 
4*ical if we make the constant 



(0) = -ey{l-\f} sin {to - Q,) -iej^8in3(rei - Q), 



(131) 



which makes equation (130) satisfy the condition that the latitude of the moon 
shall be equal to the latitude of the perigee of the orbit when nt = w, or when 
the moon is at the extremities of the transverse axis of the orbit. The perfect 
agreement of these two determinations of the value of 6 proves conclusively that 
all the preceding analytical developments have been correctly made. 

8. In order to show, by a few numerical examples, that the values of v, r and 
0, given by equations (104), (119) and (124), are correct, and at the same time 
«how that the development of these quantities in series to terms of the fifth order 
is sufficient, in the lunar theory, we shall now reduce these equations to numbers 
by using the values of e and y, corresponding to the elements of the moon's orbit 
which were employed by Delaunay in reducing his equations of the lunar theory 
.to numbers. These values are, e = 0.05489930, and y = 0.09004560. And 
instead of giving the value of r in terms of the moon's mean distance as the unit, 
we have multiplied equation (119) by the constant term of the moon's parallax, 
supposing it to be equal to 3422. "3. 
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We shall therefore find 



» = n< + 22638. "97 sin (tit -a>) + 111. "01^ sin 2{nt-<o) 

+ 36."997 sin 3 {nt -m) + 2."010 sin 4 {nt - a») + 0."118 sin 5 {nt -a>) 

- 411."374 sin 2 (n< - Q) + 415."469 sin 2 (a. - Q) 

- 45/'255 sin {^yd-w- 2^) + 45."691 sin {nt + « - 2^) 

- 4."096 sin (4»i< - 2a» - 2^) + 0."093 sin (n< + Za - 4^) 

- 0."186 sin (3n< + «> - 4gJ) + 0."093 sin {^rd-a>- 4^) 

- 0."340 sin (5n« - 3«> - 2gS) - 0."848 sin (2n« + 2« - 4^) 
+ 0."424 sin 4 {nt - gj) + 0."424 sin 4 (w - g3) 



; (132) 



d = 18461."23 sin (n« - a) + 1012."716 sin (2n< -io-£S) 
- 1017."590 sin («> - Q) + 62."619 sin (3»< - 2« - £J) 
+ 18."584 sin {nt + 2«» - 3Q) - ll."662 sin (nf - 2«» + Q) 

- 5. "993 sin 3 {ni - Q) + 2."067 sin (2n< + a» - 3^) 
- 1."0335 sin (4w« -m- 3Q) - 1."0335 sin 3 (w - gj) 

+ 4."098 sin (4n< - 3«* - a) + 0."2746 sin (5n< - 4«) - ^) 
+ 0."0286 sin {nt + 4w - 5Q) - 0."1206 sin (5n< - 2w - 3g^) 

- 0."0191 sin (3n( + 2«» - 5Q) - 0."0024 sin {nt - 4«> + 3g3) 
+ 0."0057 sin 5 (n< - Q) - 0."7773 sin (2n< - 3w + Q) 

- 0."0520 sin (3n< - 4a. + ^) 



(133) 



JT = 3422."300 + 187."811 cos {nt - «; + 10. "304 cos 2 (n< - «.) ^ 



+ 0."636 sin Z{ni- to) + 0."0414 cos 4 {nt - to) 
+0."0028cos5(n<-«;) 



> : 



(134) 



t: denoting the moon's parallax. 
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We shall now compare these approximate values of v, 9 and ff with tb^ y^lues 
derived by an exact calculation from rigorous formulae for the same co-ordinates. 
For this purpose we shall observe that if we denote by u the eccentric anomaly, 
and by nt — co' the mean anomaly measured on the plane of the orbit, the rela- 
tion betw^e^ u and nt — w^ will be given by the equation 

nt — (o^ = u — e&inu, (135) 

Then we shall have the following equations for the determination of the true 
anomaly v' — oi', and radius vector r, 



tan i(t>' — (uO = . ta^n hi 

l/l-e 

r = a(l — ecoau) 



r 



(136) 



Equations (135) and (136) are entirely rigorous ; and if, for a given value of 
the mean anomaly nt — io\ we compute the corresponding value of u with accu- 
racy by means of equation (135), we can then compute the Qorresponding values 
of v' — io' and r by means of equations (136). Now we also have the value of 
«>' — S3 by means of the equation 

tan {lo' — SJ) = tan (lo — Q) sec i ; (137) 

then adding the value of v' — hd' to o>' — Q, we shall have the true distance^ 
v' — Q>i of the moon from the node measured on the orbit. 

Then the spherical triangle w'Qi will give 



tan (v -- S3) = tan (v' — Q) cos i 
and sin = sin iy' — S3) sin i 



The formulae (135-138) will give the rigorous values of r, v and 6 correspond- 
ing to any value of the mean anomaly nt — w'. 

If we suppose that i = 5° 8'43/'28, and rc;-S3 = 30°, we shall find that 
ci>' -- S3 = 30° 6' 0."99. Then if we designate the values of v and tf, derived from 
equation (138), as "observed values," and the values of the same quaotities 
derived from equations (132) and (133) as " calculated values," we shall obtain 
the following table showing the values of the co-ordinates v and for the values 
of the mean anomaly given in the first column of the table. 
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Mbah 

Anomaly. 


0B6B] 


eiVbd. 




Calculatbb. 


Calculated. — Obsebvbd. 


o 

30 


63° 20' 5^'23 


-^i 36 4'k) 


63* 20' 5^'06 


O / // 

+4 36 4.30 


-(J:17 


diK) 


40 


74 18 13.61 


4 57 16.05 


74 18 13.72 


4 57 16.06 


•fO.ll 


+ 0.01 


60 


96 45 20.32 


5 7 10.39 


95 45 20.51 


5 7 10.34 


-fO.19 


-0.05 


60 


116 27 0.21 


4 36 33.14 


116 27 0.22 


4 36 33.10 


+ 0.01 


-0.04 


100 


136 19 36.0^ 


3 33 29.25 


136 19 35.97 


3 33 29.18 


-0.12 


-0.07 


130 


164 46 9.63 


4-1 21 18.38 


164 46 9.80 


+ 1 21 18.40 


+ 0.17 


+ 0.02 


160 


19^ 4 24.48 


-1 4 44.42 


192 4 24.44 


-1 4 44.40 


+ 0.04 


+ 0.02 



The columns of residuals show that the development of the longitude and lati- 
tude in series as far as terms of the fifth order can in no case be in error to a 
greater extent than about 0«'^2 in longitude, and 0/^1 in latitude; and it would 
therefore seem that the development of the lunar theory to that degree of approxi- 
mation would be amply sufficient for all the purposes of astronomy, except for 
those terms of perturbations producing the inequalities of long period. We would 
here also observe that the value of the parallax given by equation (134) can in no 
case differ from the rigorous value of that co-ordinate to a greater extent than 
0."1 ; and a more perfect agreement between approximative and rigorous formulae 
could hardly be expected or desired. 

9. The whole of the mathematical theory of the moon's motion is contained in 
the preceding articles (1-8), when we neglect the consideration of the effects 
of the disturbing forces. The expressions for the three co-ordinates v, and r, 
given in equations (104), (124) ahd (ll9) , are perfectly homogeneous in their 
development, every circular ftlnction or argument of the different terms of the 
equations being measured on the fixed plane of projection instead of the plane of 
the orbit. There are therefore no terms depending on the mean distance of the 
moon from the perigee measured on the plane of the orbit, usually called the 
mean anomalies; but the equivalent terms depending on the difference of the 
mean longitudes of the moon and d the perigee measured on the plane of projec- 
tion are given instead. For this reason it is unnecessary to make any reference to 
the distance of the perigee from the node of the orbit measured on the plane of 
the orbity but simply to designate the longitude of the perigee by the distance of 
its projection from the origin of longitudes and measured on the fixed plane* And 
therefore the expressions for these three co-ordinates which we have given are 
simpler than the equivalent expredsiona given by Delaunay, who reckons longi- 
tudes on the fixed plane, and the other arguments of his equations upon the plane 
of the orbit, referring them to the fixed plane in terms of certain angular func- 
tions depending on the distance between the node and perigee, and also to the 
mean anomalies which are tn^asured on thd plane of the orbit. Delaunay's 
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We shall now compare these approximate values of v, 6 and v with the y^lues 
derived by an exact calculation from rigorous formulae for the same co-ordinates. 
For this purpose we shall observe that if we denote by u the eccentric anomaly, 
and by nt — lo^ the mean anomaly measured on the plane of the orbit, the rela- 
tion betwee^ u and nt — o)' will be given by the equation 

»^ — ft>' = w — e sin u. (135) 

Then we shall have the following equations for the determination of the true 
anomaly v' — a)% and radius vector r, 



tan \{v' — <a') = ^ . tail ^ 

\/l — e 

r = a(l — e cos u) 



• 



(136) 



Equations (135) and (136) are entirely rigorous ; and if, for a given value of 
the mean anomaly nt — (o\ we compute the corresponding value of u with accu- 
racy by means of equation (135), we can then compute the Qorresponding values 
of v' — w' and r by means of equations (136). Now we also have the value of 
to^ — S3 by means of the equation 

tan (<!>' — fij) = tan {(o — Q) sec i ; (137) 

then adding the value of v' — i«i' to o>' — ^, we shall have the true distance, 
v' — Q>, of the moon from the node measured on the orbit. 

Then the spherical triangle vv'Q, will give 



tan(t; ^ Q) == tan('y' — Q)oosi 

r • (138) 

and sin 6 = sin (v' — Si) sin i 



The formulae (135-138) will give the rigorous values of r, v and correspond- 
ing to any value of the mean anomaly nt — w'. 

If we suppose that i = 5° 8' 43/'28, and w - Q = 30*^, we shall find that 
ft*' — ft = 30° 6' 0/'99. Then if we designate the values of v and *, derived from 
equation (138), as "observed values," and the values of the same quaotities 
derived from equations (132) and (133) as " calculated values," we shall obtain 
the following table showing the values of the co-ordinates v and for the values 
of the mean anomaly given in the first column of the table. 
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at 



Mbak 

Anomaly. 


0B8B] 


eiVbd. 

9 


CALCULATEDi 


Calculated.- 


—Observed. 
Ad 


o 

30 


63** 2d 58.'23 


o / // 

+ 4 36 4.30 


d 20' 5^'06 


O / // 

+4 36 4.30 


-(J'l7 


d'oo 


40 


74 18 13.61 


4 57 16.05 


74 18 13.72 


4 57 16.06 


•fO.ll 


+ 0.01 


60 


96 46 20.32 


5 7 ia39 


95 45 20.51 


5 7 10.34 


-fO.19 


-0.05 


60 


116 27 0.21 


4 36 d3.14 


116 27 0.22 


4 36 33.10 


•fO.Ol 


-0.04 


100 


136 19 36.09 


3 33 29.25 


136 19 35.97 


3 33 29.18 


-0.12 


-0.07 


130 


164 46 9.63 


4-1 21 18.38 


164 46 9.80 


+ 1 21 18.40 


+ 0.17 


+ 0.02 


160 


19^ 4 24.48 


-1 4 44.42 


192 4 24.44 


-1 4 44.40 


+ 0.04 


+ 0.02 



The columns of reeiduals show that the development of the longitude and lati- 
tude in series as far as terms of the fifth order can in no case be in error to a 
greater extent than about 0/^2 in longitude, and O/'l in latitude; and it would 
therefore seem that the development of the lunar theory to that degree of approxi- 
mation would be amply sufficient for all the purposes of astronomy, except for 
those terms of perturbations producing the inequalities of long period. We would 
here also observe that the value of the parallax given by equation (134) can in no 
case differ from the rigorous value of that co-ordinate to a greater extent than 
0."1 ; and a more perfect agreement between approximative and rigorous formulae 
could hardly be expected or desired. 

9. The whole of the mathematical theory of the moon's motion is contained in 
the preceding articles (1-8), when we neglect the consideration of the effects 
of the disturbing forces. The expressions for the three co-ordinates v, 6 and r, 
given in equations (104), (124) ahd (ll9),are perfectly homogeneous in their 
development, every circular function of argument of the different terms of the 
equations being measured on the fixed plane of projection instead of the plane of 
the orbit. There are therefore no terms depending on the mean distance of the 
moon from the perigee measured on the plane of the orbit, usually called the 
mean anomalies; but the equivalent terms depending on the difference of the 
mean longitudes of the moon and of the perigee measured on the plane of projec- 
tion are given instead. For this reason it is unnecessary to make any reference to 
the distance of the perigee from the node of the orbit measured on the plane of 
the orbit, but simply to designate the longitude of the perigee by the distance of 
its projection from the origin of longitudes and measured on the fixed plane* And 
therefore the expressions for these three co-ordinates which we have given are 
simpler than the equivalent expreasiona given by Delaunay, who reckons longi- 
tudes on the fixed plane, and the other arguments of his equations upon the plane 
of the orbit, referring them to the fixed plane in terms of certain angular func- 
tiofiB depending on the distance between the bode and perigee, and also to the 
mean anomalies which are tneasured on th^ plane of the orbit. Delaunay's 
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dt |/r+7 r*co8*^t i/a;*(l-c*) * 




(2t 



}' 



(C) 






cosy /* f 



tan <? Bin v( -T— I + cos v 





rf« 



+ 



— — C \ tan<?C06v(— -W sinv(-— I \dt 
r" J \ \dv) \dd)l 



=;^{-<"-'-<"-a-'-^^^f)}' 



da 

dt y/a/i (1^ eO 



(D) 



(B) 



d< i/a/i(l-e*) 



a-'"-'')^} 



(F) 



uecoQd^— =r* i cos<?cos(t;— ai)-- — sin<?sin(t;— a;)—- >(— -] 
dt \ ^ 'dt ^ 'dt )\dr) 

. (cob(v — w) dr rt a ' / >4v} Id. 
+ \ — ^ — — 2roo6tf8in(v — cd)— \\ — 

\ cosd dt dt)\dv 

—J sind— +2rcos<? — [ 8in(t? — a^)(-— -) 
\ dt dt) ^ \ddj 



a — = r* J {sintfocos<? — C08<?o sind cob(v—(o) } — — cos<?o cos^ Bin(v -co) — 
dt \ dt dt 



(G) 




-{ 



+ 



^sin(t7 — ai)— +2r{co3(?oC08dco8(v — co)+sin<?o8ind} — 

cos(? dt dt 

f d/t 

I {sin^ocostf — cosdoBintfcos(v — «)}— 

I d^ 

— 2r{cosdocosdcos(v— tti) + sin ^o sin (?} — 

dt J 





.(H) 
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And lastly, equation (17) will give 



<^-{(f)--(^''-(f)-}=^- <" 



We have already integrated equations (B), {G), and (D), when the function H 
is equal to nothing, which has conducted us to the equations of the elliptical 
motion ; and we shall now proceed to determine the effect of the first power of 
the disturbing force upon the values of r, v, and d already calculated. Then by 
substituting the values of the co-ordinates r, t?, and in equations (E-I), we 
shall obtain by integration the variation of the elements of the elliptical motion. 
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PERTURBATIONS OF THE MOON'S MOTIONS. 

11, Having given the differential equations of the moon's motion, together 
with their integrals when the disturbing force is neglected, which has conducted 
us to the theory of the elliptical motion, we shall now determine the integrals of 
the same equations when increased by the terms arising from the disturbing forces. 
In this investigation we shall notice in the first approximation only the terms 
arising from the first power of the sun's disturbing force, but shall carry on the 
approximation to terms of the fourth order depending on the eccentricities and 
inclinations of the orbits. These terms will all be multiplied by a factor of the 
second order depending on the sun's mass and distance ; and, consequently, the 
investigation will include all the terms to the sixth order. 

For this purpose, we must first develop the function H. If we denote the 
sun's mass by m', and mark with one accent, for the sun, the quantities a:, y, z, r, 
V, 0f a, Thj e, y, lo, Q,, which refer to the moon, we shall have the elliptical value of the 
sun's co-ordinates. The value of H will then be given by means of the equation. 






m' 



(146) 



r" V{x' - 'xf + (y ' - yY + (z' - zf ' 

If in this equation we substitute the values of the co-ordinates x, y, z; re', y\ z' ; 



given by the equations 



x= 

X 

it will become 



=r cos ^ cos V, y =r cos tf sin v, 2 =r sin d, ) 

' = r' cos 0' cos v\ y'—r* cos 9* sin v', 2'=r' sin (?' J ' 



(146) 



jB = 



m' rr' (cos 6 cos 0' cos {v — v') + sin 6 sin 0'} 



m' 



Vr'^ — 2rr' [cos cos 0' cos (v — v') -\- sin sin ^'] + r* 



(147) 



We may simplify the calculations by taking the ecliptic for the plane of projection, 
in which case the quantities z' and 6' will disappear from the value of R. It is 
true that the plane of the ecliptic is not fixed, and we shall, in the course of this 
work, determine the effect of its secular motion on the co-ordinates of the moon. 
If we put d' = 0\n equation (147), it will become 



m! rr' cos Q cos (v — v') 
■^ = -ZR, 



m 
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{r'* — 2rr' cos 9 cos (v — v') + r*}* ' 



(148) 
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If we take the partial diflferentials of this equation with respect to r, v and d, 
we shall find 



cos ff cos fc — v') m' {r — r^GOQ 6 COS (v — v^) 



{r'* - 2rr' cos tf cos {v-v')+ 1*11' 



(149) 



(dm m'r' 

/d-ZTv m'rr' cos d sin (v — v') m'rr' co s 6 sin {v — v') 

[dvr r'» "^{r'*-2rr'co8<?co8(w-v')+r*}i' ^^^^^ 



d-R\ _ m'rr' sin g cos (t) — vQ TO'rr' sin <? cos (v — v') 

ddl~~ /» + {r'»-2rr' cos tf cos {v-v') + r*}i 



• (151) 



By development in series, we shall find 



If r 

|y/a _ 2rr' cos /? cos (v — v') + r*} " * = -^5 1 1 + 3- cos cos (v — v^ 

If we substitute this value in equations (149-151), they will become 
[drj 



. (152) 



^-f^cos^tf + f^ cos ^ cos (v - v') 
— ¥ — JT^^^^^ (v — r?') — f— 75- cos' a cos 2 (v 
— V"""^ cos' tf COS 3 (v — v') 



-«o 



^ ; 



(153) 



[dvr 



— f—^T" COS ^ sin (v — v') + -^^-^ cos' ^ sin (v — v') 
+ ^~~^cosgsin2(p-pO + ¥ ,4 C08*tfsin3(t>-p0 



(154) 



((i-fl\ m'r* m'r* T 1 

-^ 1 = f — ^ sin d cos ^ + F^ j J^ COS* (? - 1 1 sin <? cos (v - v') 



771 't*' 

+ 8 ;3 sin ^ cos ^ cos 2 (v — t?') 
+ V* — ;r sin tf COS* ^ COS 3 (v — t?') 



(155) 



In these equations r, r', v, v' and tf denote the true values of these co-ordinates. 
But the true values of the co-ordinates are equal to their elliptical values increased 
by the terms produced by the disturbing forces. We shall therefore put 

T-=^r^ + dr, r' = Tj^'+dr', v = v^ + 8v, T?' = t;/ + *i;' and d^d^ + dd, (166) 
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in which r^, r/, V|, v/> and 0i, denote the elliptical valud«, and dr, dr\ ^tc., denote 
the terms arising from the disturbing forces. 

If we substitute the elliptical values of r, v, and in equations (B), (C), and 
(D), and also in equations (153-155), we shall obtain the values of Sr, dv, and 
dd, which will be correct to terms of the first power of the disturbing force. 
Equations (E-I) will also give the variations of the elements of the elliptical mo- 
tion correct to terms of the same order. After having found the values of dr, dv, 
and dd, we may find the influence of these terms in the different functions and 
fol-ces which enter into the several differential equations of the co-ordinates and 
elements in the following manner. 

If we suppose that u is any function of r, v, and 0, the variation of U corre- 
sponding to finite variations of r, v, and will be given by the equation 



,.,l^y,j^)„ 






+ 



\drddj 



Srdv 



drdOJ \dvdd) J 



+ 



/i/^ 



i^y^i^y-i%y-iM:y^ 



+ 



+ 



^{dr'de) ^{drdv^l ^drdO*) 

\dMdJ ^\dvdS*J \drdvdd) ) 



+ 






4- 



+*(^K^ 



\drd 



dv'dd 



drdv^ + 



^\ dr'dv* j 



drdt^ J 
^{dr'de*) \dv'dd*) *v 



di*dv* 



d'u 



dr'dvdd 



) 



dr*dvdd 



+ i 



/ d*u \ 
\drdv*dd) 



drdvW + 



i 



d*u 



drdvdep) i 



+ 



{^(^)^H.^(0)^.^(^»)^.^(.^),.^ J 



; (157) 



(Qmtlnued on the next page,) 
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lr*dd) '*\drdd*j 

^Xdrdv' J ^\ dvdd" J "\ dr'dv' J 

^Xdr'di^J ^[dr'de'/ 

\drdvde*} \di>da?de} 



^ 









If- 



S (167) 



I ^^ J^ \ 



etc. 



As an example of the use of the preceding eqaation, we may suppose that u 
represents the value of ( —- j given by equation (153). If we take the partial 

differential coefficients of this function with respect to r, v, and 0, and neglect the 
terms divided by r'* in the second differential coefficients^ we shall obtain the 
following values : 



— 1= — — f — - cos^ d + 9 — - cos (? cos {v — v') — *A — cos* <? cos (v— vO f 
dr I r'* r'* r'* r'* I 



— f -;^co8* (? cos 2 (v — v') — y — y- cos' <? cos 3 (v — v') 



— 1= -^f — ^ cos d sin (v — v') + ^ cos* ^ sin (r — vQ 



>• (158) 



+ 3^co8*^8in2(»-t;0 +¥^«»'^8in3(»-vO 



I 



-—- 1 = 3 — — - sin <? cos ^ — * — — sin Ocmfv — v') 
dd I r'» r" ^ ' 



(159) 






mV 



+ -^ — -- cos^ sin ^ cos (v — vO + 3 — sin ^ cos tf cos 2 (ti — v^ 
+ V — ^ 8in d cos* (? cos 3 (t? — v') 

— — )=o — - cos* a cos 2 (v—v'); 
dv* I r" 

/'^ W 3 '-^ {cos* tf - sin* fl} + 3 ^ {cos» <? - sin* <?} cos 2 (t; - uO ; 



■ ; (160) 



(161) 
(162) 
(163) 
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( 

[drddj 
[dvddj 



d^u \ 

drdvj 
dSi\ 



3^co8*^8in2(i;-v'); 



m' 






3 — sin (? cos ^ + 3 — sin cos ^ cos 2 (v 



-vO 



= -6 






sin Oqo^O sin 2{v— v'). 



(164) 
(165) 
(166) 



If we substitute these values in equation (157), we shall obtain the value of 

^ j _ \ correct to terms of the order of the cube of the disturbing force, as follows : 
\dr J 

o{ — I = I — — ♦ — cos* ^ + y — r cos tf cos iv — v ) 



mV 



+ 



— y — cos* ^ cos (v — vO — f — r cos* ^ cos 2 (v — •y') 
-J^^cos*»cos3(i)-'y0|*r 

+ / --f ^^^ cos/? sin (v — vO + ^ — — cos* <? sin (v — vQ 

+ 3^'cos*<?sin2(i;-t?0+¥^cos»/?sin3(t;-!;')Uv 
r'* r'* j 

J 3 — -QinOcosO—^ sindcos(v— vO+^4^ — — cos*sintfcos(v— v') 

+ 3 ^^sin /? cos ^ cos 2 (v — vQ + ^ — — sin cos' ^ cos 3 (v—v') V 



> ; (167) 



dd 



m'r 



m' 



+ 3 ::!L1 COS* cos 2 (v - 170 *v* + 3 -^ cos* » sin 2 (v - vO dr5v 



+ 1^ {co8«^ - sin*<?}{l + cos 2 (v -i;0}5<?* 
-f 3 ^^- sin » cos ^{1 + cos 2 (v - v')}3r80 



w/t 



— 6 sin ^ cos ^ sin 2 (v — vO 5v^^ 

When Jr, 5i;, and M have been determined, to terms of the order of the 
first power of the disturbing force, their substitution in the first three terms 

of equation (167) will give the variation of the force ( — ) correct to terms 

of the order of the square of the disturbing force. If we then compute in 

the same manner the variations of the forces ( — ) and ( — \\ and also of the 

\dv} \d0 I 

coefficients of these functions which enter into the diflferential expressions of the 



DEVELOPMENT OF THE PERTURBATIONS. 47 

co-ordinates r, v, and 6, given by equations (B), (0), and (D), we shall easily 
obtain the values of dr, 3v, and 80 connect to terms of the order of the square of 
the disturbing forces. We may then, by repeating the process just described, 
obtain by means of equation (157), the variations of the various functions and 
forces correct to terms of the order of the cube of the disturbing force ; with 
which we may find the variations of the co-ordinates to terms of the same order. 
In the same manner we can obtain the various terms arising from the higher 
powers of the disturbing force. 

Since the determination of the co-ordinates r, v, and d is the principal object 
of the analysis, it is important to observe that we may obtain these quantities by 
means of a different method from that just indicated. We have given the ellip- 
tical values of r, v, and (?, in equations (104), (119), and (124); from which it will 
be seen that these quantities are functions of the elements of the orbit a, 6, w, y, 
Q,, and also of the mean longitude of the moon at a given epoch. By taking the 
partial differential coefficients of the co-ordinates with respect to the elements, 
we may obtain the value of the variation of the co-ordinates by means of an 
equation similar to (157). For example, the variation of v would be given by 
the equation, 

the terms depending on the squares and higher powers of the variations of the 
elements being indicated by -f etc. 

Since the values of da, 8e, etc., are given by means of equations (E-I), we shall 
obtain in a very simple manner the corresponding variation of dv by means of 
equation (168). 

If we change successively v into r, and 0, in equation (168) we shall obtain 
the values of 8r and 30. 

It is important to observe that the values of Sa, de, etc., which enter into 
equation (168) are explicit functions of the forces, and not of the time t ; therefore 
the parts of the variations of 8a, 8e, etc., which are proportional to the time must 
be neglected in the application of equation (168), since the terms would increase 
indefinitely in the same direction. 

Both the methods which we have explained have been successfully applied to 
the perturbations of the heavenly bodies. The facility with which they may be 
severally applied depends upon the circumstances of each particular case. In 
orbits of small eccentricity and inclination the perturbations of the elements are 
in general much greater than the perturbations of the co-ordinates ; consequently 
the infinite series which determines the perturbations by means of the variation of 
elements would be less converging than the direct method. We shall see here- 
after that the perturbations of the moon's co-ordinates never exceed two and 
one-half degrees, while the perturbations of some of the elements amount to more 
than twelve degrees. For this reason we have not hesitated to adopt the direct 
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method ol computation, and have used the method of the Tariation of elements 
simply as a means of verification in particular cases. 

13. If we change v into v^^ in equation (104), and put the second member 
equal to n^ + ^, we shall have the elliptical value of the longitude Vi equal to 

Vi = n«+^; (170) 

and if we neglect terms of a higher order than the fourth depending on e and y, 
the value of ^ will be given by the equation 

/9 = 26 {1— |^}8in (n^-a;)+{€» {l-^}8in 2 (n^-a;) +|fe»sin3 (rrf-oi) ' 

+ if{l''if-i^}sin2(w-'a}+^f^n4:(7U-Q) \. (171) 

+ ^y*8in4(a>-Q) + ^sin(n^ + iii-2Q)-fjj^8in(3«^-flt-2a) 
- .J|eV sin (4ri^ - 2« -- 2gJ) - T^y* sin (27ie + 2m - 4Q) 

If we mark wiUi one aoceni for the sun, the quantities which refer to the moon, 
we shall have 

t?/=n'^ + ^'; (172) 

and putting y = in equation (171) we shall get 

i9'=26' {1 -i6'*} sin (n't - oiQ + f^'' {1 ^W*} sin 2 {Wt-to') 
+ |f6« sin 3 (n'e - «') + J^* sin 4 (n'e - loO 

We shall therefore have 

(v-v,^ = (rit-Wt) + 09-i9O I (174) 

whence we get 

siiim(vi-v/)=sinm(nt'-n'<) oo8w(/3— j90+co8m(n<— »'*)8inm(^^-^ ] 

£ • \1 * ^/ 

COS m (Vi-Vi ) = cos m (nt—n^t) cos m (^— ^— sin m {nt — n^t) sin m 09—^9') J 

Developing sin m 09—^9') and cos m 09 — ^') in series, we shall have, with suffi* 
clent accuracy, 



(173) 



cosm09-^') = l- 
Now ve Itave 






09 - ^0' = /S* - 3/9';9'+ 3^i9'» - ^'» J- . (177) 

0? - /90* = ^ - 4/9»^'+ 6^/5'* - 4^/3'» + j9^ 
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Substituting the valaes of fi, fi' in these equations, we shall obtain 



-2e» {1 -^ + Jiyp} cos2 (ni-d>) -fe'cosS (n^-oi) 



«_28S^4 



^ft^e*co34(n^-oi)-f|6Vcos2(n^~Q)+^.^cos2(a>-Q) 
— gijy* cos 4 (n^ - Q) -—^y^ cos A {w - Q) + ^y^coa {2nt + 2a> -4Q) 

— ey*cos (n< + a> — 2Si) + ^6y*cos {3nt — a> — 2S3) 
+ iQ^co8 (n«-3c«i + 2Q) +ffgVco8 {Ant -2(o - 2Q) 
+ A«Vcoa (2nt-iw + 2ft) +4e'*cos (n'^ - a>') 

— 2e^ {1 -fc'*} cos 2 (n'^ - oiO - fe" cos 3 (n'^ - a;') 

— .^'* cos 4 {n't - w') 

— 4ec' {1 —\^—\e'^] {cos (n<— n'^ — oi + oi') — cos (n< +n'^ —<o — oi')} 

. h(178) 
+ f6*6' {cos (^nt + n't-2(o-(o') -cos (2n^-n'^- 2a; + w^} 

+ ^e' {cos (3n^ + n't - 3a; -a;') - cos {Znt - n'^ - 3a; + a;')} 
+ -^'^ {cos {nt + 3n'^ - a; - 3o;') - cos {nt - Zn't - a; + So;') } 
+ ^Y {cos {2m.t -n't + w- 2Q) - cos {2nt + n't - a;' - 2ft)} 
+ ^ey {cos (n'^ + 2(0 - a;' — 2ft) - cos {n't - 2^1; - a;' + 2ft) } 

— e^y cos {nt — n't+a>-\- 0'— 2ft) + eey cos {nt+n't + <o — (o'-2Si) 

+ ee'f cos {3nt —n't—(o + w'— 2ft) - ee'f cos (Sn^ ^n't—o)— w'- 2ft) 

+ fee'* cos (n^ + 2n'^ - «; - 2a;') - •fee'^ cos (n< - 2n'^ - tn + 2a;0 

+ \^e'^ cos (2n^ + 2n'^ - 2a; - 2a;') - ^^e'^ cos {^nt - 2n't - 2a; + 2^') 

+ ^'V cos (27i« - 2n't + 2a;'- 2ft) - -jW cos (27i« + 2n'e - 2a;' -2ft) 

+ A«' V cos {2n't + 2a; - 2a;'- 2ft) - ^Y cos (2r^'e - 2a; - 2a;'+ 2ft) ^ 
9 
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i 0? - ^0* = « {«• + 26"} sin {nt-<o)-e'{2e' + c"} sin (n't - to') 
+ ie» {6* + e"} Bin 2 (n^ - fti) - 16'* {e* + e'»} sin 2 (n'^ - «>') 

- ^ sin 3 (n< - ft>) + ie'* sin 3 (n'^ - ft>') - 1«* sin 4 (n« - ft>) 
+ !«'* sin 4 {n't - oi') - Jy* {f e^ + e'*} sin 2 {nt - Q) 

+ jya{|e» + e'«}8in2(tc;-Q)+|eVsin(4n<-2fti-2g3) 

+ i€Vsin {2nt-4:<o + 2^) + f {ee'^-e'e'} sin (n^ + n'^-^o-wO 

+ 1 {ee'^ + e'e'} sin (n^-n'^-fti + ^o') -ee'^sin {nt + 2n't-€o-2a}') 

- C6'* sin (nt - 2n'« - ft> + 2a;') + e^c' sin (2n^ + n'^ - 2io - w') 
~ ^e' sin (2n^ - n'^ - 2(o + w') - fee'' sin (n^ + 37i'^ - «i - 3a>') 

- Jee" sin {nt — Zn't - a; + Sto') + Je'e' sin (3ne + n't - 3«i - ft>') 

- Je'e' sin (3n< - n'^ - 3«i + f«i') + i^y sin (371^ - n'^ - ft; + «i' - 2Q) 

- ^y sin (n«-7i'^ + ft; + fe>'- 2Q) - feey sin (37i< + n'^ - f«i - ft)'- 2^5) 
• +ie6'y*sin(n^+n't + ft;-ft;'-2Q)+j6e'y*sin(n^-n'^-3ft; + ft;'+2£3) 

- j6e'y*sin(n^ + n'^-3ft;-ft;' + 2Q)-|6'e'*sin(2n^-2n'e-2ft; + 2ft;') 
+ |e'V sin {2mt - 2n't + 2ft;'- 2Q) + ^' V sin (2n^ + 2n't - 2ft;'- 2Q) 
+ ^'Vsin (2n't-2ft;-2ft;'+2ga) -^e'Vsin (2n'^ + 2ft;-2ft;'-2Q) 



\ ; (179) 



^(^_^')4 = j|e* + 4e*e'* + e'*}-ie»{e* + 3e'*}cos2(n^-a;) 



~Ji>'a 



^e" {Se* + e'*} cos 2 (n'e - ft;') + ^ cos 4 (n< - ft;) 
+ ^e'* cos 4 {n't — ft;') — {6*6'+ ee''} cos {nt — n't — (o + to') 
+ {^c'+ ee'*} cos (n< + n'^ — ft; —ft;') + ^" cos (n^ — 3n'^ — ft; + So;') 
- iee'* cos {nt + 3n'« - ft; - 3ft;') — y^e' cos (3r^« + n't — 3ft; — ft;') 
+ ie'e' cos i^nt - n'^ - So; + ft;') + J^e'* cos (2ne + 2n't -2a)- 2a)') 
+ \^e!^ cos (2n^ - 27i't - 2ft; + 2ft;') 



> . (180) 
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If we substitute these values in equations (176), and the resulting values of 
sin m (/9 — P) and cos m 09 — ^') in the first of equations (175), we shall get, 



sinm(v-t?/) = {l-m*(e' + 6'* + ^*+^e'* + ^yO 



+ \m' (^ + 46^6'* + O} sin mirU- n't) 



{ 



7* 



+ m* sin m {nt — n't) X 
-|e»cos {nt-(o) + <?{l-i<* + -h'^-:^' (c*+3e'*)} coa2 {nt-a>) 

+ fe* COS 3 {nt — o)) + e* {f|f + iV^*} ^^^ ^ (^^ "^ ''') ~ i^'^ cos (n'^— «>') 
+ e'*{l-^'^--im^(36* + e'^}cos2(n'^-<ci')+f6'8cos3(n'^-rci') 

+ e'* {f 11 + tV^*} cos 4 {n't- lo') + f^eV cos 2 (n^ - Q) 
--■^eV*cos2(w-g2)+^/cos4(n^-a)+^/cos4(ai-Q) 
--^/ cos (2ne + 2(0 — 4Q) + i^y* cos (n^ + (o- 2Q) 
—'\ef cos (3n^ -Q) — 2^) — \ef cos (n^ - 3fc; + 2Q) 

- l^eV cos {^nt - 2tci - 2Q) — ^^^V cos (2n^ - 4f«> + 2a) 

+ 2ee' {l-^e'-^e'^-im^(e' + 0} {cos (n^ - n'^ - ft> + ft>0 

- cos {nt-{-n't — (o — lo')] — \^e' cos (2/1^ + n'^ — 2(o — w') 

+ i^e' coQ{2nt-n't-2(o + (o') -f e»e' {|| + ^w*} cos {Snt - n't- Zw + w') 

- ^e'{{i + Jm^} cos {3nt + n't -3(0- (o') 
4- ee'^ {If + i ^^1 cos {nt - Zn't -(o + Z(o') 

- ee'^ {If + ^w}] cos {nt + 3n'^ - (o - Z(o') 

+ ^'^'^ {M + i^^} cos (2n^ - 2n't - 2(o 4- 2ai') 

+ A'* {im^ - If} cos {2nt - 2n't -2(o- 2(o') 

+ \e'f cos {2nt + n't - co'- 2Q) - \e'f cos {2nt - n't + <o'- 2£i) 

+ \e'f cos {n't -2(o- (o'+ 2Q) - \e'f cos (n'^ + 2(o - (o'- 25i) 

+ ^ee')^ COB {nt-n't + (0 + (o'-2Q>) -^ee'f cos {nt'hn't + (o-(o'-2Q) 

+ ^eeVcos {Znt+n't - (o-(o'- 2^)- ^ee'f cos {3nt-n't-a}-h(o'-2Q;) 

+ \ee'^ cos {nt — 2n't - w + 2(o') - ^ee'^ cos {nt + 2n'^ - ft> - 2(o') 

+ ^' V COS (2ne + 2n't - 2(o'- 2Q)- ^e'Y cos {2nt - 2n't + 2(o'-2Q) 

+ -^'Y cos (2n'«-2a;-2«;'+ 2^) -^'V cos (2n'e + 2a)'^2(o'-2gi) \ 

{This equation u eontinv^ on ihf. next page.) 



\ ; (181) 
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-f m cos m (rU — n't) 

U2e-y -mh (e* + 2^} sin (n^-<e>) 

- {2e'- Y^ - mh' (26* + e'*)} sin (n't - co') 
+ {je*-H6*-fmV(e' + 6'^}sin2(ne-a>) 

- {¥^ - W" - f ^'^" (^ + O } sin 2 (n't - a>0 

+ (H + i^'} ^si^ 3 (ne-€«>) - {fl + im»} ^''sin 3 (ji't-m') 
+ {Ji^ + |m*} e* cos 4 (n^ - to) - { J^ + |m*} e'* sin 4 (n'^ - oiO 

-J7*{l-iy*-4e»-m»(f6» + e'*)}sin2(n<-g3) 

+ ^y*sin4(ne-Q)+^y*sin4(<tf-Q)+^sin(n< + ft>-2a) 

- -^ sin (37i< - ft; - 2a) - eV {If + Jm*} sin (4n« - 2fti - 2Q) 

- ^/ sin (2n< + 2a; - 4^) - \m^^ sia (27i< - 4a; + 2Q) 
+ -J-m' {e?^—ee'^} sin (n^ + n'^ — a; — o;') 

- fm* {e'e' + ee''} sin {nt — n't — a) + lo') 

+ m'ee'* sin {nt + 2n'^ — to — 2ft;') + mhe'^ sin (n^ — 2n't — a; + 2o;') 

- mVc' sin (2n^ 4- n'^ - 2ft; - a;') + mVe' sin (2nt - n'^ - 2a; + <«;') 
+ ^rn^ee'^ sin (n^ + Zn't -co — Sco') + |m'ec" sin (nt — Sn'^— <«; + Zio') 

- f mVe' sin (Snt + ?i.'^ — Sa; — w') + |mVe' sin (Sn^ — n't — 3a; + to') 

- ^nhe'f sin (3/ie - n'^ - a; + a;' - 2^) 
+ i^7n}ee'f sin (n^ - n'^ 4- a; + a;' - 2Q) 
+ Jm'eey sin (3n^ + n'^ - <«; - <«;' - 2Q) 

- ^m^ee'y* sin {nt -f n'^ + <«; — a;' — 2Q) 

- \m^ee'f sin (n^ - n't - 3fe; + to' + 2Q) 

+ ^*eey sin {nt + n'^ - 3w - a;' 4- 2Q) 

+ |mVe'*sin (2ni5-2n'e- 2io^2io') -^Vy sin (2n^-2n'< +2ti;'-2a)< 

- ImVVsin (2n<+2n'e-2a;'~2Q) -^VVsin (2n'^-2a;-2a;'+2a) 

+ im'e'V sin {2n't + 2ft; - 2w'- 2^) | 






(181) 



This equation wiU give the value of cos m {v^—v^') by changing sin m {nt—n'() 
into C08 m{nt — n't) and coa m {nt — n't) into — «in m (nt — n't). 



DEVELOPMENT OP THE PERTURBATIONS. 
If in the preceding equation we put m = 2, we shall obtain 

sin 2 (v,— v/) = 

{ 1 - 4e' - 4e« + f|c« + |-|e'« + 16e'e'* - \y*} sin 2 {nt - n't) 
+ 2e {1 - -^ - 4e'»} sin {Znt - 2n't - w) 

- 2e {1 - •!«• - 46'"} sin (nt - 2w'< + w) 

- 2e' {1 - -Je^ - 4e»} sin (2n< - »'< - «') 
+ 2e' {1 - ^'* - 4e»} sin (2»< - 3n'< + a»') 

+ {JjV - -^^ - IZ^e" + ^y*} sin (4n< - 2n't - 2a>) 

^{i^ + y- 3«*«'* + ^Y*} sin 2 (n't - w) 

+ }c'» {1 - 4e* + ie'»} sin 2{nt- w') 

+ e'» {J^ - -^e'* - ISe*} sin (2nt - 4n'< + 2a>') 

+ |fe» sin (57i< - 2n't - 3a») t t^ sin (w« + 2n't - Sat) 

+ l^e'» sin {2nt + n'« - 3a»') + f|e'» sin (3n< - 5n't + 3a»') 

- iy* {1 - iy* - -V^ - 4c^} sin (4w< " 2«'< - 2Q) 
+ i?^ {1 - i>^ - i«* - 4e'*} sin 2 (n'< - fij) 

+ iy* {1 - J?^ - ¥«* - 4e"} sin (2n< - 2n'« + 2<o- 2Q) 

- iy* {1 - Jy* - ¥«* - 4e'*} sin (2n< - 2n'< - 2«» + 2Q) 

+ ^ Bin {Snt-2n't + (o -2^) + ief sin (nt-2n't - w + 2gi) 

- ef sin (5n< - 2n't - <u - 2Q) - Jey» sin (3n< - 2n't - 3a» + 2Q) 

- Jey» sin (nt - 2m! t + 3«> - 2Q) + JeV sin (47i< - n't -w'- 2Q) 

q: e'f sin (3n'< - to' - 2^) - Je'y* sin (4n< - Sn't + «»'- 2g2) 

± ieV sin (»'< + o»'- 2Q) + Kx* sin (2n< - n'< - 2«» - w'+ 2Q) 
+ Ky* sin {2nt - Zn't + 2a» + «>'- 2Q) 

- ie'y* sin (2n« -n't + 2a> — a'— 2Q) 

- Je'y* sin (2n< - 3n'< — 2«> + «' + 2Q) 

- 4ee' {1 - -V^* - Je'*} sin (3n< - n'< - a» - oO 
-4ce' {1-|€*- V«^}8in(»<-3n'< + a» + «»') 
+ 4ee' {1 - ^ - V«'*} sin (3n< - Sn'< - «» + «»0 
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+ ^eef {l-le'-ie''} sin (n^ - n'^ + «> - ft>0 

+ 1€6'* sin {Znt — o> — 2(o') — f ee'^ sin (ni + a; — 2a;') 

- J^'« sin (?ie - ^n't + 0)+ 2a>') + Jj^'* sin {Znt - 4n'^ - w + 2a;') 

- Jj^6^e' sin (4n^ - n't - 2a; - a;') ip fe*e' sin (3n,'^ - 2a; - a;') 
+ ^^e' sin (4n^ -- Zn't - 2a; + a;') ± f^^e' sin {n't - 2a; + a;') 
+ ^^^ sin (6/1^ - 2n'^ - 4a;) ip ^* sin {2nt + 2n't - 4a;) 

+ 3^'* sin (2/1^ + 2n't - 4a;') + J^J^'* sin {2nt - 6n'^ + 4a;') 
+ tV/ sia (671^ - 2n't - 4Q) + ^y* sin (2?i^ - 2?i'^ + 4o; - 4Q) 

- Jy* sin {Ant - 2?i'^ + 2^0 - 4Q) - |f eV sin {4Mt - 2n'^ - 4a; + 2Q) 
ip eVsin (2n'^ - 4a; + 2^) - ^eY sin (6n^ - 2n't - 2a; - 2Q) 

^ + iee" sin (3?i^ + n'^ - a; - 3a;') - Jec'^ sin (ne -f n'^ + a; - 3a;') 

- -^ee'* sin (ne - 5n't + w + B(o') + ^ee'^ sin {Znt - 5n'e - a; + 3a;') 
q: ie-V sin {nt + 3n't - 3a; - a;') ± ^e^e' sin (n< + n't - 3a; + a;') 

- -'^e'e' sin {5nt - 7i'« - 3a; - w') + ^e' sin (S/i^ - Zn't - 3a> + a;') 

- 2ee'f sin (6n,^ - 37i'e - a; + to'- 2Q) 
+ 3ee')^ sin {Snt - 3n,'^ + a; + <«;' - 20) 

- 66'y* sin (ti^ — n'^ — a; — a;' +2Q) + 4ec'y* sin {5nt — n't — a; — a;'— 2Q) 
± 2ee'y* sin {nt + 3n't -(o-w'-2Q) 

- See'f sin (3nt - n't + a; - to' - 20) 
+ ee'f sin {nt - Sn't -(o+a}' + 2Q) 

- ee'f sin (Znt - 37i'< - 3«> + «»'+ 2Q) 

+ ceVsin (n< -n't + 3«>-a»'-2Q) + ceVsin (3n<-ft'«-3a>-o»'+ 2£3) 
-ecV sin (nt - 3n't + 3o> + «' - 2Q) 
+ -^^e'* sin (4nt - 4n't - 2w + 2a»') 

+ ^e»e'» sin 2 («-«') " WY sin (4«< - 4n't + 2a>' - 2S3) 

q: ^V sin 2 («' - Q) - ^'Y sin (4nt - 2a»' - 2g3) 

q: Ifc'V sin (4n't - 2a.' - 2g3) - ^'Y sin (2nt - 2<tt - 2<o' + 2Q) 

+ WY sin (2nt - 4n't + 2<o + 2w' - 2Q) 

+ T^'V sin (2n< + 2«» - 2«>' - 2Q) 

- H «'V sin (2nt - 4n't -2(o + 2a/ + 2Q) 

+|f e*e'* sin (4n< - 2to - 2<o') q: f|<»e'* sin (4n'« - 2o» - 2a>') 



(182) 
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} ; (183) 



Since the terms of equations (167-169), which depend on the angles Vj— v/, 
and 3 (vi—Vi'), have r'* for a divisor, it will be unnecessary to develop the sines 
and cosines of these angles to terms of a higher order than the second depending 
on e and y. We shall therefore obtain, by putting m = 1, and m = 3, in equa- 
tion (181), 

sin (vi— i;/) = 

{1— e* — e^} sin{nt — n't) + cQm {2nt-'n^t — (o) 

±1 e sin (n't — co) — e' sin (nt — lo') + e' sin {nt — 2n^t 4- co') 

— ee' sin i^nt — lo — lo') ±: ee' sin {2n't -co — lo') + ee' sin [to — cd') 

+ ee' sin {2nt - 2n't - ro + a>') + 1^ sin (3^^ - n't - 2w) 
±: \^ sin (n^ + n't - 2c«>) - Je'* sin {nt + n'^ - 2io') 
+ ^e'^ sin (n^ ~ Zn't + 2^') qp \f sin (n^ + n'^ - 2Q) 

- -J-y* sin {nt - n't - 2co + 2Si) - iy* sin {Znt - n'^ - 2Q) 
+ |y^8in {nt-n't + 2«> - 2Q) 



sin 3 (i?i— Vi^ = 

{1 - Qe* - 9e'*} sin 3 (n^ - n't) + 3^ sin (4n^ - Zn't - «>) 

- 3e sin (2n^ - 3n'e + w) + 3e' sin {^nt - 4tn't + <o') 

- 3e' sin (3n^ - 2n't - co') + 9ec' sin {int - in't -co + lo') 

+ 9ee' sin {2nt - 2n'^ + f«> - w') - 9ee' sin (4n^ - 2?i'e -io—o)') 

- 9ee' sin (2ne - 4^'t + co + m') + ^e* sin {5nt - Sn't - 2a)) 
+ ^ sin {nt - 3n'^ + 2fe>) 4- ^'^ sin (3n^ - n't - 2(o') 

+ ^'^ sin {Znt - bn't + 2(o') - |y* sin {6nt - Zn't - 2£3) 
+ if sin (n^ - 3ri'^ + 2Q) + f y* sin {Znt - 3n'^ + 2fti - 2^3) 

- |y* sin (3n^ - Zn't - 2«> + 2Q) 



y . (184) 



If, in equations (182-184), we change dn to co«, and use the lower sign where 
two are given, we shall obtain the values of the cosines of the same angles. 

And here it may be well to explain some useful theorems in regard to the deri- 
vation of the expression for the cosine of an angle from that of its sine^ and the 
reverse. 

If we have expressions of the form 

v=nt 4- esin {int +f(o + hQ) 

yf = n't + e' sin {i'n't -\-fio' + h'Q') 

in which i, i',f,f, h, h', are integral numbers, positive or negative, and satisfying 
the equations i 4-/ + h = 0, i' +f + h' = 0, then 

Theorem I. — The development of sin {v — v') will have the term sin {nt — n't) plus 

a series of terms of the form sin {int— i'n't -hfco—fio'+hSl—h'Q'), 
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in which i +f+ h and i' +/' -f A' miist be either positive or nega- 
tive, and numerically equal to each other, but cannot vanish, so 
that we shall have 1 — 1'+/— /"f A — A' = 0; then 

Theorem 11. — ^The co-efficient of the cosine of any angle will be equal to the co- 
efficient of the sine of the same angle ; and 

Theorem III. — The sign of the co-efficient of the cosine of any angle will be the 

same as that of its sine if i -^f+h be positive, but different if 
i +/+ h be negative. 

We may illustrate these theorems by means of the two following terms which 
occur in equation (182), 

+ ieeY sin {5nt -n't-o) -ft>'- 2^) ± 2ee'f sin (nt + Sn't - oi -»'- 2^). 

In the first we have i +/+ A = 5 — 1— 2 = + 2, consequently, the sign of the 
cosine will be the same as that of its sine, while in the second we have i +/+ A 
= 1 — 1—2 = — 2, and therefore the sign of the cosine will be different from that 
of its sine. Theorem III. is very useful as a check to the accuracy of independ- 
ent developments of the sine and cosine of functions of the above forms. 

13. Equation (119) will give 

— = 1 + ^6* — e {l-fe*} cos(n^—fl>)—Je'{l — fe"} cos 2 (ri^ — ca) i. nQ^\ 

— ^ cosS (nt — w) — ^ef COS 4: {nt — (o) J 

-y = 1+|«^ — 2e{l — J6*} coa (nt — a})—^^ {l—^(?} cos2(n^ — co) I . Mgg\ 

— Je' cos 3 (n< — ft>) — ^e* cos 4 (n^ — a>) J 

^ = l+3e2-3ecos(ne-ft>). (187) 

Marking with one accent for the sun the quantities in equation (119), it will 
give 



5L-= 1 + |e'» + ^'* + 36' {1 + 16'*} cos (n't - (o') 

+ f6'^ {1 + ie"^} cos 2 (n't - oiO + ¥«'' cos 3 (n't - a)') 
+ ^'* cos 4 (n't - 0)') 



> ; (188) 



a" 



-^ = 1 + 36^' + 4e' cos (n't - w') + 7e'^ cos 2 (n'i - w'). (189) 
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These equations will give 

L.= ^1 {1 + Je*-f fe'» + f6*e'*+ ^e''} -e {1 - fe' + fe'*} cos {nt - ai) 

+ 3e' {1 + Je« + fe'*} cos (n'^ - to') - Je* {1 - ^6*+ fe'^} cos 2 (?ie-£o) 
+ fe'^ {1 + ie» + le'*} cos 2 (n'^ - to') 

— fee' {1 - f€* + 1^'*} cos (n< + n'^ - w - ft^O 

— fee' { 1 - f e* + fe'*} cos (n^ - n'^ - a* + cd^ 

— ie^co8S{nt-w) + V«'' cos 3 (n'^ - o^') 
— }ee'* cos (?ie + 2n'^ - o> - 2aiO - f^^'* cos (n< - 2n'e — 01 + 2010 

— Ifee'^cos {nt + Sn't- (o - Sa)") -^ee'^ co& {rU -Sn't -w + 3a>') 

— ^^e" cos (3?i^ + n't -3(0- w') - ^e' cos (3?i^ - n^t - 3w + w') 

— |6*e'* cos (2n^ + 2n't -2(o- 2a)') - \^e'^ cos (2ne - 2n'^ - 2fti + 2o)') 

— Je* cos 4 (n^ — oi) + ye'* cos 4 {n't — ft>0 [ 



(190) 



^ 

n 



7i-=~|{l+|e* + fe'^ + Je^e'2+V^'*}-2e{l-Je* + fe'^}cos(n^~ai) 

+ 3e' {l + fe^ + fe'*} cos(n'e-fo')- Je* {l-Je^ + fe'^} cos2(n«-ft>) 
+ fe'* {1 + |€*+i«'*} cos 2 (n'e-fti')-i6^ cos 3 {nt-w) 
-Zee' {l-\^+\e'^]co8{nt-Vn't-o}-a)') 
-Zee' {\'-\^ + fe'*} cos {nt -n't-a) + m') 

— ^ee'^ cos {nt + 2n't — w — 2io') — fee'* cos {nt — 2n't -a} + 2a>0 
+ ^" cos 3 {n't -«>')- fe^e' cos {^nt + n'^ - 2a> - w') 

— fe^e' cos (2i2^ - n't — 2<0 + to') — ^ee'^CG&{nt + 37i'^ — a> — 3ft>0 

— Y^'* cos {nt — Sn't — io-\- Sw') — f e'e' cos {Snt + nt — 5(o — (o') 

— f e'e' cos {3nt - n't - Sco + co') - fe^e'* cos {2nt 4- 2n't -2(o- 2(o') 

— fe'e'* cos {2nt - 2n't -2(o+ 2(o') - Je* cos 4 {nt - w) 
+ ye'^coQ 4: {n't -w') 



(191) 






7i-= — J 1 +|e* + 3e'*- 2e cos (n< -ft>) - Je*cos 2 (n< -<») 

+ 4e' cos {n't — co') H- 7e'* cos 2 (n'i— oi') — 4ee' cos {nt +n't—a>—a)') 
— 4ee' cos {nt — n'^ — to + cd') 

1A 



h ; (192) 
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» a* f 

77= — ,j 1 + Se* + Sc'^ - 3c cos (n< - o>) + 4c' cos (n'« - fti') 

+ Tc'^cos 2 (n't — ft*') — 6ee' cos (ri^ + n't — a> — fti') 
— Gcc' cos {nt — n't — ft> + a>') 

Now equation (124) will give 

sin ^x = y {l-e*-iy^} sin (nt-Q) +ey {1-|6*-Jy*} sin (2nt-fti-SS) ^ 
- ey { 1 - f /} sin (co - SS) + |cV sin (3nt - 2co - Q) 
+ iy {^-f} sin (nt - 2(0 + Q) + Jy^sin (nt + 2ft; - 3Q) 
~ ^ey^ sin 3 («i — Q) + ^c'y sin (4?^t — 3^0 — Q) 
+ Jey* sin (2nt + ft; - 3Q) + ^cy {c*- fy*} sin (2nt ~3ft; + Si) 

cos ^1 = 1 - iy* + if y^ + iy* { 1 - 4e> - }y^} cos 2 (nt - gS) 
+ ^ey^ cos (3nt — ft; — 2Sl) — \ef cos (iit + ft; — 2SS) 
+ l^ey cos (4nt - 2io - 2gJ) +-j^cVcos 2{w-^) 
+ iVy* cos (2nt + 2ft;-4^) —xi^y* cos 2 (nt -ft;) -■g'lfy^ cos 4 (nt-Q) ^ 

These equations give 

cos*^i = l-Jy* + Jy*H-iy*{l-4e'-y^}cos2(nt-g3) 
+ cy* cos (3nt — ft; — 2^) — cy* cos (nt + ft; — 2Q) 
+ y cV cos (4nt - 2«; - 2^) + f cV cos 2 (ft; - gj) 
+ Jy* cos (2nt + 2ft; -4^) - Jy* cos 2 (nt - ft;) 

cofl»^i= 1 -fy* + f J/ + fy* {1 - 4e'-|y*} cos 2 (nt - Q) 
+ fey^ cos (3nt — ft; — 2Q) — fey* cos (rit + a; — 2^) 
+ ffeVcos (4nt - 2ft; - 2Q) + ^^eV cos 2 {lo - Q) 
+ Ay* cos (2nt + 2ft; -4Q) --^Z cos 2 (nt- ft;) +^y* cos4 (nt 

sin (?i cos l?i = 



(193) 



y ; (194) 



. (195) 



>; 



(196) 



M197) 



-£l)] 



y{l-e*-|>^}8m(n«-a) 

+ ey {1 -|e*- i>^} sin (2ne - «> - g^) - cy { 1 -fy*} sin (a» - a) 

+ IcVsin (37i< - 2«> - g3) +'\y {e* - y»} sin {nt - 2a> + Q) 

+ iy»8in (n« + 2a) - 3Q) + Jy* sin 3 (7r« - ft) -■i€y»8in 3 (tu-ft) 

- Jcy* sin (2n< + «> - 3fl) + f ey» sin (4n< - «» - 3Q) 

+ |«V sin (4n« - 3a» - gj) + -f^ {e* - f y*} sin (2n« - 3a» + Q) 



(198) 
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If we multiply equations (189) and (195) together, we obtain 
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n 



n 



75-008* 01 = 

§h{ {1 + K + K-iy" + W + |e*e'*~f6'V-i^ + i/} 

- e {1 - f 6* + fe'* - if} cos (n^ - a>) 

+ 36' {1 +Je* + fe'* - if} cos (n'« - ft>0 

-i^{l-ie' + ^e^^-if + ^}coQ2{nt-a}) 

+ K {1 + i^ + -Je'* - if} cos 2 (n'« - a>0 

-fee' {1 - fe* + fe'* -^y*} cos (n^ + n't - a> - w') 

-fee' {l-fe' + fe'^-iy*} cos (nt - n't - £o + ai') - f e* cob 3 (nt - a>) 

+ V^"cos 3 (n'e - ft>') +1/ {1 -^ + fe'^-y'} cos 2 (ti^ ~ g^) 

+ fey^cos (3nt - ft> --2gJ) - Jey^cos (nt + fti - 2Q) 

+ iey cos (2nt + n't - o)'- 2Q) + je'y* cos (2nt - n't + ai' - 2Q) 

- Jee'* cos (nt + 2n't - oi - 2a>') - fee'* cos {nt - 2n't - oi + 2£«i') 

- fe^e' cos (2nt + n't - 2a> - ai') - }e*e' cos (2nt - n't - 2a; + a;') 

- ||ee'' cos {nt + 3n't - a> - 3ft;') - ffee'^ cos (nt - 3n't - a; + 3ft;') 

- ^e' cos (3nt + n't - 3ft; - c;') - ^^e' cos (3nt - n't - 3ft; + o;') 

- fe^e'* cos (2nt + 2n't - 2ft; - 2ft;') - fe^e'* cos (2nt - 2n't - 2ft; + 2ft;') 

+ fe'V cos (2nt + 2n't - 2ft;'- 2Q) + fe^ cos (2nt - 2n't + 2a; - 2£i) 
+ \ee'f cos (3nt ^n't-oi-o)'- 2Q) 

+fee'>^ cos (3nt -n't- o)^ o}'- 2Q) 

- ^ee'y* cos (nt + n't + o)-a}'- 2Q) 



> . (199) 



— ^ee'y* cos {nt —n't + (o + (o'—2Q) — ^^ cos 4 {nt 
+ Ve'* cos 4 {n't - a;') + eV cos (4nt - 2a; - 2Q) 

+ feV cos 2 (a; - gS) + if cos (2nt + 2a; - 4ft) I 



-w) 
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In like manner equations (191) and (196) will give 



-iey+nf} 



775^03^1 = 

- 2e {1 - ^6* + f e'* - Jy*} cos (n^ - oi) 
+ Se' {1 + f e* + f 6'^ - if} cos (n't - €o') 

-i6^{l-i^ + K-iy' + i^)co82(7^^-a,) 

+ fe'» {1 + f6» + ie'^-if} cos 2 (nU - oi') 
~3ee'{l-i«" + -|€'^-i)^}co8(n< + n'^~ai-<»') 

- 3ee' {1 - 16» + 1€'^ -if} cos (n^ - ri'e - o> + a>') 

+ if{l-^ + ie'^-if}coa2{7U-Q>)-y'cos3{nt-a}) 

+ ^'? cos 3 (n'^ - ft>0 +ie>^co8 (37i^- a>-2Q) 

- |6y* cos (ne + ft> - 2Q) + ie'f cos (2n^ + n't -a)'- 2Q) 

+ fey COS {2nt - n'^ + w'- 2Q,) - fee'* cos {rU + 2n!t -w- 2a)') 



— 9^,^/1 



|€e'' cos (Tie - 2n't -(o + 2(o') - |e*e' cos {2nt + n'^ - 2ft; - a>0 

- fe^e' cos {2nt - n't -2<o + o>') - ^'« cos {nt + Zn't -w- So)') 

- ^'^ cos (ne - 3n'e -W + 3(o') - fe'e' cos (Snt + n't - 3ft> ~ fti') 

- fe'e' cos {SrU - n't -3(o+ w') - fe^e'* cos {2nt + 2n't -2(o- 2w') 

- |e*e'' cos {2nt - 2n't - 2t«i + 2ft>0 + ^'Y cos (2ne + 2n't - 2o}'- 2Q) 
+ A^V ^8 (271^ - 2n't + 2m'- 2Q) 
+ feey cos (37i< + n'^ - o; - a;'- 2Q) 
+ feey cos (3ne -n't-io^ m'- 2£S) 

- fee V cos (n^ + n'^ + a> - £o'- 2^) 

- fee'y* cos (n^ — n'^ + cu + o;'— 2Q) — ^* cos 4 (n^ — ai) 

+ a^'* cos 4 (Ti'e - a;') + JeV cos (4ni - 2io - 2Q) 

+ feV cos 2 (a> - a) + -ji^y* cos (2nt + 2ai -4g3) - ^/ cos 4 (?ie - gS) I 



;(200) 
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If we now multiply equation (191) by (198), we shall find 
-y, sin di coe 6^ = 

^^Iri^ + ^ + ie^-m^^int-Q) 

- 2e)' {1 + ie» + fe'» - Jy»} sin (« - Q) 

+ fe'y {1 + ie» + le" - 1^)^} sin (n< + n't - o>'- Q) 
+ le'y { 1 + ^ + le** - -Jy*} sin {nt - n't + «'- a) 

-•i^sin (3n<- 2« - Q) +iy*8in (n< + 2a» - 3g3) +iy*8in 3 (n<- Q) 
+ fe'V sin (»e + 27i'« - 2a)'- Q) + fe'V sin (n« - 2»i'« + 2<o'- Q^ 
+ 3ee'y sin {n't — <o— «'+ ^) — See'y sin (n'< + ib — «w'— Q) 
— iy {5e* + y*} sin (n«-2w + Q) + ^^sin (2»<-<«> - Q) 

- •J^V sin (4n< - Sw - Q) - |«V sin (2n< - 3«» + S3) 

+ Wi sin (n< + Zn't - 3«»'- Q) + ^^ sin (»i< - 3n'« + Sw'- Q) 
+ fce'V sin {2n't -<o- 2a»'+ Q) - |ee'V sin (2»'« + « - 2<o'- Si) 
— -h^^'y sin (3»< + »'« - 2w - «'- Q) 

- -^e'y sin (3n< - n't - 2«> + m'- ^ + Jey» sin (4»< - «» - 3Q) 

- Jcy* sin 3 (w - Q) + ^eV sin (3n< + n't - to'- 3bl) 

+ ^y» sin ( But- n't + co'-SQ) + ^'f sin {nt + n't + 2o> - a>'- 3g3) 

+ -^c'y»8in (n<-n'< + 2a» + i»'-3a) --^sin (2n« + a»-3a) 

- -^'y {5e* + y*} sin (n< + n't - 2«» - «»'+ S3) 

- ^'y {5e* + y*} sin (n< - »'< - 2«» + a»'+ Q) I 
From equations (192), (196) and (197) we get 

?7,{f cos d- V C03»<?,} = 

-|^Jl + f^ + 3e'^-V/-26cos(n^-a>)+45'cos(7i'^-»0 

— -^ cos 2 (n^ — a>) + 7e'* cos 2 (n'^ — «>') — 4ee' cos (n^ + n'i -^ fii — oi') 

— 4ee' COS {nt-Wt-o} + w^ + Vy^cos 2 (ni- Q) [ 



>i 



y . (201) 



(202) 
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Equations (192) and (197) give 

lL^Q33^^==^Jl + |^ + 3g/i__|j^-26cos(ne-ai)+46'cos(n'^--ft»') 
Vi a ( 

'-ie^cos2{nt-ai) + 7e'' cos 2 {n't - w') 

— 4^6' cos {nC + n't — (o — to') — 4ee' cos (n^ — n'^ — fii + ^c;') 

+ ifcoQ2{nt-'Sl)\ 
Equations (193), (195) and (197) will give 



^{JjfC0S«l?,-|C08l?J = 



a' f 
I^J 1 + 3e* + 3e'* --V^y* -- 3e cos (7t< -- ft;) + 4e' cos (u'^ 

+ 7e'* cos 2 (n'^ — oi') — 6ee' cos (n^ + n't — a) — w') 

— 6ee' COB {nt — n't — a> + 0)') +^}^coa2 (nt — Si) [ 



-oiO 



Equations (193) and (197) will give 



r 
r 



-77 = ^,fl + 3e* + 3e'^-|>^--3eco8(ri^-tti)+4e'co8(n'«-ai') 
1 ^ I 

+ 7e'* cos 2 (n'^ — co') — 6ee' cos (n^ -i-n't — a) — to') 
— 6ee' cos (n^ — n'^ — oi + w') + -Jy^ cos 2 {nt — Q) f 



Equations (193), (194) and (196) will give the two following, 

3 ' 

'jrA^^ 00^*0,-1} Bin d,= 

1 

\^—A y sin (nt — Q) — -Jey sin (2ni — «> — Q) — f^y sin (fl> — ^) 
+ 2e'y sin (nt + n't - o)'- Q) + 2e'y sin {nt - n't + oi'- ^) | 



> . 



r 



^sin 0^ cos^^i = — J y sin (nt — Si) — Jgy sin (2nt — «> *- fS) 

— |6y sin {(o — Si)+ 2e'y sin (nt + n't — (w'— ft) 
+ 2e'y sin {nt - n't + a;'- ft) } 



. (203) 



(204) 



(205) 



(206) 



(207) 
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Equations (182) and (199) will give 



^.[ +^e^ + l4 + ^ + i/ \cos2irU-n't) 
+ 1« { 1 - -^ - f«'* - i>^} cos (3n« - 2n'« - «)) 
-^{l-iy-^'*-^f} cos {nt - 2n't + c») 

- -^ {1 - ie'* - ^e* - iy»} cos (2nt - n't - at') 

+ ^' {1 -fe* - ^VV^'* - \f} cos {2nt - Zn't + w') 

+ 2^{l-^-^'*-\y'-iA} cos {^nt - 2n't - 2«>) 

+ ^{l-^'*-y^+^] cos 2 (n'< - <0) 

+ jyi^'s { 1 - jjijte'» - -y^ - ^/} cos (2n« - 4»'< + 2a»') 

+ iy* {1 -y*-ie* -f«'*} cos 2 (»'« - Q) 

+ i)^ {1 - y* - ¥^ - 4«'*} cos (2n< - 2n't + 2to- 2Q) 

-ifll-f-^- fe"} cos (2nt - 2n't - 2a» + 2gJ) 

+ J^y^e* cos (6n< - 2w'< - 3w) + i^^ cos (n< + 2n'< - 3«») 

+ ^'» cos (2?i< + n'« - 3a>') + ^e'» cos (2n< - 5n'< + 3«»') 

+ |«y*cos {Znt-2n't + to-2Q) + ^coa{nt-2n't - at + 2Q) 

- IV cos (37i< - 2n'< - 3a» + 2Q) - -ley* cos (n< - 2n'< + 3«» - 2g5) 
+ ie'f cos (3»'< - a»' - 20,) - i«y cos (n'< + »'- 2^5) 

+ ^V cos {2nt — n't - 2to - a»'+ 2Q) 
+ |eV cos (2ni - 3n'< + 2w + <e»'- 2^) 
— ^ey cos (2n< - n't + 2<o- a>'- 20) 

- ie'f cos {2nt - Zn't - 2a» + a>' + 2Q) 

- f ec' { 1 - -i^ - -J*'* - Jy*} cos (3n« -»'«-<«)- «»') 

- Vee' {1 -MK - W^" - i>^} cos (n< - 3n'< + «> + a>0 

(Cbntinved 9n (A< n«x( page.) 



1 



(208) 
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+ ^' {1 --W^- W«" -i>^} COS {Snt-Zn't-m-^w') 

-\- iee' {1 - ii^ - ie'^ - ^f} cos {nt - n't + at -to') 

^ ^'» cos {nt - 471,7 + 0) + 2(o') + ^'^ cos (3n^ - 4tn't -to ■{- 2©') 

- e^e' cos (47^^ - n'^ - 2(o — ft>') + V ^^' ^^^ {Zn't - 2fti ~ fii') 
+ 7^e' cos (4n^ - 3n't - 2(o + lo^ - f e^e' cos [n't -2a} + ca") 

- iey* cos (n« + 2n't - a> - 2gJ) + Ve* cos (6/1^ - 2n't ~ 4a;) 
+ J^ cos {2nt + 2n'^ - 4f«;) + ^'* cos (2;^^ + 27i'^ - 4:(o') 

+ ^e'* cos (27^ - 6n't + 4fei') + ^f ooQ{2nt- 2n't + 4^* - 4g3) 

+ iV/ COS {2nt + 2n'^ - 4gS) - JeV cos (4/1^ - 2n't - 4ft> + 2Q) 
+ieV cos {2n't - 4fti + 2Q) + i^V cos (47i^ - 27^'^ - 2^) 

- JeV cos {2nt + 2n't -2(o- 20) + ^e'* cos {Snt + ti'^ -co- Bw") 
- ^'* cos {nt + n't + w- Zco') - A^^'* cos {nt - Sti'^ + to + 3«iO 
+ ^66'* cos (3n^ - 5n't -(o + 3ft>') + ^e' cos {nt + 3n'^ - 3« - to') 

- -^^e! cos (71^ + n't —-Bvn^r <a') — '^^e' cos (Sti^ — n'^ — 3ai — ^o') 

+ W^^' COS {5nt-Zn't-Zio^io')-^Vl^e'^Qos (4n^-47i'^-2f«> + 2ft>') 
+ V ^«'^ cos {^n't - 2« - 2aiO + V «V cos (27i^ - 47i'^ + 2fli + 2«i'-2gS) 

- V«'V cos (27^^ - ^'t-2to + 2a)'+ 2^) + V^'V cos (4n'^ -2fti'-2Q) 
+ tt<^« V cos {Znt - 37i'e + tt> + o)'" 2Q) 

- -^e'f cos (?2^ — n'^ — en — ft)' + 2Q) 
+ 2eeY COS (Sti^ — n'^ — oi — to' — 2Q) 
+ f^eeV cos {nt - Sn't - to -h w' -\- 2Q) 

- H^^Y cos (37i« - 37^'^ - 3r«> + (o' + 2Q) 
+ ^^y cos {nt - n't + 3fti — w' — 2Q) 
+ iV^y cos (3?i^ - n't - 3(0 -(o'+2Q) 

- ||e6 V cos {nt - 37i'« + 3ft) + co' - 2Q) 
+ iee'f cos (ti^ + n'i — io + w' — 2Q>) 

- ^ee V cos {nt + 37i'« - fti - o)' - 2^) 

~ A^V cos (371^ — n'i + ft> — ft>'- 2Q) [ 



^. (208) 
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If we now multiply equation (191) by (198), we shall find 
"773 sin (?i COS *i = 

+ ie'y {1+^^+^"^ -if} sin {nt-^- n't- o)'- 
+ fe'y {1 + ie^ + |e'* - if} sin {nt - n't + m'- 



^ 



Q) 



> . (201) 



-^sin (Bnt-2io - Q) +iy*sin (nt + 2<o --3Q) +|y«8in 3 (?ie- Q) 

+ Je'V sin (n^ + 2n't - 2a)'- Q) + Je'^ sin (^ - 2n't + 2fli'- Q) 

+ See'y sin (n't — <u — «'+ Q) — iee'y sin (n'i + «» — «'— Q) 

-|y {5e2 + 7*} sin (n^ -2fti + Q) +^sin (271^-0) ~Q) 

-^sin (4n^ -Bco-Q) --JeVsin (2rwC-3a) + Q) 

+ ^e'^ sin (n^ + Zn't - 3<o'- Q) + ffe'V sin (n^ - 3n'« + Zw'- Q) 

+ iee'^ sin (2n'^ - <ei - 2fei'+ Q) - f ee'^ sin (2n'« + ai - 2a>'- Q) 

- ^e^e'y sin (Snt + «'i - 2«i - a>'- Q) 

-^e'y sin (3n^ - n'i - 2^ei + w'- Q) +i€y«sin (47i^-«> -3Q) 

- ^ef sin 3 («; - Q) + -^y sin (37ii 4- n't - w'- BQ) 

+ ^f sin ( 3n^ - n't + ft>'- 3g3) + ^f sin (n« + n'^ + 2a> - <u'- 3fJ) 

+ A^y* sin (n^ - n'^ + 2<tf + <tf '- 3Q) - -^ sin ( 2ne + o) - 3a) 

- i^'y {5^ + f} sin (n^ + n't - 2a) - a)'+ Q) 
-^y {5^ + f} sin (n^-n'« - 2ai + a>'+ Q)\ 

From equations (192), (195) and (197) we get 



?7,{fcos(?~Vcos»/?J = 

-|^Jl + |€* + 3e'*-Vy'-2eco8(7i<-fi;)+4^cos(n'^-«0 

- Ic* cos 2 (n« - fi;) + 7e'* cos 2 (n'e-ai')-4ee' cos (n^+n'e- 01 -o^O ^- (^^2) 



— 4ee' COB (n^ — n'i — 01 + oiQ + yy*cos2(n< — Q) [• 
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+ Je"e' sin {nU - 2a> + o>0 + M^* s^^ (5^ "~ 2n'^ - 3ai) 
+ ^ sin {nt + 2n't - Sai) + ^'^ sin (2n« + n^t - 3a>') 
+ ^e'* sin {2nt - 5n'^ + S(o') + 16* sin (6ni - 2n't - 4ft)) 
+ ^ sin (2n^ + 2n'« - 4ft>) + ^e'* sin {2nt + 2n't - 4<e>0 

+ W«" sin (2ne - 6n't + 4:w') + yf^/ sin (GrU - 2n't - 4Q) 

+ iVy* sin (2n^ - 2n't + 4<o - 4Q) - ^^y* sin (4n« - 2n't + 2(o -4^) 

- jhY^ sin (2n^ + 2n't - 4Q) - ieV sin (4n« ~ 2n'e - 4«i + 2^) 

- I^V sin (2ri'^ - 4:io + 2Q) - J^eV sin (6n< - 2n'« - 2ai - 2Q) 
+ ^^5^ sin {2nt + 2n't - 2fti -.2Q) - f^'V sin (4n'< - 2«'- 2fl) 
+ y 6*e'* sin (4n< - 4n'^ - 2fti + 2ft>') 

- \ieY sin {^nt - 4n't + 2io'-2a) 

+ V^'V sin (2nt - 4n'^ + 2ft> + 2ai'- 2^) 

- Ve'V sin (2n^ - 4n't - 2«i + 2ai'+ 2Q) 

- V^«" sin (4n'< - 2ft> - 2ai') + :^'» sin (3n< + n'< - oi - Soi') 

- ^iff^e'* sin {nt + n'^ + oi - 3«)') - W^ee^ sin (n« - 5n'< + w + Sfti') 
+ V^ee" sin {3nt - 5n'^ - ci + 3«iO + ^e" sin (n« + 3n't - 3'fli - fti') 

- :^V sin (ne + n't -3a) + w') - l^e^e' sin {but - n't - Zco ~ oi') 

+ W^'^' sin {6nt - 3n'< - Zio +^«/) 

~ -fi^ V sin {5nt - 3?i'e -* ci + fti'- 2Q) 
+ 1 Jeey sin (3rit - Zn't + ft> + oi'- 2Q) 

- -^^Y sin (nt — n't — a> — w'+ 2Q) 
4- f|€e'>^ sin (5nt - n't - fti - fti'~ 2Q) 
+ HeeY sin (nt + 3n't -co- w'- 2Q) 

- l^y sin (3nt — n't + to — cd'— 2Q) 
+ fee'y* sin {nt - 3n't - fti + ft)'+ 2Q) 

- {ee'y^ sin (3nt - 3n't - 3«i + (o'+ 2g3) 
+ f ee'y* sin {jd - n't + Sai - fti'- 2Q) 
+ Jee'y* sin (3nt - n't - 3«; - fti'+ 2Q) 
~ f^'y^sin (nt - 3n't + 3w + oi'- 2Q) 

- ^y sin {nJt + n't - 01 + oi'- 2Q) | 



(209) 
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Equations (182) and (199) will give 



^j cos* 0t COS 2 {v- 0= 

+ |€ {1 -^ -4€'*-iy»} cos {Snt-2n't-<0) 

-¥ {1 -H«* -4«'*-iy*} cos (^ - 2?i'< + <o) 

- ^' {1 - ic'* - i«* - iy*} cos {2nt - n'< - «»') 

+ ^' {1 -f€» - W«'* -iy*} cos (27K - 3»'f + a') 

+ 2e»{l- V^-fe'*-iy»-^^} cos (4»< - 2u'( - 2«») 

+ |«»{l-4«'*-iy*+^} cos 2 («'< - «») 

+ J^'» { 1 - Vi^'* - Jj>^ - y} cos (2n< - 4n'« + 2a.') 
+ iy* { 1 - y* - ie» - |e'»} cos 2 (n'< - g3) 
+ iy* {1 -y" - -^ ~4e'»} cos (2n^ - 2n'^ + 2«i -2Q) 
-iy" {1- >^ -^ -•!€''} cos {2nt - 2n'^ - 2a> + 2g3) 
+ J^e* cos (6n^ - 2n't - 3a>) + J^e* cos {nt + 2n't - Zw) 

+ ^'* cos {2nt + n't - Sw') + ^e'* cos {2nt - 5n't + 3a)') 

+ ief cos (Snt - 2n'^ + ai - 2Q) + fey^ cos (nt - 2mlt - oi + 2Q) 
- -fey* cos (3n^ - ^mli-Zo} + 2Q) -fgy^cos {nt - 2n'^ + 3ai-2Q) 
+ JeV cos (372.'^ - ft)' - 2Q) - }6 V cos (n'< + ai'- 253) 
+ ieV cos (2n« - n'« - 2ft) - <ei'+ 20) 
+ |«y cos (271^ - Sri'^ + 2iO + <ei'- 2£J) 

- \e!f cos (2n^ - n*t + 2fti - a>'- 2Q) 

- \e!f cos (2ne - 3n'< - 2fti + ^o' + 2Q) 

-fee' {1 -^ -K^-iy^} cos(3n< -n'< - oi - ft>0 

- V^ {1 -fH^ - W^'^-iy^} cos (n^ - Zn't + oi + iwO 

(Omttnued on fA« next page.) 
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- ^y sin (5nt - 3n't + a>'- SSi) - ^y*mn (nt + nH + •'■- SCi) 

- A«y sin (nt - n't - 2o» - w'+ B5i) 
+ J^V sin (Znt - 3n't + 2a> + at'- 3Q) 

- -^f sin (3nt - n't + 2<o- «'- 3Q) 
+ -^e'fBm(nt-3n't-2a> + a}'+3Q,) 

+ ^y {3y* - e»} sin (3n< - »'« - 2a» - «'+ «) 

+ ^e'y {43e* - y*} sin (n< - 3»'< + 2a» + «'- ^) 

- ^y {43e* - y*} sin (n« - 7i'< + 2«» - «»'- g2) 
+ T^y {e» - 3y*} sin (3nt - 3w'« - 2a» + <«»'+ Q) 

- 17fie'V sin (2n< - 47i'< + «» + 2tt)'- ^) 

- Y««'*)' 8in (4n'< - a> - 2«»'-«) + ^^ sin (4n< - 4n'< - a» +2<u'— Q) 

- M^e'y sin (571^ - nH - 2ai - o>'-a) 
+ ^^e!y ain (n< + 3n'< - 2a> - a;'- Q) 



. (210) 



+ W^*^y sin (Srit - ZriH - 2co + a>'- ^) 
- i^e!y sin (?ie + n'« -2a> + «i'- Q) [ 



Equations (183) and (202) will give 



2 



-77 COS ^i {f — ^ COS* ^1} COS (Vj— v/) = 

a* f 
"*a^M {l+i^ + 2e'*""V>^}cos(n^-n'0-2ecos(n'«-a>) 

+ e' cos (72^ — if/) + $€' cos (n^ — 2n'i + oi') — 2ee' cos (ai — oi') 

~ 6ee'cos (2n't— oi — a>') — ^ cos (3n^ — n't — 2<u) 

+ f e* cos (ne + n'^ - 2(o) + ^^ cos {nt + n't - 2ai') 

+ ^'*cos(n^-3n'« + 2010-1/ cos (n<-n'^-2<o + 2Q) 
+ i)^coB(n^-n'^ + 2a>-2Q)+|y»cos(3n^-n'^-2Q) 

+ ifcos(nt + n't-2Si)\ 



' • (211) 



DEVELOPMENT OP THE PERTURBATIONS. 



69 



Equations (184) and (203) will ghre 



n 



77 cos* (?i COB 3 (vj— ViO = 



a* f ' 

"74] {l-W-6e^-f)^}co83(ni-n'0 + 2ecos(4n<-3n't-fli) 

— 4eco8(2n^- 3n'< + w) + Se' cos (3ne — 4n'« + «0 

— e' cos (3ne - 2n'< - a;') + ^ cos (6n^ — 3n'^ - 2ai) 
+ ^ cos (n« ~ 3n't + 2fli) + Je^ cos ( 3n« - n't - 2fti') 

+ 4ee' cos (2rrf — 2nY + a> — aiO — Zee' cos (4n« ~ 2n'« — a> — fi/) 

— ZOee' cos (2ne - 4n'< + 01 + aiO + ty* cos (nt - 3n'« + 2g3) 

+ |y* cos (3?ie - 3n'i + 2oi - 2gJ) - |y* cos (3nt - 3n'< - 2ai + 2^) I 
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Equations (183) and (204) will give 



j7S'{¥<^**i^|}«»*, sin (1^-1^0 = 

I-7J {l + 26* + 2e'*-Jj^y*}sin(ne-n'0-iesin(2ne-n'<-fli) 

+ fe sin (n'< — a>) + e' sin (rit — w') + Zef sin {nt — 2n']^ + a>') 

— Jee' sin (2nt — 01 — fli') — fee' sin (of — a>') + A^ee' sin (2n't — oi — «/) 

- fee' sin (2nt - 27i'< - o> + oiO - K sin (3?ie - n'< - 2ai) 
-^sin (ne + n't-2oi) + J^sin (nt + w'«-2o»') 

+ ^^ sin (ne - 37i'e + 2fli0 ~ V^J^sin {nt + n't - 2a) 
+ Y/sin (3n<-n7--2Q) - Jy*Bin (n<-n'e -2a> + 2^) 
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+ Jy*8in(n«-7t'< + 2ar-2a)| 
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Ti 



Equations (184), (197) and (206) wiU give 
77 cob' Oi sin 3 (vi— v/) = 



^J{l-6e*-6e^-ty*}sin3(ne-n'0 + |eBin(4ne-3n'^-ai) 

- fe sin (2n< - Zn't + w) + 5ef sin {Znt ~ An't + w^ 

- ef sin {^nt - 2n't - o>0 + ¥^ ^^^ (5^^ ~ ^ri/t - 26i) 
+ ^ sin (n« - 3n't + 2a>) + |e'' sin (3ne - n'« - 2ai') 

+ ljie'*sin (3n« - 5n'^ + 2a>0 + ¥^ 8i» (471^ - 4n'< - ai + o^O 
+ lee' sin (2n^ - 2n'< + 01 - aiO - i^e' sin (4n^ - 2n'< - 01 - a>0 

-A^'sin {27U-4n't + oi + o>') + ty*sin {nt-Zn't + 2Q) 

+ 1/ sin (3n^ - 3n'e + 2oi - 2a) - f / sin (3n« - 3n'< - 2o) + 2Q) j 

Equations (183) and (206) will give 



^i 



1 



T; {^ cos' di- 1} sin di cos (v^— v/) = 

^J Jy Bin (2»« - n'« - Q) + iy sin {n't - Q) 

+ Jey sin {Znt — n't — (o — Q) + ley sin {nt—n't—w + Q) 
— f ^ sin {nt + n't — tu — Si) — iey sin (»< — »'< + o» — Q) 
+ Je'y sin (a»'- Q,) + |«'y sin (2n< - 2n't + a»' - Q) 

+ |c'y sin (2n'< - a.'- tt) + Je'y sin (27i« - o»' - tt) | 
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Lastly, equations (184) and (207) will give 
— ^ sin di cos' ^1 cos 3 (vj— v/) = 

—J iy sin (4n< - 3n'< - Q) - iy sin (2n« - 3n't + Q) 

+ fey sin {&nt — 37i'< — oi — a) — Jey sin {Znt — 3n'< — a> + Q) 
- ^ sin (3n« - 3n'< + w - Si) + icy sin (nt- Zn't + a> + Q) 
+ f e'y sin (4n< - 4n'^ + oi' - ft) - f e'y sin (2n< - 47i'« + oi' + Q) 

- ie'y sin (471^ - 2m/t - oi'- Q) + Je'y sin (2ni - 2n'« - o>' + ft) [ 
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We have now cjompleted the development of all the functions which enter into the 
expressions of the forces (-r- 1 ("j~") and ('^l when we neglect the square of 
the disturbing force ; and if we now put 

(217) 



.^/ 



a* 






and substitute the different developments in equations (167-169), we shall obtain 
the following expressions of the forces arising from the sun's attraction : 

dr 



— f{l 



- e{l - fe» + I*'* -|y*} cos {fU-w) 

-i6'{l-§e* + fe'*-|y» + |^}co8 2(n<-ai) 

+ i«^ { 1 + K + i«'* - }y*} cos 2 {n't - a>') 

-fee' {1 - fe* + |e'* - f/} cos{nt + n't- w-(o') 

-fee' {1 - fe" + le'* - fy*} cos (nt -n't- w + a>') 
+ f y* { 1 - 3€* + fe'* - y*} cos 2 (ne - Q) 

- f e* cos 3 (n« - fli) + -^'» cos 3 {n't - op') 

- fee'* cos (ne + 2n't -cd- 2a>') - fee'* cos {nt - 2n'« - o> + 2ai') 

- fe^e' cos {2nt + n't - 2(o - to') - fe'e' cos {2nt - n'< - 2a> + a>') 

+ |ey*co8 (3n« - 01 - 2a) --y^cos (n^ + 01 - 2^) 

+ }«y cos (2n< + n't -w'- 2Q) + ^e'f cos {2nt - n'« + oi'- 2Q) 

- f|ee'* cos (ne + 3?i'< - oi - 3oi') - ff ee'* cos (ne - 3n'< - oi + 3oi') 

- ^e' cos (3n< + n't - 3oi — o>') - ^e' cos (3n< - n'< - 3oi + at') 

- |e*e'' cos {2nt + 2m.' t - 2o> - 2oiO - fe'e'* cos (2n^ - 2m! t - 2oi + 2o>') 

+ ^-6'Vco8(2ne+2n'<-2oi'-2a)+YeVcos(2ne-2n't+2oi'-2g3) 

- Je*cos 4 (?ie - c») + ^* cos 4 (n'< - o>') + 3eV cos (4n« - 2oi - 2g3) 
+ JeV cos 2 (oi - f3) + fee'/ cos (3ne - n'« - 01 + oi' - 2^3) 

- fee V cos (ne + n'e + 01 - oi'-2a) + ^'y* cos(3ne + n't- fa - oi'-2a) 

- ^'y* cos (?i« - n'« + 01 + o>'- 2^) + f y* cos (2n< + 2oi - 4^) 
+ 3{l-fe«-fe'«-i/ + fJ(^ + ffe'* 

+ 8e*e'* + }eV + |eV + fy*} cos2 (ne-n'O 
+ fe{l-^-fe'»-iy*}cos(3n«-2n'«-oi) 

{CwiixMutA VK the next page.) 
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"^{l-li^-^ -if} COB int-2n't + ii^) 

- |e' {1 - Je* - |e'* - iy"} cos (2n« - n'^ - «/) 

+ 6e»{l-J^~|«'*-i)^--^} co8(4n«-2n'<-2ai) 

+ if{l-f-^^-ie'^}co8{2nt-2n't + 2a}-2Q) 
-lf{l-f-^-^'^}co8{^iyU-2n't-2a} + 2Q) 

+ -W^ cos (brU - 2n't - Z(o) 

+ i^' {1-Jj^-J^^~ Jy«} C0B(3n<-3rt'e~a*+ o^O 

-•^^coB {nt + 2n'^-3^ei) + -^cos {2nt + n'^ - 3<ii') 

+ ^^'*co8 (2ni-6n'^ + Za)') + ^oob {Snt-2n't + <^-2a) 

+ fey* COS (ti^ - 27i'< - 01 + 2gJ) - l^y* COS (3n< - 2n'e - 3a) + 2a) 

- Y«y*co8 (rrf - 2?i'< + 3fli - 2a) + ^y*cos (3n'^ - fti'- 2^) 

- fe V COS (n'e + co'-2a) + Ky* coe {2nt - n'e - 2a> - «'+ 2^) 
+ ^f cos (2n^ - Zn't + 2c» + cw '-2^) 

- Ky* cos (2ne - n'« + 2ai - «i'~ 2Q) 

_ Apee^^cos (ne --47i'e + <o + 2ft)0 - V^y^cos (2n<~37i'e-2« + tt»'+2G) 

+ ija^ COS (37id - 4ri'e - «i + 2ttiO -■ Se'e' coe (4n« - n'« - 2a) - o^O 
+ ^e' cos {Bn'i - 2ai - a>') + 21c**' coe (471* - 2n't - 2af + «0 

- J^'e'oos (n'<-2oi + a»') - to^cos (n< + 2n'« - « - 2Q) 
+ ^ coe (6n< - 2n'< - 4ai) + ^ cos (2n< + 2ri'e - 4a)) 

+ Je'^cos {2nt + 27i't - 4»0 + HF^* coe (2nt - 6n'^ + 4»') 
+ Ay*ooe (2ne ~27i'e + 4a>-4Q) + ^/coQ(2nt + 2n't-^Q) 

- |cV cos (4n< - 2n'^ - 4fi) + 2a) + fcV coe (2n7 - 4ai + 2G) 
+|cV cos (47ii - 2n'« - 2a) - f 6V cos (2nt + 2n't - 2o> - 2a) 

+ ^'* cos (3ni + n'^ - <o - 3a)') - •^'^ coe (n^ + n'e + OP - 3aiO 

- i||Aee« cos (n< - 6n'< + a) + 3 wO + W^'' <^ (3^ ^ Sri/e - o) + 3a)0 

(C^mtimt^d on tAe neztpagt,) 






I (218) 



DEVELOPMENT OF THE PERTURBATIONS. 



73 



- Jjftf ^e' cos {5nt - n^t - 3ai - a>') + ^{|Vc' cos (6nt - 3n'^ - 3ai + oi') 
+ 61c*«'* cos {4nt - 4n'e - 2ai + 2fo') + ^^^e'* cos ( 4n'^ -2(0- 2ai') 
+ ^V cos (2n^-4n'< + 2<i> + 2<u'- 2Q) + -^VVcos {in't-2w'-2Q) 
-^Vcos (2ne -4n'^ - 2fli + 2«i' + 2fi) 

+ fl^e'/ COS (3ne - 3n'< + 01 + o>'- 2fJ) 

- ■^BJfee'y* cos (ne — n'e — a> — fli'+ 2Q) 
+ 6eeY cos (5?ie - n'^ - oi - oi'- 2Sa) 
+ fl^y* cos (n< ~ 3n'< - oi + a>'+ 2Q) 

- il^e'y* cos {Snt - 3n'e - 3a> + (o'+ 2Si) 
+ Ifee'y* cos (?ie - n'i + 3fli - a/- 2g3) 
+ •fteg'y* cos {3nt - n'^ - 3ai - w'+ 2Q) 

- Ae^y* cos (3ne - n'^ + a> - c«>'~2g3) 

- i^^y cos (nt - 3n'^ + 3ai + fti'- 2a) 
+ feey cos (n^ + n'^- ttr + 0/-2J3) 

-■^ee'y* cos (n« + 3nY - oi - ai'- 2Q) [ 
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+ f^\ {l + le* + 2e«— y'r*}co8(n<-n'<)+e'coB(n<-«0 

+ Se'cos (7U'-'2n^t + w^ - 2e cor (v/t — ai) — |«*coe {Snt — n^t—2(o) 
+ i^co&(nt+ Wt - 2w) + ^^ coe (n^ + n't - 2ia') 
+ ^e'* cos (n< - Zn't + 2a>') - 2ee' co8 (« - a/) 

- 6ee' cos (2n't- a> - oi') "^ Jx* cos (n^ - n'^ - 2«* + 2S^) 
+ Jy* cos (ni - n'e + 2<e> - 2Q) + f >^ cos (3n^ - n't - 2Q) 

+ |y*cos (n^ + n'« - 2gJ) +^{1 - y6»-6e^-|)^} cos 3 {nt-n't) 

+ -V^co8 (4ne - 3n'^ - ft>) - ^ cos (2nt-Sn't + at) 

+ ^co8 (3n^ - 4n'^ + €tf "" f«' <5os (3ne - 2n'e - fliO 

+ ^^ cos (371^ - n'« - 2a}') + J*^ cos (6nt - 3n7 - 2fli) 

+ ^y^ cos (n^ - Sn't + 2(o) + 4^e'* cos (3?!^ - 5n't + 2fliO 

+ Jy^' cos (471^ ~ 4tn't — o> + o>0 + ^W cos {2nt - 2n'^ + oi — «') 

— J^ cos (4n^ — 27i'^ - o> — loO — J^^e' cos (2n< -4n7 + oi +«') 
+ Jy*cos (n^ - Sn't + 2Q) + |7*coe (3n< - 3n'* + 2a^ - 2g2) 

-|/cos {3nt - 3?i'« -2« + 2Q)\ 



. 
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Equations (184), (197) and (206) wiU give 



^1 



Ti 



7j- cos* di sin 3 (vi— Vi') = 



—A {l-6e*~66'*~ty*}8in3(ne-n'0 + |esin(4?ie-3n'<-ai) 

- fe sin {2nt - Zn^t + ajl) + 5e' sin {Snt - 4n'< + oi^) 

- e' sin (3ne - 27i'e - o>0 + ¥^ ^^^ (5ne - 3n't - 2ai) 
+ ^ sin (ne - 3n'< + 2a}) + Je'* sin {Snt ~ n'^ - 2«i') 

+ ^L^'^sin {Snt - 5n'e + 2a>') + J^ sin {4nt-4n't-w + w^ 
+ lee' sin {2nt — 2n'< + o> — oi') — fee' sin (Ant — 2n't — w — w') 
~^^sin(2ne-4ri't+ai + aiO + ly*8in(n«-3n'< + 2a) 

+ 1/ sin (3ne - 3n'< + 2ai - 2a) - f y* sin (3ne - 3n'« - 2ctf + 2Q) I 

Equations (183) and (206) will give 

r* 

-^ {^ cos' — 1} sin 0^ cos (vi— v/) = 

J|LZ_ j iy sin (2n< - n'< - Q) + Jy sin {n't - Q) 

+ Jey sin (3ni — n'< — ai — ft) + fey sin (n< — n'^ — ai + Q) 
— fey sin {nt + n'< — ai — a) — |ey sin (n^ — n'< + a> — Q) 
+ ie'y sin (ai'- ft) + fe'y sin {2m,t - 2n'< + <o' - Q) 

+ fe'y sin (2n'< - oi' - ft) + Je'y sin (2ni - oi' - ft) | 
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Lastly, equations (184) and (207) will give 

r* 

-7^ sin Oi cos* <?i cos 3 (vj— v/) — 

a? ( 

—A iy sin {int - 3n'<- ft) ~ iy sin {2nt - 3n'< + ft) 

+ ^ sin (5n< — Sn't — ai — ft) — Jey sin (3n^ — Sn't — o> + ft) 
_ j^Bin (3ne - Sn't + ai - ft) + Jey sin {nt-Sn't + ai + ft) 
+ fe'y sin {4nt-in't + ai'- ft) - fe'y sin (2n<-47i'« + «>'+ ft) 

-fe'y sin (4ni -2n'< - ai'- ft) + fe'y sin (2ne - 2n'« - ai' + ft) I 
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+ i^ sin {%it + n't - Zw') + !^^ sin (2n< - Ml + 3«i') 
+ 1«* sin (6n^ - 2n'e - 4o>) + ^e* sin (2n« + 2n'i - 4ai) 
+ ^'* sin (2ne + 2n't - 4aiO + 4^< sin (2n« - 6n'< + 4aiO 
+ rlry* 81^ (6^'"" 2n'^ - 4g^) + -^y* sin (2ne - 2n'e 4- 4«i - 4^) 
— ^y*sin {4nt-2n't + 2ai ~4£3) -ylTy^sii^ (2^ + 2n'< -4fiJ) 

- i^V sin (4n< - 2?i'< - 4ai + 2g3) - |eV sin (2n'^ - 4fti + 2£J) 

- II^V sin (6n^ ~ 2?i'« - 2ai ~ 2^) + ^t^eV sin (2ri^ + 2n'« - 2ai -2^3) 

- tt^' V sin {4n't - 2ai'- 2^) + ^^e"* sin (4n< - 4n'e - 2ai + 2aiO 
~ UeV siii (4ne - 4^'^ + 2«>'- 2Q) 

+ WV 81^ (2^ ~ 4^'^ + 2ai + 2ai'-- 2Q) 

- j^ieV sin (2n< ~ 4n'e ~ 2ai + 2ai'+ 2fl) - iy^e'* sin(4n'<- 2ai - 20)') 
+ ^Ijee'* sin (3n^ + n'< - 01 - SaiO ~ T^'* sin (n< + n'e + 01 -- SctfO 

- i^V^'' sin (^ ~ 5n'e + 01 + 3oi') + W««^ sin (3^ "" 6^'< ~ ^ + 3a>0 
+ Ife^e' sin (n« + 3n'^ - 3« - oiO - A^e' sin (ne + n't - 3oi + oi') 

- Jle'e' sin {5nt - n'^ - 3a) - o/Q + i^e' sin (6ne - 3n'e - 3ai + oiO 

- HeeY sin (6ne - Sn't - a> + oi'- 2^) 

- A^y* sin (n^ + n'< - o) + oi'- 2a) 

+ HeeY sin (3n« - 3n't + w + w'- 2Q) 

- A^J^sin {nt—n't — oi — o/+ 2^) 
+ Ifee'/sin (6n« -n'< - oi - oi'- 2a) 

+ HeeY sin (n« + 3n'« - oi - o/-2a) 

- A^ V sin {3nt -n't + w — oi V2a) 
+ fee'/ sin (nt - 3n'i - 01 + oi'+ 2a) 

- lee'j^ sin (3nt - ^'t -Zw + w'+ 2^) 
+ fee'y* sin {nt - n't + 3ai - o>'- 2^) 

+ ieeV sin {Znt - n't - 3o» - oi'+ 2Q) . 

- ffee'y* sin (n< - 3n'< + 3o) + o)'- 2a) I 

(Omtmual on the next page.) 



75 



(219) 



72 



THEORY OF THE MOON'S MOTION. 



- fe' {1 - Je* - K* - Jy*} cos (2n« - n'^ - <iO 

+ if{l-f-^^-ie'^}cos{27U-2n't + 2w-2Q) 
-if{l-f'-^-'^'^}cos(2ffit-2n't-2(o-h2a) 
'-'iee'{l-^'-le'*-i/}co&{Znt-n't-'W-Q}') 

+ -W^ cos (5n« - 2n'i - 3a>) 

+ J^'{l-ff6»~Je^~J)^}cos(ne-n'< + fo-aiO 

-•^cos (n< + 2n't-S(o) + ^i^^cos {2nt + n't - 3<iiO 

+ ^^'*co8 {2nt-5n't + Sco') + |6y»cos {Snt-2n't + tt»-2a) 

+ ^QOs{nt-2n't-a} + 2Q)-le^co&{3nt-2n't-3at + 2Q) 
-V^co8(n«-2?i'< + 3<w-2a)+^y*cos(3n'^-«i'-2a) 

- fey cos (n'e + co'-2Q) + f e'y* cos (2?i^ - n't - 2a> - <»'+ 2fiJ) 
+ ^f cos (271^ - Sn't + 2w + cw '-2Q) 

- fe'y^cos (2ne~n'< + 2a}- a}'- 2^) 

- AjAee^cos {nt-^n't + ai + 2<*>0 - Wy^coe (2n<-3n'<- 2« + <u'+2Q) 
+ ^e6'*C08(3nt-4n'^ -a» + 2ttiO -3e*e'co6 (4n^ -n'<-2a>"-tt»') 
+ ^e' cos (3n'< - 2«i - ai') + 21c**' cos {^nt - 3n't - 2«f + a') 

- fc^e' cos (n'e - 2<o + Of ')- ie/ CO& {nt + 2n't'-to-2Si) 
+ ^coB{&nt-2n't-^(o) + ^coB{2nt + ^'t-4:cii) 

+ ie'*cos (2n^ + 2n't - 4»') + HF^* cos {2nt - 6n'^ + 4(#0 
+ A/oos (2n<-2n'e + 4«>-4a) + ^f cos (2n^ + 2n't - 4Q) 

- |cV cos (4n^ - 2n'e - 4fi» + 2a) + fcV cos (2n'< - 4ai + 2G) 
+|cV cos (4n^ - 2n'^ - 2SJ) - f cV cos (2nt + 2n't - 2«^ - 2gJ) 

+ -^^coQ{S7U+n't--(o-ia}')--f^'^GOB(nt+n't + a0-Za/) 
-^i^'^<x>&{nt-5n't + w+^(o')+£^fee'^co&{^nt-5nft-o)'\-Bw') 

{Ooniinued an the next page) 
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+ '^ef COB {nt + Sn't-Sio - o)^) - -^e' cos (nt + n't -3(0 + Q}^ 

- Jj/^^e' cos {5nt - n't - 3ai - w') + ^{|Ve' cos {6nt - 3n'e - 3a> + a>') 
+ 61e*6^ cos (471^ - 4n'« - 2ai + 2a>') + ifVe'* cos ( 4n'i - 2fli - 2ai') 
+ ^V cos {2nt-4:n't-h2(o + 2ai'~ 2Q) + ^'Ycob (4n'«-2ai'-2gJ) 
-^i^Vcos (2ne -4n't - 2«i + 2ai' + 2a) 

+ Ifee'/ cos (3n« - 3n'^ + 01 4- o>'- 2a) 

- ■^BJfee'y* cos (n« — n'< — 01 — fli'+ 2a) 
+ Gee'y^cos (6n^ - n'< - oi - oi'- 2a) 
4- f|ee^y*cos (n^ -3n'e-oi + o>'+ 2a) 

- ^eeff cos (3ne - Sn't - 3oi + «>'+ 2a) 
+ Ifee'/ cos (n< - n'i + 3oi - o/- 2a) 
+ -^f(m {Znt - n'« - Soi - oi'+ 2a) 

- A^y* cos (3n« - n'< + 01 - o>'-2a) 

- i^^y cos (ne - 3n'e + 3oi + w'- 2a) 
+ feeVcos (n^ + n'«- ttr + o/-2a) 
-•^ec'/cos (n« + Zn't - oi - oi'- 2a) [ 
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m* r 

+ r^1 {l + ie* + 2e«— y-y*} COB (n« -»'<) + e'coe(7rf- a') 

+ 3€' COS {nt - 2n't + o^O - 2e cos (n't — ^a) - 1«* cos {Snt — n't -2o>) 
+ |e" cos (ni + n't - 2rtf) + V^" cos (ni + n'^ - 2010 
+ ^e'* cos (n< - 3n'e + 2o>0 - 2ee' cos (« - o/) 

- 66e' cos (2n't- «> - oi') - Jy* cos (n^ - n'^ - 2o> + 2a) 

+ lfcoa(nt- n't + 2o> - 2a) + f y* cos (Snt - n'^ - 2a) 

+ ifcoB{nt + n't-'2Q)+^{l-Y^-ee'^-if}coaS{nt-n't) 

+ -V^cos (4n< - 3n'^ - o>) --^cos (2nt-3n't + w) 

+ ^ cos (3n< ~4n'^ + oi^ - f«' cos {3nt-2n't-€o') 

+ ■f^'* cos (3n< - n't - 2w') + J*^ cos {5nt - 3n't - 2oi) 

+ ^y^ cos (n^ - Zn't + 2ft)) + 4^e'* cos {3nt - Sri'f + 2oiO 

+ Jy^ cos {int-4tn't - o> + o>0 + ^^ cos (2ne - 2n't + o> - «') 

- J^ cos (4n^ — 2n'« - 01 — 0)0 -H^^ cos (27i< - 4n'^ + 01 +o>') 
+ J/cos (n< - 3n't + 2a) + |7*cos (3n< -3n'* + 2a^ - 2^) 

-|y*cos (3n^ - 3n't-2m + 2a) | 



. 



(218) 



u 
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-Jcy»8in(2n'< + a»-3Q)-J«y»8in(6n<-2n'<-ft»-3Q) ^ 

- } ey» sin (2nt - 2n't + 3a» - 3^) + ^'f sin (5nt - n't -to'- BQ) 
+ iieY sin (rK + 3n'« - a»' - 3^) - ■fys'f sin {5nt ^ 3n't + a>'~SSi) 

-^f Bin (nt + n't + at' -30,)- ^y*Bm{nt-n't -2m- a>' + ia) 
+ Ue'f bin {Znt-Zn't + 2co + a>'- 30) 

- -^f sin {3nt - n't + 2«» - «' - 3a) 
+ -^f sin {nt - 3n't - 2w + «' + 3^) 
+ i^y {^f - e'} Bin (Znt- n't -2w- a' + Q>) 
+ i^y {43e» - y»} sin (ri< - 3n't + 2w + a»' - Q) 
•njV e'y {43e» - y»} sin {jvt - n't + 2at -at'- Q) 

+ A«'y {«* - 3}^} sin (3rK - 3n't - 2«> + a»' + Q) 
- 17 ee'Vsin {2nt - 4n't +to + 2io'— Q) 

- ■^'V sin (4n'< - fl» - 2a>'- ft) 
+ V««'V Bin (4n< — 4n7 — a> + 2w' — Q) 
— |4e*e'y sin (5n< - n'f — 2m — m'- Q) 
+ M^'e'y sin (n< + 3»'< - 2« — a»' — Q) 
+ W«*«'y ain (5n« - Zn't - 2a» + «>' - Q) 

- ^e'ysin (n< + n't — 2o» + a»' — Q) [ 



(220) 



+ f^ I Vy 8»n (2n< - n'< - Q) + Vy sin {n't - Q) 
•\- {key iin (3rU-n't-a>- a) +^ Bin {nt -n't- + ^) 

-^Bin{vt + n't- a - a) -^ Bin {nt-n't + ta-0) 

+ -V^'y sin («' -a)+ i^y sin (2n< - 2n't + a}'-Q) 

+ ^'y sin {2n't -ai'-a) + ^'y sin (2n< -w'-O) 

+ |y sin (4»< - 3n't -0)-^y sin (2n< - 3n't + Q) 

+ Ueyain{5nt~3n't-(o-Q,)-.^Bin{3nt-3n't-m + Q) 

-ff^sin {3nt-3n't + w-Q) + ffeysin {nt - 3n't + (o + Q) 

+ ^y sin (4n< - 4n'< + ot'-a)- 3^'y sin {2nt - 4n'< + (o' + 0) 

- Je'y sin (4n< - 2n'< - a/- Q) + 4e'y sin (2jK - 2n'< - a»' + SJ) } 



K. (220) 
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14. Having found the expressions for the forces which act upon the moon in 

the directions of the three polar co-ordinates r, v and 0, we must now compute 

the values of the factors by which these forces are multiplied in the differential 

equations of these co-ordinates. These equations are given on pages 39 and 40, 

and are designated by the letters (B), (C) and (D) respectively. We shall first 

(dux (dE\ (dR\ 
develop the factors by which 1 "j" 1 1 "3~) ^^^ VJr] ^^® multiplied in equation (B). 



Equation (104) will give 
sin Vi = {1— e* — -j^* — -^y^] sin n< + c {1 — 1«*} sin (2n« — w) 

- esina>-|-f {e* — |«* + -5^y*} sin (3nt — 2fc>) 

±^ {1--P + -1^} sin (n<-2fc>) +|6*sin (4n<-3a)) 

d: ^ sin {^nt - 3ft>) + Hf e* sin {bnt - 4w) ± yf^e* sin {Znt - 4a)) 

^ ix* {1 -• i«* - M Bin (^« - 2Q) 

+ ^y» {1 — ^ - iy*} sin {nt + 2a» - 2Q) 

- iy* { 1 -• K - Jy*} "i^ (>** - S'" + 2^) - 1*?* Bin (4n< - « - 2Q) 

qr ^ ey» sin (2n< - a» - 2Q) + i 6y» sin (2n< + o» - 2fl) 

-^sin (2rrf-3a» + 2Q) - ^ sin (8a» - 2Q) 

+ T^ry* sin (57i< - 4Q) ± Tk/ sin (3»< - 4g2) 

+ TfrX* sin (n< + 4a> - 4Q) — r^y* sin (n< - 4w + 4gJ) 

- ^y* sin (3n< + 2« - 4Q) q: ^y* sin («< + 2«> - 4Q) 

- ti«V Bin (5nf - 2fi> - 2Q) T VV «V 8i° (3*i< - 2a» - 2^) 
~ A<VBin (3n«-4«> + 2Q) ± V^j^V sin (n< -4ft> + 2Q) 



K. (221) 



We may observe that Theorem III. applies to functions of the form of 
equation (104), which would correspond to the case where i'=0,/' = and A'=0. 
Consequently, equation (221) will give the value of cos v, by changing ain to cot, 
and using the lower signs. 
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. (222) 



Equation (221) will give, by differentiation, 
dvi cos Vi = 

?irf«| {1 -e* + ^*-|iVy*}<50S7i< + 2e {1 -fe*} cos (2ne-fli) 

+ ¥{«*" 1^ + Jry*}co8 {Snt - 2a;) 

±i^{l-\^ + iy cos {nt-2a}) + J^cos {^nt - So)) 

± ^ cos (2n^ - 3a>) + ^Vy^* cos (6n^ - 4^c>) it t^* cos (3ne - 4a;) 

-|y«{l-iy^-^y«}cos(3n^-2g3)=F7'{l-i€'-iy'}co8(n«-2a) 

+ i>^ {1 - ¥«*""47*} C06(n^ + 2ai -2Q)- j€y*co8 (2n^ - 3a> + 2Q) 

"iy* {1 ""i^~-i>^} cos (7i< - 2ai + 2Q) - fey* cos (4ne - ai - 2^) 

=h ^€y* cos (2ri^ — «> — 2Q) + ey* cos (2n^ + a; — 2Q) 

+ -^f cos (67i< - 4Q) db yfyy* cos (3n< - 4Q) 

+ Tlyy* cos (n^ + 4ai — 4Q) — xiry* cos (n^ — 4ai + 4S3) 

- A/cos (3n^ + 2a; -4Q) =P -g^^x^cos (n« + 2^«; -4Q) . 

- m^ cos (5n< - 2a; - 2fl) T fJeV cos (3n« - 2a; - 2Q) 

- H^ cos (3n^ - 4 a; + 2 fl) ± ,>j«V COB (n^ - 4o; + 2a) I 



If in this equation we change cob to nn, and use the lower signs, we shall 
have the expression for dv^ sin Vy. 

Equations (194'i and (196) will give, by differentiation, 
d^i cos ^1 = 

ndiiyW -^-\f) cos (ne- Q) + i/cos (ni + 2fe; - SQ) 

+ 26y {1 - |e« - iy*} cos (2n^ - fo - Q) + J^ cos (2ne + a; - 3a) 

+ ^e*ycos(37i^-2a;-a) + |y{e*->^}cos(nf~2o; + a) f- ( 2 ) 

+ Jljf^ cos (4n^ - 3a; - Q) + Jey {}e"-y*} cos(2ne + 3a; + Q) | 



(Z^i sin ^1 = 



rui J ^y*{l - 4(j* - 1/} sin 2 (n^ - a) 

+ ^ sin (3ne - a; -2a) - i^ sin {ni + a; - 2a) 
+ \y^ sin (27i< + 2fe; - 4a) - \t sin 2 (n^ - a;) 

-TV/Bin4(n<- a) + J^^^sin (47ii-2a; -2a) I 



>. (224) 
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If we multiply equations (221) and (224) together, we shall find, 
dO^ sin di sin V| = 

ndtJ ^\f {l-if- 9e*} cos {Snt ~ 2Q) 

+ i}^ {1 -}y*-^} co3(?i^ -2Q) T cx»cos (4n^ -lo- 2Q) 

± ^ cos {2nt + ro — 2Q) + \ef cos (2n^ ~ a> - 2S3) 

=P M^y cos (5ne - 2ft> - 2Q) zh -^eY cos (n^ - 2a> + 2Q) 

+ ||eVco8 {Snt -20^-2^) ^^^^coq {nt-{-2a)- 2Si) 

± tVx* ^^ (5^^ — 4S3) =H iVy* cos 71^ qp ^y* cos (3n^ + 2^; - 4Q) 

- -j^y^ cos (n^ - 2ft>) ± A/ cos {3nt - 2io) + ^/ cos {nt + 2ai - 4Q) I 



^. (225) 



This equation will give the value of ddi sin 0^ cos v^ by using the lower signs 
and changing co« to «in in the second member. 



Equations (195) and (222) will give, 
dvi cos 9^ cos Vi = 

ndtJ {l-e*-J)^+i6V+J«*+A/} cosn^ + 2e{l~|e»-Jy»} cos (27t^-^e>) ' 

+ ¥^ U - f^ + A~ - iT^} cos (3n^ - 2.1^) 

± i«* {1 " i^ "" i>^} cos (n^ - 2(o) +i^cos {int - 3(o) 
± ie^ cos {2nt - 3io) + ^^-e^ cos {5nt - 4<e>) ± ^ft^^ cos (3n^ - 4w) 
-iy*{l-|y*--W^} cos (3r^ - 2Q) T |j»j6y cos (n< - 2fl) 
+ iy* {1 - V^ - M coe (n^ + 2ai ~ 2Q) 

- iy* { 1 - «" - |y*} sin (n^ - 2(0 + 2a)-ef cos (4n^ - «> - 2Q) 
+ |cx* cos (2n^ -{- w - 2a) - \ef cos (2ne - 3«i + 2Q) 
4- -^y* cos (571^ — 4SJ) + y^y^ cos (ti^ + 4a> — 4Q) 

- j^y* cos (7i« - 4o> + 4Q) - ^y* cos (3n^ + 2(o — 4Q) 
-f^eVcos (5n< - 2(o - 2Q) - fJ«Vcos (3n^ -4«> + 2Q) 

± ^V«V cos (ne - 4ft> + 2Q) I 



>. (226) 



This equation will give the value of dv^ cos 0^ sin V| by using the lower signs 

and changing cos to sin in the second member. 
11 
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Equations (225) and (226) will give, 
{dvi cos di cos Vi — ddy^ sin 6^ sin vj = 

ndtJ {l-^'-\f+yy+-^e*+i\y'}cosnt+2e{l-i^-^f}coQ{2nt-io) 
+ ^e^ {1 - |e^ - i)^} cos {3nt - 2(o) 

± i^ {1 " i^* - iy* + i -} c^s (^^ " 2co) + J^^ cos (47i^ - 3«i) 
± |c^ cos {2nt - 5(o) + ^^e* C08{5nt - 4co) ±^^* cos (3n^ - 4^o) 

4- iieY cos (3n^ - 2g3) ^ iy* { 1 - 1}^ - -jie'} cos {nt -2Q) J. . (227) 

+ if{l-e'-lf} cos{nt-^2(o-2a) 

" iy" { 1 - i^ - i>^} cos {nt - 2co -h2Q) + {ef cos {2nt + €o- 2Q) 

- Jey^ cos {2nt - Sco + 2Q) + j^y* cos (n^ + 4(0- 4Q) 

- T^y* cos (nt - 4co + 4Q) - ||eV cos (3n^ - 4w + 2Q) 
± ^'t^V cos (n^ - 4^0 + 2Q) q= f^ry« cos (37i^ - 2co - 2Q) 

=p -^y^ cos (n^ + 2w — 4Q) =p J^ey* cos {27U — a) — 2SJ) > 

This equation will give the value of, dvy cos d^ sin Vj + <itf, sin tf, cos v^ by 
using the lower signs and changing cos to sin in the second member. 

If we multiply equation (227) by the value of r^ given in equation (186) 
we shall obtain, 

r^{dv^ cos 0^ cos Vj — dO^ sin 0^ sin vj = 

a^ncZ/J I { 1 - -le*- iy*+ |J^e*+ |eV+ \{y'}co^ nt+e{l -^-\f] cos (2n<-w) 
-e{l-\^-\f] cosw + |e2{l-2e2- Jy2} cos(3n^-2fo) 
+ fe* cos {4nt - Zco) =fi ^^ ^ _ ^^2 _ ^^2 __ ^L} cos {nt - 2io) 



=P iV^ cos (2n^ — Z(o) + Iff e* cos (5n^ — 4co) =F yf^e* cos {int — 4w) 
+ -AreV cos {3nt - 2Q) T ^y* { 1 - ffe^ - 1)^} cos {nt - 2Q) 
+ ir" (1 - -S^ - i/} cos {nt + 2w - 2Q) 

- ir* {1 - 1^ - 1/} cos (n^ - 2(0 + 2Q) - ^ey* cos {2nt - Z(o + 2g3) 
+ ^ey^ cos (2n^ + a}-2Q)±\ef cos (ro - 2Q) - \ef cos (3co -- 2Q) 
q= Jey* cos (2n^ — 10,- 2Q) + y^/ cos {nt + 4^0 — 4SJ) 

— x^y^ cos (n^ — 4co + 4Q) =F ^y* cos (ri^ + 2re> — 4S^) 

q= ^eV cos {nt - 4^0 + 2Q) ^ ^^ cos (3n^ - 2(o - 2Q) | 



.. (228) 



This equation will give the value of r^ {dvy cos 0^ sin Vj + dd^ sin d^ cos vj by 
using the lower signs and changing C08 to sin in the second member. 
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cos^i 



From equation (195) we get 

= 1 +if--^/-^f {1 -4e^ -^f} C082 (n^- £3) 



— ^ef cos {3nt -co — 2SJ) + ^ef cos {nt + w — 2Q>) 

- i^y'cos {2nt + 2co - 4Q) - {^^ cos {^nt - 2io - 2Q) 

+ -^y* cos 4 (n^ — Q) + -^y* cos 2 (n^ -co) — -^6^ cos 2 (to 



-Q) 



.. (229) 



By differentiating equation (185) we shall obtain 
dr^ = audi i 6 (1 — 16*) sin {nt -co) + e* (1 — fe*) sin 2 {nt 

+ fe* sin 3 (ti^ — to) + f e* sin 4 (n^ — lo) I 



-c.) 



y. (230) 



COS V 



cos^i 



From equations (221), (229) and (230) we obtain the two following : 
{1-6^-1- }>^+^e*—^/-i6V} cosnj5+e{l-|6»+ Jy*} cos(2n^-w) 



- 6 { 1 + J}^} cos a> + f e» { 1 - f e* + ^V T + iy*} cos (3ni - 2to) 
:^\^{\-\^-\-\f) cos {nt - 2io) + fe' cos {^nt - 3<o) 

H= -^^ cos (ni — 3c«>) + Hfe^ cos (5n< — 4t«>) =p yf^e* cos (3n^ — 4<e>) 

- i/ { - W^ ^ \f) cos (3n< - 2Q) 

+ |y2 |1 _ 5^g2 _ ^y2} cog (^^ + 2te> - 2Q) 

- iy* {1 - e'- iy"} cos (nt-2co + 2Q) -fey^ cos {yd-io-2^ 
+ |e/* cos (271^ + to - 2Q) ± |e>^ cos {lo -2^-\ef cos (3te> - 2Q) 
-- ^6}^ cos {^nt - 3to + 2^) + ^eV cos (n^ - 2Q) 

- fi^V cos (5n^ - 2io - 2£2) - -^^eV cos (37i^ - 4to + 2Q) 
^ A"^ cos {nt - 4w + 2Q) + ^y^ cos (5n^ - 4Q) 

+ xf^y* cos (n^ + 4te> — 4Q) — -^f cos (n^ — 4ft> + 4Q) 

- -^f cos (37i« + 2ro - 4a) 



.. (231) 



sin V, 



This equation will give the value of - by using the lower signs and 



cos ^1 



changing qoh to %%n in the second member. 
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cos V 



COS ^i 



'-dr,-= 



^. (232) 



andtl±^{l-ie'+ir'} sin (2n^-a>) T^e {1 - J6^ + Jy*} sin w 

± e* {1 - W + J}^} sin {S7it-2co) T e^ {1 -^e^ + iy*} sinn^ 

- ^* sin (n« - 2io) ± ^ sin (4n^ - 3^e>) ± ^' sin (5n^ - 4t«>) 

=P ^^sin (4n« - ft> - 2Q) ± T^sin (2n^ + cw - 2S3) 

=F ^ ex* sin (3(0 - 2Q) - tV^ sin (<e> - 2Q) T tV^ sin (2ri^ - 3o> + 2g3) 

q: |cV sin (5n^ - 2ce> - 2Q) ± -JeV sin (3n^ - 2^) 

H= feVsin (n^ + 2c«> - 2Si) ± -^sin {nt-2(o + 2Q) 

=H ieVsin {SrU-^io + 2Q) | 

Sin V 
This equation will give the value of dr^ by using the lower signs and 

cos $1 
changing dn to ca« in the second member. 



Equations (186) and (226) will give 
Ti dvy cos d^ sin Vi = 

andti {l-fe*-i>^+|eV+f|€*4-^/}sinn^+f€{l--f€»--}y»}sin(2ne-«>) 

-^ {l-ie*-J}^} sin CO + ^6* - 46* + ^/ - -J^eV} sin (3n^-2a>) 

±y^{l-\f} sin {nt - 2c«>) + ^ sin {Ant - 3w) 

zb ^ sin (2n^ - 3«;) - Jy^ {1 - i^e» - if} sin (3ne - 2Q) 

+ \f {1 - ¥«* -M sin (71^ + 2io - 2«) 

~i>^{l-f«'-|r'} sin (w^ -2(e> +2Q) - -Jey^ sin (4n« - a; - 2g5) 

+ {ief sin (2n^ 4- cu - 2CJ) - -j^ sin (27i^ - 3w + 2Q) 

H= ^c>^ sin ((0 - 2Q) - -^^ sin (3^0 - 2Q) + ff|e* sin (5^^ - 4(e>) 

± j^e* sin (3n^ - 4:(o) =p ^ey sin (nt - 2Q) + -jVy* sin {5nt - 4Q) 

+ yI ^7* sin (ni 4- 4w — 4Q) — ji^y* sin {nt — 4w + 4Q) 

- r^f sin (3/1^ H- 2(0 - 4:(o) - |^eV sin {5nt - 2f«> - 2Q) 

-■^JeV sin (3nt - 4fe> + 2Q) ± ^eV sin {nt - 4fo + 2Q) I 



>. (233) 



This equation will give the value of rj dvi cos ^j cos Vj by using the lower 
signs and changing ^Ti'to cos in the second member. 
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From equations (232) and (233) we get 



{2ri dvi cos 9 1 sin v^ 



cos V 



cos d^ 



' dr,} = 



2andti {1 -e*-iy* + J^V + ^e* + |^y^} sinn^ 

=^ i^ {1 + i^ - iy*} sin {nt - 2^o) -I- ^e" sin (4n^ ~ 3^o) 

± ^i? sin (2n^ - 3a>) - J>^ {1 - ^^ - 1>^} sin (3n^ - 2Q) 

+ if {1 - V^-}y*} sin {nt + 2(0- 2Q) 

-|y^ {1 - ^-i/} sin (7i« - 2c£> + 25i) - \^ sin {^nt-w- 2£i) 

+ M^sin {27U + 10- 2Q) - -^^ sin (2n^ - Zco + 2^) 

q: .^ sin (^o - 2gJ) - ^ef sin (3a> - 2Q) + J^^^ sin (5n^ - 4a;) 

± xfffe* sin {Znt - 4a;) rp ^ij^V sin {yit - 2g3) 

- M^ sin (5n^ - 2ce; - 2£J) - ^y* sin {int - 4^o H- 2Q) 
It •gJjcV sin (n^ - 4«; + 2^) + ^V/ sin {6nt - 4Q) 

+ xf^y* sin (n^ + 4a> — 4fJ) — 3-J-gy* sin (n^ — 4a; + 4S3) 

- ^/ sin (3n^ + 2a; - 4^) I 



>. (234) 



sm Vi 



This equation will give the value of {2ri dv^ cos (?i cos %\ + ^ dr,} by 

cos (?i 

using the lower signs and changing sin to cos in the second member. 



From equations (221) and (223) we get 
dOi cos di sin v^ = 

^^{ix{l-4e'-iy'}sin(2n^-Q)+iy{l-|y2}sinQ 

+ fey sin (3n^ — w — ^+ \ey sin (n^ — a; + Q) — ^ey sin {nt + a) — ft) 

q= J^ sin {nt — to—Q)+ J^e^ sin (4n^ — 2a; — ft) 

+ \y {5e* - f] sin (2n^ - 2a; + Q) t |eV sin {2nt - 2a; - Q) 

- -^y* sin (4ne - 8Q) q: tV)^ sin (2ne - 3Q) + iy» sin (2n^ + 2o; - 3Q) I 



^ (235) 



This equation will give the value of dd^ cos tfj cos Vj by using the lower signs 
and changing sin to cos in the second member. 
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Multiplying equation (235) by the value of 2ri it becomes 
2ri ddi cos ^i sin v^ = 

2andtl Jy {1 -f^^-fy"} sin i2nt-Q) +^y {1 -^-if} sin Q 

+ |ey sin {Snt -co — ^) -\'\ey sin (n^ — cw + SJ) — fey sin (n^ + a; — gj) 

IF ^ sin (n^ - ro - S3) + ^c^ sin {hit - 2a; - Q) I (236) 

+ iX {«' - i}^} sin (2n^ - 2co + £3) =p ^e^ sin (2n^ - 2ft> - £3) 

- -^f sin (4n^ - ZQ>) t ^J^y^ sin (2n^ - 3Q) + 1>^ sin {2nt + 2a> - 3fi3) 

+ icVsin(2tt>-Q)| 

This equation will give the value of r^ dd^ cos 6^ cos v^ by using the lower 
signs and changing mi to cos in the second member. 



Equations (194) and (230) will give 

cZr,sin<?, = arid^ii^^^("'"^)~*^"^'(2n^'""^~^) 

I + e'y cos (ni — Q) — 6*y cos {Znt ~ 2(o 



-o)}- '^'l 



If we multiply this by the value of sin v^ given in equation (221), we 
shall obtain . 

dr^ sin 0^ sin Vj = 



andt I \€Y sin (n^ -\- co — ^) -\-\ey sin (w^ — a> + Q) — -J^ sin {^nt — ca — Q) 

±\eyQin(nt — w — Si)+e^ sin (2?!^ — Q,) — |e^ sin (^nt — 2w — Q) 
- Je^ sin (2a; - Q) ± J^^sin {27it - 2a; - Q) -f Jc^sin (2ne - 2a; + Q) I 



^. (238) 



This equation will give the value of dr^ sin 0i cos v^ by using the lower 
signs and changing sin to cos in the second member. 



Adding equations (236) and (228), we get 
{2ri dd^ cos 0^ sin t?i + d7\ sin ^i sin vj = 

2a7idtJiy {1 -^"-fy"} sin (2nt - S3) + Jy {1 -^ ~ if} sin S3 

+ f^y sin (3?!^ — a; — S3) + fey sin (n^ — a; + S3) — |ey sin (ni + a; — S3) 

H= ^ey sin (n^ — ce; — S3) + 2c^ sin (4n^ — 2a; — S3) 

+ b {3^ -y^} sin (2n« - 2a; 4- S3) =P i^V sin {2nt - 2a; - S3) 

~ ^f sin (4n« - 3S3) =P 3^^/ sin (2/1^ - 3S3) + \f sin (2n^ + 2a; - 3S3) I 






(239) 



This equation will give the value of 2r, dd^ cos d^ cos v^ + dvy sin dy sin Vi by 
using the lower signs and changing sin to cos in the second member. 



DEVELOPMENT OF THE PERTURBATIONS. 



87 



We have thus developed all the factors of equation ( B ) which are aflfected by 
the signs of integration, and equations (195) and (221) will give for the value of 
the factors, without the sign of integration, the following expression : 



VI+7 



cos Oy^ sin Vy = 



(240) 



-e{l+y^ + \f} sin (o+^{l-^ + \f} sin (SM - 2a)) 

±i^ {l + i^ + i4 + iy*} sin {nt-2co)^\f {l-^(^-\f}Qm{nt-2a) 

+ if{^-W-b^} sin (^^ + 2ce>~2Q)-i}^{l-ie»-i}^} sin (nt-2w+2Q) 
+ f e* sin (Ant - S(o) ± ^ sin {2nt - 2>io) 
± \ef sin {o) -2^)-\ef sin (3o> - 2Q) 

q: ^sin(2n^-w-2^)+ie}^sin(2n^+^«>-2Q) -\efmi{2nt-Zio^-2Q) 
+ f||6^ sin (5ni - Aio) ± yf^* sin {2>nt - 4w) + ^^^V sin {Znt - 2SJ) 
- A^ sin (3n^ - 4re> + 2Q) ± ^V^ sin {nt - 4^«> + 2Q) 
^eV sin (3n^ - 2co - 2Q) =hsV/ sin (n« + 2io - 4g3) 
5^7* sin {nt — 4cu + 4Q) + j-|^/ sin (n^ + 4ce> — 4g3) 



V'l +7 
This equation will give the value of — ^2. cos d^ cos v^ by using the lower 

V^l-"? 
signs and changing sin to oa« in the second member. 



Equations (120) and (221) will give 
tan di sin Vy = 

±^y{l- \f} cosQ T iy {1 -46*} cos {2nt - Q) 

T ey {1 - ^6*} cos {Znt -(o - Si) ±ey {1 - ^e^} co& (nt + (o- Q) 

± ^y^cos {2nt - 2io + SJ) =p |/cos (2n^ -f 2<«> - 3^) ± |r* cos (4n^ - 3Q) 

qi -1^€^ cos {4nt — 2f«> — ^) :+: fg^ cos (2ft> - ^) T i^ cos (n^ — a; + Q) 

± i-ey^ cos {Snt -3(o + Si) ±^ cos (5n^ — ft> - 3gJ) 

T fey* cos (3n« + a> - 3g3) ± i^y* cos (n^ + 3ft> - SQ) 

ip ffe'y cos (5n^ — 3a> — Q) — ■g^c'y cos (ti^ — 3(o + Q) 



^. (241) 



This equation will give the value of tan 0^ cos Vj by using the lower signs 
and changing cos to sin in the second member. 
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Lastly, we get from equation (126) and (221) 



8in V 



I 



— I {1 - ^e^} Bin nt + 2e {1 - fe*} sin (2nt - a;) =f |6« sin {rU - 2w) 

+ -^e^ sin {^nt - 3o>) + ^ sin (37ii - 2io) =p y sin {2nt - 3ft>) 

- ly* sin {Znt - 2Q) =p \f sin (n^ - 2Q) + \f sin (n^ + 2ft> - 2Q) 

- ly* sin (ne - 2co + 2Q) - ^ sin {^nt - «i - 2SJ) 
=P ^sin {2nt -a)-2Sl)+\ef sin (2n^ + w - 2Q) 

-Jey* sin (2n^ - Zio + 2Q) di ^ sin («i - 2gJ) I 



.• (242) 



J 






cos I?, 



This equation will give the value of ^ by using the lower signs and 

changing sin to co« in the second member. 



15. Having completed the development of all the functions which enter into 

dr dd 

the values of — and — , we shall now develop equations (B), (C), and (D) in a 

dt dt 

more convenient form for actual computation of the perturbations. For this pur- 

vT+7 
pose we shall observe that equation (B) contains the term ^- /xe cos Oq 

cos d sin [v — w), which is not multiplied by the disturbing forces ; but since v 
and d denote the true values of the longitude and latitude of the moon, they must be 
equal to the elliptical values of these quantities increased by the effects of the 
disturbing forces. We shall therefore put v = Vi + {dv\ and = 6^ + (Sff), (Sv) 
and {dO) denoting the complete values of the disturbing forces. If we now put 

— — , and — ^— for the parts of the preceding term arising from the values of (Sv) 
dt dt 

and (SO), respectively, we shall have 



dd r V\ H- y* 

* *-^^ fie COQ0Q cos 01 {cos (Vj — w)(Sv)—^ sin (v^ — w){dvy} 



dt 



Va/x{i-^ 



— — = ^^ — :^:^- fie cos ^o sm d^ sm {v^ — io)ioO) 



y . (243) 



In like manner if the corresponding parts of equations (C) and (D) be repre- 

. J , dd,v dd^v dStO , ddJi , n i 

sented by — ^— , -- -, — ^, and — ^, we shall have 

dt dt dt dt 
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dt r^dV ' r^dt^ ' r^dt^ ' 

^^ = + 2 ^ tan /?, (dff) + ^ {39)* - 4 ^ tan <?i (dr){3e) 
dt dt dt dt 



(244) 



^ = - 2 JgL gy) +3 My..(SrY-A^(STf-Z ^°^' ^^"^ ^° ^' (MV<?^) 1 



— e") tan ^, ,» > ,» ^ 



di 
dd£^_ V^^jI^T^^ tan \ sv)-\ ^' (i?r)H 2 ^°^(^~^) 



(245) 



In the calculations it will bo found convenient to denote by 5r, ^, and 
the terms of perturbation arising from the first power of the disturbing force ; 
and by ^r, Sh), and ^^, the terms arising from the square of the disturbing 
force, and so on; then we shall have 



[dr) ^8r + S^ + yr + etc., 
(dv) = dv -\-3^ + dh + etc., 
(86) =-dd + 3^0 + 3^0 + etc. 



. (246) 



We shall now put 
door ( dry dd^r dd^r 



dt 



-{ 



dt^ dt ^ 



dt 



}{ 



VTTy 



Va(i{l-e) 



~^J \ dv ) 



+ 



1+f 



\Af) 



dt 



+ etc 



■) 



. (247) 



Also, 



COS ^ COB t? = c. cos 3 



'— cos ^ sm V = c, sm a 

7^{d0 sin ^ sin V — dv cos ^ cos v) = (^ cos )9 
r^{d0 sin ^ cos v + dv cos ^ sin v} = c, sin ^ 

2rdv cos /? sin t; — dr = c^ sin ^ 

cos 

2rdv cos^ cos v + dr = c, cos ^ 

costf 

{2rd^ cos + dr sin 0} sin v = c^ sin ^ 
{2rd0 cos + dr sin 0} cos v = c^ cos ^ 



• (248) 



} . (249) 




(250) 



} . (251) 
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If we substitute these quantities in equation (B), and put 



d5,r f 1 _ Vl+f 
dt 



zs^J\dv] 

/dS^\ rfV f I _ ^\±?_^ Cl^-\dt \ 
\ dt } dt I Vau(i-^W\dv) ) 



(252) 



— 1 



(252') 



dd.r dd.r 
dt dt 



(252'0 



we shall have 



dr dvi dd^r 
dt dt dt 



/dd,r\ 



dd^r dd.r dr. ddr 

_2_ I 3_ __ . L I 

dt dt dt dt 



(253) 



dr 



for the complete value of - ; ri denoting the elliptical value of the radius vector. 

dt 



If we now put 



dd^ 
'dT 



r^cos* 



OS* eJ\dv } ' 



(254) 



we shall hare 



dv dvi dd^v dd{o dd^v _ <£v, ddv 
di^~di^~dr^~dr dt ~ dt dt' 



(255) 



Lastly we shall put 

ddji _ sini; 



/{ 

cosv r ( 



(dR\ . / 
v\ — I -sin V I 



tan d coQvl -—- I - 



dR\^ 
ddj] 



dt 



tan tf sin v( -_— i + cos 



\dv / 



(dB\\ 
;os V I - - I > 

\dd )i 



. . (256) 



dt 



and we shall have 



dd__dli dd^ dSjd^ d8^_dd^ ddd 
dt~~~dt dt dt dt ^ dt dt' 



(257) 



CHAPTER III. 

PERTURBATIONS OF r, t, AND B ARISING FROM THE FIRST POWER OF THE 

DISTURBING FORCE. 

16. We shall in this chapter develop the perturbations of the moon's radius 
vector, longitude and latitude, in so far as they depend on the first power of the 
disturbing force. The following terms of the equations given in the preceding 
article will therefore give the required precision. 



dd^r VT+y^ dr^ r( dR 



sm-' 



dd{r 
dt 



dt VafAl-^) dtJ \ dv 
dli\ 



VafJL 






dd^r VI ^-f 



dt l>'5/i(I^~?) 

dt " i/a/i(l-e^ 

dd,v_ 1 r(dR\^^, 

dt r^*cos^0,J\dv ) ' 



- /£e cos ^qIcos 01 cos {v^— <o)dv} 



— fjte cos 0q sin d^ sin {v^ — <o)d0 



dd{v dv, ^ 

==-2— .\^r, 



dt 



Tydt 



'^''' = 2^tand,dd; 



dt 



dt 






dt 



ji j < tan ^, sin u, / 



'dvr''^'{-de)} 



dd^e 



dd, 



dt r^dt ' 



dSJ 



dt 



2^— '>^g/<(l — O tan ff| 



dv. 



n 



(258) 



(259) 



(260) 



(261) 



(262) 



> •> (263) 



(264) 
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m 



an 



n. We shall first give the development of equation (258). The value of ( — ) 

\dv / 

is given in equation (219) ; and if we multiply it by dt and take the integral, we 

shall obtain 

/(f)*= 

+ i^e'* + |€V 4- feV} [9.9088263] cos 2{nt - n't) 

- e{l - ^ - fe'' - If} [9.72 1 1 859] cos {3nt - 2n't - 10) 
+ e{l-^- fe'* - ^f} [0.7235905] cos {nt - 2n't + w) 
-f 6'{l-|^-i«'^-i}^}[9.59O5857]cos(2n«-n'e-fl>0 

- e' { 1 - 46* - J^'* - \f} [04708 1 5 2] cos (2nt - Sn't H- (o') 

- e*{l - |e* - fe'* - Jr"} [9.5905858] cos (4ne - 2n't - 2w) 

+ e*{l -f e'* - J y* +iV^} [1-3990922] cos 2(n'^ - lo) 

- 6'*{1 - ffi" - ^5^'^ - \f} [0.8748583] cos (2n^ - 4n'^ + 2a>') 
+ y^il - ¥^ - ¥^ - if] [8.6874958] cos (4ne - 2n't - 2Q>) 
+ f{l-\(?-^'^-if] [0.575 1 834] cos 2{n't - SI) 
-}^{1- H^* ~ ¥^ ~ fy^} [9-3067663] COS {2nt - 2n'^ -t- 2io - 2Q) 
+ 7*{1 - H^^ - f^'" - It*} [9.3067663] COS (2n^ - 2n't - 2a> + 2£3) 
H- ee' {1 — ^ - ie'* - iy*} [9.4089059] cos {Znt - n't -to- w') 

- ee' {1 - ^ - ■^'* — iy*} [0.3859475] cos (n^ - n'^ + 01 - ft>') 
+ ee'{l - T^ - J^'* - Jt*} [1.3076450] cos (n^-3n'^ + CO -t- ft)') 

- ee'{l - ^e" - J^'* - \f} [0.2768230] cos {Snt - 3n't -(o + at') 

- ef [9.8205005] cos {nt — 2n't — co + 2Q) 
+ ef [9.064345 1] cos {5nt — 2n't — oi — 2Q) 
+ ef[g.i 191 259] cos {Snt — 2n't — 3(o 4- 2Q) 
+ €y*[o.i2i5305] cos {nt—2n't + S(o — 2Q) 

- ef [9.663 1939] cos {Snt — 2n't + 10 — 2Q) 

- ey* [9.6895747] cos {nt + 2n'^ — w — 2Q) 

- ey [8.3781096] cos {4nt - n7 - to' - 2Q) 
+ ey [0.943 1 601] co8(3n'^— ft>' — 2£3) 
+ ey [9.2400838] cos {int - Sn't + w'- 2Q) 

- eV [0.575 1 834] cos (n'^ + ft>' - 2Q) 

- ey [8.9885257] cos {2nt - n'^ - 2ft> - ft>' + 2Q) 
-ey [9.8687552] cos {2nt - Sn't + 2(o + w' - 2^) 

{OontUwed on ths next page.) 



(265) 
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H- eV [8.9885257] cos {2nt - n^t + 2i& - to' - 2£5) 
+ e'f [9.8687552] cos {2nt - Zn't - 2io + co' + 2Q) 
4- ee'* [1.7370405] cos {nt - 4?i'i + («> + 2r<i') 

- ee!^ [0.6740186] cos [2»nt - 4n'^ - ^e> + 2cu') 
+ e^e' [9.281 1996] cos (4ni - n't - 2(o - «>') 
+ e^e' [1.7670689] cos {Sn't - 2ru - wO 

- e*e' [0.143 1738] cos (4ni - Zn't — 2(o + (o') 

- e^e' [1.3990922] cos (n'i — 2(o + w') 

- e» [9.5080426] cos (5n^-27i't-3^e>) - e" [9.5804302] cos {nt+2n't-3io) 

- e'* [8.1778736] cos (2yi'^ + n't - S(o') 

- e'' [1.2 105879] cos {2nt - 5n'< + Sw') 

- e* [9.46005 84] cos {6nt -~2n't-iio) -e* [8.6396 1 3 1 ] cos (2n<+2n'^-4ai) 

- e'* [8.4635218] cos {2nt -f 27i7 - 4ai') 

- 6'* [1.5080329] cos {2nt - 6n'^ + W) 

- / [7.778817 1 ] cos {&nt - 2n't - 4Q) 

+ y^ [8.3864658] cos (int - 27i't + 2w - 4Q) 

- / [8.7047063] cos (2nt - 2n'< + Ao) - 40) 
+ y^ [8.2 1 36443] cos {2nt + 2n't — 4Q) 

+ eV [8.9885258] cos (4n^ - 2n't - 4<o + 2Q) 

+ «V [0.7970322] cos (2n'« - 4tio 4- 2Q) 

+ «V [9-3016959] cos (6ni - 2n't -2io- 20) 

- eV [8.81 57043] cos (2n^ -i- 2n'^ - 2io - 20) 
+ e'V [1.2035723] cos (4n'^ - 2io' - 2Q) 

+ e'V [9.6341252] cos {int - ^n't + 2(o' -20) 

- e'V [0.2727983] cos {2nt - 4n't + 2(o + 2f«>' - 20) 
+ e'V [0.2727983] cos {2nt - 4n'^ - 2«> + 2a>' + 20) 

- c^e" [0.5372152] cos (4n^ — 4n'^ — 2co + 2(o') 
+ 6*e'* [2.027481 1] cos (4?i'e - 2(0 - 2w') 

- ee'' [8.0070329] cos {Snt -f n'^ — ft> — 3w') 
+ ee'* [8.940643 f] cos {nt + n't + co — 3ce>') 
+ ee'^ [2.1022582] cos {nt — 5n't -{- w + Z(o') 

- ee'^ [ 1. 00241 31] cos {Snt — 5n't — w + 3(o') 

- ^e' [0.097 1 2 1 4] cos {nt + 3n'^ — 3^0 — (o') 
+ ^^ [9-3086199] cos {nt + n't — 3^0 + to') 
-f e^e' [9.2003663] cos {5nt — n't — ^co — w') 

- ^e' [0.0588606] cos {5nt - Sn't - 3(o + €o') 

{QmUtmedw the ntxipap9») 
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+ f-ey [9.6151630] 

— 66y [0.2 1 882 10] 
+ eey [94828575] 

-6e'}^ [9.8236155] 

— eey [0.6083225] 
+ 66 V [9.3509139] 

— eey [0.4625469] 
+ ee'f [9.6747430] 

-eey [9.7838875] 

— eey [8.8068459] 

+ eey [0.7355482] 



cos (5ni - 
cos (3n^ - 
cos (n^ — 

cos i^rd - 
cos (nt + 
cos i^ni - 
cos {nt — 
cos (Snt - 
cos {nt — 
cos (Znt - 
cos {nt — 



+ ^Y [94177643] cos {nt + 



- Sn't -(0 + to' - 2Q) 

- Zn't + ft> + a*' - 2Q) 
n't -10- to' + 2Q) 

-n't—iO"io'-2^) 
Zn't -lo-oi' - 2Q) 
-n'^ + ru-w'~2Q) 
3n'e - fo + €o' + 2Q) 

- 3n'^ - Z(o + ru' + 2Q) 
n't + 3ro - w' ~ 2Q) 

- n'^ - 3ai - w' + 2Q) 
3n'^ + 3w + ai' - 2^) 

n't-w + to' - 2Q) I 



+ :^ / - {1 + 2e^ + 26'^ - J^y* }[9.6077963] cos {nt - n'O 

— {1 - Ge" - 6e'* - 1>^} [9.8269450] cos Z{nt- n't) 
+ e [8.9885 257] cos {2nt - n'e — co) 

— e [1.0980622] cos {n't — (o) — e [9.8721070] cos {int — 8n't — ro) 
+ e [0.6768697] cos {2nt — Sn't + co) — e' [9.5740313] cos {nt — (o') 

— e' [0.121 5305] cos {nt—2n't-\-(o') ~e' [0.5404797] cos {Snt — 4n't-¥a}') 
+ e' [9.8 1 80959] cos {Snt - 2n'^ — w') + 66' [8.97 197 1 3] cos {2nt — oi— ro') 

— ee' [1.2741534] cos {2n't — w — w') 

+ ee' [9.4828575] cos {2nt - 2n't — ^o + €o') 

— ee' [0.5797675] cos {4nt — 4n'^ — ^o + ^o') 

— ee' [0.6589488] cos {2nt — 2n'i + 10 — €o') 
+ ee' [9.8635870] cos {^nt — 2m,' t — ru — w') 
H- 66' [ 1. 3945 3 19] cos {2nt — ^n*t -\- (o + to') 

+ 6* [9.283967 1 ] cos {8nt - n'^ — 2(o) + 6* [9.68 1005 8] cos {nt -f n't - 2ft>) 

— 6* [9.866975 1 ] cos {6nt— 8n't—2io) — 6* [ i .236 1 504] cos {nt-Zn't-\-2io) 
—6'* [9.68 10058] cos (n^+ n't- 2to') - e'^ [0.505 58 16] cos {nt-Zn't^-2io') 

— e'^ [8.9037558] cos {int - n't - 2a)') 

— e'^ [1.05442 14] cos {int — 5n't + 2(o') 

+ f [0.0709766] cos {nt + n't — 2Q) — y* [9.6027260] cos {8nt — n't-2Q) 
—f [8.7447063] cos {nt — n't — 2io 4- 2Q) 

— f [8.7047063] cos {nt — n't + 2<o — 2Q) 



(265) 



PERTURBATIONS OF THE RADIUS VECTOR. 



95 



— f [0.2584269] cos (nt - Sn't + 2gJ) 

- f [9.4036762] cos {Snt - Sn't + 2(o- 2Q) 
+ f [9.4036762] cos {Snt - 3n't -2(o + 2Q) 
+ II A" ^, cos («"« - i9'0 I 



. . (265) 



In finding the preceding integral we have supposed that n' = 0.0748013 n, 
according to observation. The numbers in brackets are logarithms. 

If we multiply the value of CI — \dt by — ^ we shall have the 



value of - .— . Now we have 



dt 



VYTy^ dvi _ 

vrT?dt 



= an 



I c{l + ^ + ^f} sin {nt - to) 

+ e* {1 - -^ -h It*} sin 2 {nt - co) + fe' sin 3 {nt 
H- f c* sin 4 (72^ — 10) 



-c.) 



. (266) 



Hence we deduce 

ddnT m 
at fA 



= a — n{ — e {0.4053184 — 3.80278986^ — i.oi3296e'* 

H- o.ioi3296y*} sin {Snt — 2n't — (o) 



+e{o.4053i84+i 1.833696*— i.oi3296g'*+o.ioi 3296)^} sin(n^-2n'^+a>) 
+6* { 2.9089427 + I I.033O96'— 7.272357e'*+o.72723S7j^} sin 2 {nt—n^t) 
— e*{o.6684396 — 4.8104916* — 1.6710996'* 

H- 0.16710997^} sin (4n^ — 2n't — 2co) 
+6*{2.240503i— 0.1273056*— 5.601 2586'*+0.56oi258y*} 8in2(?^'^-ft>) 
+66' {0.194337 1 — 1.7730426* — 0.02429216'* 

H- 0.04858427*} sin {Snt — n't — ru — «;') 

— ee' {0.1943371 + 12.199866* — 0.024392I6'* 

+ 0.048 5 842^*} sin {nt — n't + (o — «') 

— ee' {1.478377 - 14.3598796* - 3.247156'* 

+ o.369594y*} sin {3nt — Zn't — a» + «;') 
+ ee' {1.478377 + 26.678786* — 3.247156'* 

-f 0.3695947*} sin {nt — 8n'< + a> + oi') 

— 6^ (0.91 34414) sin {bnt- 2n'tSw) + 6^(14.72304) sin {nt^-2n't-Zio) 

— ef (o. 1 256777) sin {Znt — 2n't + a) — 2g3) 
+ 6y* (1.778650) sin {nt - 2n't -co + 2Q) 

(CbnMntctfd on the nextpOffe*) 



> 
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+ ef (0.02434814) sin {hut — 2n't -10 — 2Q) 
+ ef (1.879980) sin {nt + 2n't — w- 2^) 
+ ef (0.1013296) sin {3nt - 2n't - So; + 2S3) 
-r ef (o. loi 3296) sin {nt - 2n^t + Zco - 2Si) 

- ee'* (3.748248) sin (Sn^ - 4n'^ - co + 2w') 
+ ee!^ (3.748248) sin {nt - ^n't + w + 2w') 

- eV (1.344151) sin {2nt-n't-w') + e«e' (i 1.09927) sin {2nt-Zn't-Vw') 
+ ^e' (8.67s 10) sin (37i'^~ 2io - co') - e^g/ (1.021618) sin {n't-2a} H- w') 
H- e^e' (0.3225335) sin (47ie - n't - 2fo - co') 

- e^e' (2.424164) sin (4?i^ - 3n'^ — 2ro + (o^ 

- ^^e'^ (6.108664) sin (4n^ - 4n'^ - 2(o + 2^0 
+ e^e'^ (29.65086) sin (2nt - 4n'^ + 2io') 

+ ^e'^ (23.54219) sin (4n'^ - 2io - 2^') 
+ ^e' (0.4423621) sin {6nt — n't — Z(o — 10') 
+ g'e' (37.73444) sin {nt H- 3n'e - 3a; - (o') 

- eV (3.304215) sin {bnt — 3?i'e - 3«; + co') 

- e^e' (13.53053) sin (^^ + ^'^ - 3w + w') 

- ee'^ (0.00753084) sin {Znt + ?i'« -co- 3w') 
+ ee'^ (0.00753084) sin (n^ + n'^ + co ~ S^oQ 

- ee'^ (8.12003s) sin {Znt - bn't - ce; 4- 3a>') 
+ ee'' (8.12003s) sin (ri^ - bn't + w + 3to') 

- e* (i. 1928420) sin (6n^~2n'jJ-4w) + e* (i4.7790s)Bin(2n^+2n'^~4«i) 

+ eV(o.389S4Ss)8in(4n^-2n'<~2S5) + eV2(o.oi52Si7)8in2(7i7-Q) 
+ eV (0.0823330) sin {&nt - 2n't - 2(o - 2Q) 

+ ^f (0.867338) sin {2nt - 2n't + 2«) - 2Q) 

+ «V (1-635330) sin (2n^ + 2n't - 2a> - 2^3) 

+ ^^ (1483472) sin {2nt ~ 2n't - 2io + 2Sl) 

-f eV (o. 167 1099) sin {^nt - 2n't - 4w + 2Q) 

+ eV (0.560125) sin {^n't - 4ft> + 2Q) 

H- €6y (0.06063835) sin (3n^ — n't-\-co — io' — 2Q) 

- e^y (1.83 1 284) sin {nt — n't — 10 — ro' + 2Q) 

- c^y (0.456501 1) sin {Snt — 3n'^ + (o -{- w' — 2Q) 
+ eey (4.017027) sin (ti^ — Snt — co + w' + 2S3) 

- eey (0.0 1 194207) sin {5nt — n't — (o — 10' — 2£3) 
+ ee'f (4.38662 1) sin {nt 4- Sn't -lo-w'- 2Q>) 

+ ee'f (0.0869068) sin {but - Sn't - (o -^ w' - 2Q) 

(Cbn/uiu«d on tht next page*) 
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- ee'y* (1.879980) sin {nt + n't-w + w^- 2SJ) 

- eey (0.04869628) sin {SrU -n't-Zw-a)' + 2Q) 

+ eey (0.3695943) sin {nt - Sn't + Sco + o;' - 2^) 

— eey (0.04869628) sin (nt - n't -i-Zw-w'- 2Q) 
+ eey (0.3695943) sin {Snt - 3n't -3a) + w' + 2Q) | 

+ a n< —e (0.2026592) sin (2nt—n t—o)) — e (0.2026592) sin Mt—o)) 

— 6 (0.337765 3) sin (4ni — Sn'^ — ro) + e (0.337765 3) sin (2n^ — Sn'^ + tt>) 

— ^ {6,1 1 5301) sin {nt — n't) + c* (2.74842 1) sin 3 {nt — n't) 

— c^ (o. 1 5 39629) sin {Znt — n't — 2io) — c* (6.469264) sin (n^ + n't — 2ft>) 

— (? (0.7 10223 1 ) sin {6nt — Sn'^ — 2w) — c* (2.03^8 1 98) sin {nt— Sn't + 2a)) 

— ee' (0.1875000) sin {2nt — w — w') + ee' (0.1875000) sin {w — «>') 

— ee' (0.666456) sin {2nt — 2n'i — 10 + w') 

— ee' (0.666456) sin {2n't — w — «') 

— ee' (1.735600) sin {Ant — An't — €0 + w') 
+ ee' (1.735600) sin {2nt - An't + fl> + «;') 
+ ee' (0.328901 5) sin {Ant — 2n't — lo— w') 

— ee' (0.328901 5) sin (^nt — 2n't + «i — w') I 

— -] is given by 

equation (218). It contains the terms — |e'* and — fe^ cos 2{io — Q), which 
are independent of the co-ordinates of the sun and moon. These terms are func- 
tions of the time, and may be represented generally by the single term h' cos 
{»U — ^')j in which /t', «', and ff' are constant. We shall also put 



ee'cos {hp - 

ee' sin {(o - 

ey {1 + ie» + |e'^ 



ft,') = h" cos {»"t 
w') = k" sin («"^ 
- f ^} sin (a> - «) 



h, sin («,^ 



-?:), 



e'y sin (<tf'— Q) = A„ sin («^,t — ^,/) ; 



^ (267') 



and shall use these values instead of the equivalent terms in the expressions of 
the forces 



\drf\ dv f \dd) 
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The value of c^ cos /9 ia given by equation (228). If we therefore multiply 
equations (218) and (228) together, we shall obtain the following development : 



[drj 



CjCOSjS 



+ 1^ -. 2^e'y + Wy'} COS nt 
± ^ {1 - |c*+f6'*— Jy*} co8(2ni-ro) IF Je {l~ie«4-f6'«- Jy*} cos w 
It f6' {1 - e" + K* - if} cos {nt 4- n't - io") 
± |e' {1 - e* H- !«'* - if} cos (n^ -n'^ + ft>0 

±^{l^^ + ie'^-2f-i^}oos(3nt-2w) 

+ ^{l'\-Sfe' + ie'^'-if-i^}co8{nt-2€o) 

± l^'* {1 - c* + ie'^-if} X30S (n«+ 2n'« - 2foO 

±ie'^{l-^ + ie'*-if} cos (n^ - 2n'^ + 2ft>') 

^l^e' {l--|e* + |e'*-:J}^} cos (2n^ + n'« - w - <u') 

- 1€6' { 1 - i€* + 16'* - -J}^} cos (n'e - re; - roQ 

± fee' {1 - |c* + |e'* - ;J7*} cos (2ne - n't -€0 + w') 

=F fee' {1 --^ + ie'^-if} cos (n'e + w- a;') 

±lf {I ^1^ -j- ^'^ - ^f} cos{3nt-2Q) 

+ if{l-^'^ie'^-if}cos{nt-2a) 

=*= Ay" {1 + ¥-^ + |e'« |y3} cos {nt + 2ro -- 20) 

^^f{l+^ + ie'^-if} cos (n^ - 2(0 + 2g2) 

di \e^ cos (47i< - Sco) -f ^ c» cos {2nt - 3w) ± fj^'^cos {nt + Zn't - Zo)') 

± ||€'* cos (n^ - Zn't + 3fo') d: ^V^'* cos (2ne 4- 2n'^ -co- 2co') 

- -J^'* cos {2n't -co- 2(o') ± -^'^ cos {2nt - 2n'^ - re; + 2io') 
=?: IJee'* cos (2n'^ + 10- 2w') dr ^c^e' cos {Znt + n'^ - 2a> - w') 

4- ^g^e' cos (n« + n't - 2re; — co') ± -^^e' cos (Snt - n't - 2r«; + a;') 
+ -^^e' cos (n^ — n't — 2ri; + w') ± f^ey* cos (4n^ — re; ~ 2Q) 
+ iey* cos (2n^ - ce> - 2Q) ip |^ cos (2n< + r«; - 2gJ) 

- A ^ cos (re; - 2a) q: ^^^ COS (3re> - 2Q) ^: -^^ COS (2n<- Sre; + 2^) 

d: -j^y cos {Znt + n'^ - re>' - 2Q) + fe^* cos {nt + n'e - ro' - 2^3) 
± T^V COS (3ne - n't + re;' - 253) + fe^ cos {nt - n't + ro' - 2S2) 

^V cos {nt + n'^ - 2re; - to' + 2^) 

^y cos {nt - Ti'e - 2re; + re;' + 2^3) 

{Omiiimtd on (A« next page,) 
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+ 

+ 
± 

+ 
+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



^ e!f cos (n« + n't + 2to -io' - 2^) 

^*f cos (rd - n't + 2co + a;' -2Q) ± ff eg'* cos (2ne+3ri'e - co-Zco') 

^- ee'* cos {Sn't -w- So^O ± -jfee"* cos {2nt - 3n'^ - ro + 3w') 

J^ 66'* cos (3n'^ + 10- Zo)') ± ^6*6' COS {4t7d + Ti'^ - 3fe; - ro') 

^ e^e' cos {2nt + n'e - 3<o — to') ± \e^e' cos (4n< - n'« - 3fti + ^u') 

^e'e'cos(2ne-n'^-3ci> + ro') ±||€*e'2cos(3ne + 2n'i-2co-2a>') 

•^e^e'* cos {nt H- 2n'^ - 2io - 2w') 

||e*e'* cos {Snt - 2n'i - 2^i; + 2«i') 

^e'^cos(n^-2n'^-2ft> + 2fi>') ±^e'Vcos(3n^+2ri'<-2a>'-2g^) 

^'Vcos(n« + 2n'^-2w'-2g3)±^e'Vcos(37i^-27i'« + 2c«;'-2S2) 

^'V cos {nt - 2n'^ + 2(o' - 2Q) 

^ e'V cos (nt + 2n't - 2(o - 2«;' + 2Q) 

^e'V cos (ne - 2n'^ - 2co + 2io' + 2Q) 

^e'V cos (n^ + 2n'^ + 2io - 2w' - 2^) 

^'V cos (ni - 2n'^ + 2to + 2fo' - 2Q) ± i}^ cos (6n« - 4ro) 

^1^* cos (3n^ — 4w) ± J^'* cos {nt + 4^'^ — 4ro') 

1^'* cos (ri^ - 4n'« + 4«i') dt VlW cos {but - 2fi; - 2^) 

^^ cos (371^ - 2o> - 2Q) + xk^ cos (n^ - 4fi> H- 2g5) 

•^e^^ cos {Znt - 4<o + 2Q) ± f}€e'>^ cos (4n^ - n't -io-\-w'- 2Si) 

^eey cos {2nt - n'e - co H- ^o' - 2Q>) 

^eeY cos (2n^ + n't -\-co- co' - 2Q) 

■^'f cos (n'« H- fo - co' - 2Si) ± ^eeY cos {^nt + n't -co- w'- 2Q) 

■^ee'^ cos (2n^ + n't — €« — w' — 2Q) 

^^^Y cos (2nt -n't -\- lo -{■ to' - 2Q) 

^ee'f cos (n't - ro - w'H- 2Q) q: ^e'y* cos (2nt +n't - 3ro - co'+ 2^) 

^ee'y^cos {2nt - n't - 3a> + to' + 2a) ±: ^^y* cos (3rit + 2a> - 4^) 

^y* cos (nt + 2€0 - 4^) - -^^ cos (3nt - 4^) 

yf^y* cos (nt + 4fe> — 4Q) =f yj^y* cos (nt — 4«> + 4Q) 

f {1 - 9e* - fe'* - }y» + 12e* + f|e'* + ■J^jZ^e^e'* 

+ ¥«'V + ¥^' + If/} cos (3nt - 2n't) 
J{1 - c»-f6'»-}y« + ^e* + ffe'* 4- f^^e'^ 

+ ^'V + f eV + \\y'] cos (nt - 2n't) 

^e {1 - -^ - f e'^ - Jy"} cos (4nt - 2n't - ft>) 
|e {1 - 1€^ - 16" - f y*} cos (2nt - 2n't - co) 

^e {1 - ff ^ - ¥^ - }y'} cos (2nt - 2n't + w) 
|e {1 - ^ - f e'* - \f} cos (2n't - ro) 

(CbnKntted on <A« next page,) 
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+ |e' {1 - 9e» - ^'» - |y*} cos {Znt - n't - «.') 

- |e' {1 - e* - ie'* - ^f} cos {nt - n't - a>') 

± ye' {1 - 9e* - W«^ - 1)^} cos {3nt - 3n't + «.') 
+ Ve' {1 - e" - W«" - ly"} COS {nt - Sn't + w') 

± W«* {1 - We' - 4e'* - If* - 7^5' 1 cos (5n< - 2n't - 2<o) 

+ ^ { 1 - fe" - fe'* - 1)^} cos (3n« - 2n'< - 2«) 
d= ^ {1+ ifLe« - «e'« - |yS} cos (n« + 2n't - 2«) 

± ^c'» {1 - 9e» - V^e" - |y»} cos (3n« - in't + 2(o') 
+ Jy-c'* {1 - e* - V^e" - |y*} cos {nt - in't + 2(o') 
±if{^-M«'-i«"-if} cos {nt + 2n'< -2Q) 
± VVy* {1 - V^* - 4«'* - f}^} cos {nt - 2n't + 2Q,) 
±-hf {^-^-¥'*-if} cos {Snt - 2n't + 2a)- 2Q) 
+ Ax* {1 - H^ - fe'' - if) cos (n< - 2n't + 2«» - 2Q) 
=P Ay* {1 - W - 4«'* - fy*} COS {3nt - 2n't - 2<o + 2Si) 

- Ay* (1 - 24e» - le" - if) cos {nt - 2n't - 2w + 2Q) 

- ^y« {1 - Ji^ - ^^ - if} cos (3n< - 2n'< - 2fiJ) 

qr :^eg' (1 - ^ - ^e« - ^f} cos (4n< - n'< - « - «') 

- -^e' {1 - fe* - K* - if} cos (2n« - n'< -to- to') 

^z X^^' {1 _ me» - J^e** - 1>^} cos {2nt - 3n'< + « + «»') 

=P f|ee' {1- -gle* - J^e'* - |y*} cos (3n'< - w - «') 

± j^ec' {1 - ^ - Jg^'* - |y*} cos {4n< - 3n'< - « + «') 

+ Wee' (1 - f e* - Vir'«'* - |y*} cos {2nt - Zn't -io + w') 

± f^' {1 - f|e* - ic'» - if} cos {2n< - n'< + «» - «') 

± ^ee' {1 - ^ - ^e'» - |y*} cos {n\ - w + «') 

± ^y\^ cos (6n< - 2n'« - Zto) +^ cos (4n« - 2n't - Zio) 

- 1^ cos {2n't - 3«) ± T^'* cos (3n< + n'< - 3«*') 

+ ^'» cos {nt + n't - 3m') ± ^e'* cos {3nt - 5n't + 3a>') 

+ %^'* cos {nt - 5n't + 3co') ± ^ef cos {^nt - 2n't + W-2Q) 

+ M«y* cos {^nt - 2n't + <o - 251) ± ff «y* cos (2nt - 2n't — « + 25i) 

q: ^ef cos {2n't + (o - 2Q) =f: ^ ef co6 {4nt - 2n't - 3m + 2Si) 

- -Refects {2nt - 2n't - 3w + 2Q) qi |f ey* cos {2nt - 2n't + 3<o- 2Si) 

=^ -hef cos {2n't - 3to + 2Q) ± ^ ey* cos {2nt 4- 2n't -to- 2Q) 

- A «y* cos {2n't - a) - 2Si) - ^ ef cos {4nt-2n't -to-2Si) 

(Oomtinued on the not page,) 
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± f^ ey cos {nt + Zn't - o>' - 2Q) ± i^Y cos {nt - 3n't + f<>'+ 2g3) ' 

ip -j^y cos {nt + n'^ + o)' - 2g3) 

=P ^y cos(n^-n'^- a>'+ 2Q) ±^eVcos(37i^-n'i-2^ci-a>'+2Q) 

4- ^ey cos (n« - n't -2co-a)' + 2Q) 

Hh ||eV cos {Snt — 3n'e + 2o; + fl>' - 2Sl) 

+ fJeV cos (ni - 3n't + 2o> + ci>' - 2Q>) 

ip ^^y2 ^Qg (3yj^^ _ ^/^ + 2o> - a;' - 2fl) 

- ^y cos (n« - n'^ -^2(0-0)'- 2Q) 

=p fjey cos {3nt - Sn't - 2co + to' + 2Q) 
- 1^ ey cos {nt - Sn't -2(0 + to' + 2^) 

- H ey COS (3ni - n'^ + a>' - 2Q) + ^ ey cos (37i^ - n't -w'- 2Q) 
q: ^ ee'^ cos (2ni - 4n'e + w + 2 w') qi -ij^ eg'* cos {^n't -co- 2a}') 
±^ 2^ ee'* cos {^nt - ^n't -io + 2o>') + 1^ ee'^ cos (2n^ -4n'^ - w + 2w') 
zp Jgi^ e^e' cos (5ne - n't - 2to - co') - -^ ^e' cos {int - n'iJ - 2a> - ^o') 
± f} e^e' cos (n« + Zn't - 2co -co')±:^ e'e'cos {nt - 3n'^ + 2o> + lo') 
± 1^ eV cos {6nt - ?>n't -2a) + w')+ M ^^' ^os (3n^ - Zn't -2a) + w') 
^-^^e' cos {nt + n't -2a) + co') q: f fe^e' cos (n^ - n't -\- 2(o - w') 

± 4^e^ cos {7nt - 2n't - 4:(o) + ^^e* cos {5nt - 2n'^ - 4<o) 

qp ^ e* cos (371^ + 2n't - 4w) - -^^e* cos (n< + 2n'^ - 4a;) 

± ^e'* cos {3nt + 2n't - 4a>0 + ^'* cos (n^ + 2n't - 4:co') 

± ig|V^ cos (3n^ - 67i'e H- 4to') + -4|^e'* cos (n^ - 6n't + 4:(o') 

±^/coa{3nt-2n't+4:a)-AQ) + -^y*cos{nt-2n't + 4:a)-^Si) 

± ^y* cos {Snt + 2n't - 4Q) - -^y* cos {nt + 2n'^ - ASi) 

- ^y< COS (3n^ - 2n't H- 2a) - 4£J) q= yfy/ cos (n^- 2n'^ -2^*; + 4^) 
± fy^ cos (71^ + 2n't + 2a> - 4a) - -B^^y^ cos {nt - 2n't - 4:io + 4Q) 
± ^y* cos {Znt - 2n't - 4a; + AQ) qi |f|ey cos (5n< - 2n't -4:(o + 2Q) 

- ^ey cos (371^ -2n'i ~4ai + 2Q) ± i^^^^y cos (n^ + 2n't-i(o + 2Q) 
:+: Ifl^y cos (n^ - 27i'^ + 4to - 2g3) ± ff|ey cos {5nt - 2n't - 2Q) 
± -^^f cos {int H- 2n't - 2ai - 2Q) + xf-ff^ cos {n^+ 2n't-2io - 2^) 

- Hi«V cos (571^ - 2ai't -2a)- 2Q) ± T^ee'^ cos (4/1^ + 7i'^ - a; - Zio') 
+ y^'» cos (271^ + 7i'^ - a; - Z(o') qp y^^ec'' cos (27i« ^n't + o)- Zio') 

- ^ee'^ cos (7i7 + a; - 3coO qi ^^ee'^ cos (27i^ - Sti'^ + a; H- 3a;') 
q: i^^^e'* cos {5n't -w- Sco') ± ^^^e'^ cos (47i^ - &n't -a) + Zco') 

- i^ee'* cos (271^ - 6n't - a; + 3a;') ± ■^e'e' cos (27i^ H- 37i'^- 3a; - co') 

- ^ H cos (37i'^ - 3^0 - o)') rp -^e! cos (27ie + n't - Zto + o)') 
+ ^e' cos {n't -Za) + o)') ip -^^e' cos (671^ - n't - 3a; - a)') 
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-y^e' cos {4nt - n't - 3ai - w') ± ^^e' cos {6nt'-3n't-'6a} + w') ' 

+ W^«' cos (4^ - 3^'< - So; + ft>') 

± i||J:e*e'2 cos (5ni - ^n't -2(0 + 2o>0 

+ i^e^e'" cos (3ni - 4n'e - 2o; + 2o>') ± |^ e«e'*cos {nt+ in't- 2a) - 2a>') 

-j- J.||Ve'^ cos (n« - An't + 2o> + 2a}') 

± i^e'Y cos (371^ - An't + 2ft> + 2o>' - 2Q) 

4- lie'V cos (n^ - ^n't + 2a) +2a)' - 2^) 

It f^e'V cos {nt + 4?i'^-2o>' -2S3) ±fie'Vcos (ne-47i'« + 2fl>'+2gS) 

zp i^e'V cos (3n« - ^n't - 2ft> + 2£o' + 2Q) 

- ^ e'V cos (n^ - 4n'e - 2ct; + 2io' + 2Q) 

- tt^'V cos {Znt - 4n'« + 2co' - 2SJ) 
-i- fJ^eeV cos {^nt - 3n't -{- (o + w' - 2Q) 
+ m ee'fcos {2nt - 3n't -^ a) + w' -2Q>) 
If -^^y cos {2nt - n'e - a; - «;' + 2Q) 
± -^ eeYcoQ (n't + fl> + ft>' - 2Q) 
±ieeY cos (6n^ — n7 — fl> — c«>' — 2Q) 
+ VfeeV cos {4:nt -n't- w - w' - 2Q) 
± mee'f cos (2nt - 5n't - ft> + co' + 2S3) 
qr Iffeey cos (3n'^ + o> - ^o' - 2Q) 
q; Hfeey cos (4ne - Sn't - 3(o + co' + 2Q) 

- ^yi^eeV cos (2n^ - Sn't -3a)-{-a)' + 2Q) 
± ^ee'f cos {2nt - n't + 3(o - w' - 2Q) 
± j^ee'f cos {n't - 3w + to' + 2Si) 
± ^ee'f cos (4ne - n'^ -Zo)- (o' + 2Q) 
+ j^e'f cos (27ie - n'i -3a)- to' + 2Q) 
H=^y^ee')^ cos (4ri^ — n'i + co — lo' — 2Q) 

- .^^fcos {2nt -n't + o)- lo' - 2Q) 
zf ff^y cos (27i« - Zn't + 3^0 + co' - 2Q) 
=P l^^V COS {Zn't -3a)- €o' + 2Q) 

hF ^V^Y cos (271^ + n't -€0 + o)'- 2Q) + -^ee'f cos (n'e - cw + fl>'- 2f2) 
H= H^y cos (2n^ + Sn't -to- to' - 2Q) 
- ^ee'f cos (3n'e -to- co' - 2Q) 

- J^ ^Y cos (4n^ - 3n't -co^- to' - 2Q) 

- -h^^Y cos (n'« - 3o; - a>' -f 2Q) T ^eey cos (n'i + 3a> - a;' - 2^) 

di ^A' {cos {nt + »'« - iSO + cos {nt - ^'t + ^9') } | 

[Oonittnued on <A« ti«ai< pa^) 
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+ m« — ndJ ±tV{1 - 3c* + 2e'« - 3f} cos {2nt - n'O 
a' I 

it ^{1 + c* + 3e'* - 3f} cos n'e ± ^e' cos {2nt - co') 

± •^' cos fl>' ± f|€' cos {2nt - 2n'i + lo') ± ^e' cos (2n'i - a>') 

q= ^ cos {nt + n't — ft>) q^ fje cos {nt — n't + (o) 

± -f^ cos (3n^ — n't — <«>) — ^ cos (n^ — n'^ — w) 

- ^ cos {2nt - n't - 2ti;) q; ^ cos (27i^ + n't - 2w) 
+ ff6» cos (n't - 2w) ± T^'* cos (2n« + n'^ - 2(o') 
+ ^^^ cos {n't - 2co') db f^'* cos {2nt - Zn't + 2o}') 
± ffje'* cos (37i'« - 2io') H= 1^' cos (n^ + a> - a>') 
± 1%^' cos (72^ — fo -f ft>') ± ^f^' COS (3n^ — <o — w') 

- V^ cos (n< - CO - «i') q: -^f cos (2n^ - n'^ -2fo + 253) 
d: "^y* cos {2nt - n'i + 2fti - 2Q) ± ||y* cos (4n^ - n't - 2Q) 
+ Ay* cos {2nt - n'< - 2£3) db ||>^ ^^g (2n^ + n't - 2SJ) 
+ ^f cos (n'e - 2Q) T |A"cos (n^ + *"e - ^") 
rp |A"cos (ne - »"t + ^'0 ± IHl ~ 15^ - 6e" - X*} cos (4n« - 3n'0 
+ 1|{1 ~ 3e2 - 6e'* - y*} cos (2n« - Zn't) ± ffe cos (bnt - 2n'i - fl>) 
+ Ife cos (3n^ - 3n7 - w) ^: ||6 cos (3^1^ - in't -V w) I (268) 
~ ff 6 cos (n^ - 37i7 + w) ± \\e' cos {^nt - ^n't + fl>') 
H- If e' cos (2n^ - ^n't + co') t Ifc' cos (4n« - 2n'^ - w') 

- Ifc' cos (2n^ - 2n't - (o') ± ^z^ cos (6ne - 3n'^ - 2io) 
+ -He* cos {^nt - 3/i'e - 2co) ± ^-^ cos (2n« - Zn't + 2^o) 
±: ^e" cos {in't - 2€o) ± .^'^ cos (4ni - n'e - 2co') 
+ T^'* cos {2nt - n'i - 2tu') ± ^^e'^ cos (4ni - bn't + 2co') 
+ SW«'* cos (2^ "" 57i'« + 2io') ± ^ee' cos (5n^ - ^n't ~ <o + ^i;') 
+ ^ee' cos (3n^ - 4n'^ -(o^-a)')±i |f ec' cos (3n^ - 2n't + io — 10') 
+ ffc^' cos (nt — 2n't + a» — oi') q= ^ee' cos (5n^ — 2n'^ — w-'(o') 

- Ifee' cos (3ni — 2n't — w —o)') =p ^^^^' cos (n^ — ^n't -\- to +<«>') 

- ■^^' cos (n^ - 4n'^ + a» + w') ± ^' cos [Znt - 27i'« - ^i; + ce;') 
Hh H^' COS (ni + 2n't — w — 10') qp fjee' cos (nt — 2n't + w + cd') 

- •^' cos (Tii - 2n't -io-\- io') ± ^f cos (2nt - 3n'^ + 2Q) 
± ff }^ cos (Sn't - 2Q) ±: ^y* cos (^nt - 3n'^ + 2(o - 2^) 
+ H y^ cos {2nt - Sn't + 2co - 2Q) t |f }^ cos (^nt - 3n'e - 2a> + 2Q) 

-^j^cos (27i< -3n'^- 2ro H- 2gJ) - ify^cos (4n^ - 3n'i - 2^) I 

This equation will give the value of c, sin j9 | — — J by using the lower 
signs and changing co* to wn in the second member. ^ 
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The development of Cj sin /? ( — - j is obtained by multiplying equations (219) 
and (234) together. Therefore we get 

+ 3^e'* + ^ey + iey} cos (3n< - 2n't) 

+ ^^6" + yy + le'V} COS {nt - 2n't) 
q= Vc { 1 - -^ - f e'* - |y*} cos (4n< - 2n't - m) . 

+ |e {1 - H«* - !«'* - ^f) cos {2nt - 2n't - to) 
± ^e {1 - J^ - f e'* - ^y] cos (2n< - 2n't + to) 

q: V« {1 - i«* - ie" - ^y*} cos (2n'« - w) 

±y' {l-^-{e!*-^f} cos {Znt - n't - a>') 

-|€' {1 - |e» - ^e'* - \f} cos (tU! - n't - wO 

q: ^e' {1 - J^ - W«'* - ix*} cos {Znt - Zn't + to') 

+ ^' {1 - |e» - JgV*'* - i?^} cos {nt - Zn't + to') 

+ f|«* { 1 - W«* - W«'*- «*/*+ TMir ^ } cos (5n« - 2»'< - 2«.) 
+ \^{l-ie'-ie'*-^y>-i^^]coB{Sht-2n't-2to) 

± ^ {1-^'* - ^f + \^} cos(nt + 2n't - 2to) 

+ fiH* {1 - W«* - K - Hy* + ^ ^ } cos (n< - 2n'< + 2«») 

q: ^e'» {1 - J^ - J^e'* - iy*} COS (3n< - 4»'« + 2<u') 

+ JSjLe'* {1 - 1€» - Jji^'* - ^)^} cos (n< - 4n'< + 2<o') 

± .^y« {1 - JL|V - 4e'» - y*} cos (5n« - 2n'< - 2£2) 

_ ^y* {1 - J^ - |e'» - }^} cos (3n« - 2n'< - 2Q) 

± ^y* {1 -|«« - |e'* - y*} cos (?«; + 2n't - 2ZS) 

r:^ -^-f {\-^i - \^ -f\ cos {nt - 2n't + 2a) 

q: ^y» {1 - i|V - 4e'*-y*} cos {Znt - 2n't + 2fo- 2^) 

+ A/ {1 - H^ ~ 4«'* ~ f) cos (w< - 2n't + 2w - 2Q) 
± ^y* {1 - :^e* - f«'* - y*} cos {Znt - 2n't - 2o» + 2gS) 
- ^f {1 -1|V -|e^ -y*} cos (n< - 2n't - 2w + 2^) 

{Omtinwod on Uu next page,) 
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± ^eef { 1 - ^^ - ie'2 - ^f] cos (4ne -n't-o)- co') 

± ^ee' { 1 - J^^ - J^e'^ - ^^f} cos {2nt - Zn't -V to + m') 

zp J^^' {1 - J^^ ~ J^e"-f>^} cos {^nt - 3n't -co + w') 

+ ffee' { 1 - He* - jy^e'* - ^f} cos (2n^ ~ Sn'^ -(o+ w') 

qz ff ee' {1 - ^^ - \e'^ ~ ^f} cos (2n^ - n'^ + ai - o>0 

±f^ee' {l-^-i^'^-M cos (n'^ - a> + fi^O 

qi ^e/ cos (2ni - 2n'^ - oi + 2g3) ±: -^^ cos (2n'^ + oi - 2^) 

± 1^^ cos (6n^ - 2n't -(o- 2g2) - ■ffey' cos (int - 2n'^ - w - 2Q) 

It f^ cos {4nt - 2n'^ - 3fl> + 2Q>) - -^fey^cos (2n^ - 2n't - 3a> + 2^) 

± Jgi^ cos {2nt - 2n't H- 3a) - 2Q) =^ fjey* cos (2n'^ - Zio + 2Q) 

z^ 1^^ COS {^nt - 2n'i + fl> - 2Q) + I^Q^cos (2?i^ - 2n'^ + oi - 2Q) 

±: ^€y2 cos (2ni + 2n't -(o- 2Q) + ffey^ cos {2n't -a}-2Q) 

q= ^ey cos (571^ - n't -w'- 2Q) + ^'f cos i^nt - n't -m' - 2Q) 

±. ^e!f cos {nt + 3n'^ - io' - 2Q) q: ||cy cos (n^ - 3n'« + a;' H- 2Q) 

± If cy cos (5n^ - 3n7 + «>' - 2Q) -|i^y cos (3n^ - 3n'i + fl>' - 2fJ) 

H= A«V cos (71^ + n'^ + w' - 2Q) ±: ^e V cos {nt - n'^ - a*' + 2Q) 

hF ^Vy cos (3?2^ - n't - 2<o - ^o' + 2Q) 

+ A^y cos (n^ - n'^ - 2w - co' + 2Q) 

=F Wf cos (Sne - Sn'^ + 2w + co' - 2Q) 

+ ii«y cos (n^ - %n't + 2tci + to' - 2Q) 

d: ^y cos (3n^ - n'^ + 2io - ^u' - 2Q) 

- -^cV cos (n« - n't + 2fci - co' - 2Q) 

dz f |cy cos (3n« - 3n'^ - 2^o + to' + 2Q) 

- f^y cos (n^ - 3n'i~ 2o> + w' + 2Q) 

± ^ee'* cos (2n^ - ^'t + o; + 2^«>') q: ^z^'* cos {^n't -w- 2^;') 

qi A^e'^ cos (471^ - 4n'i - <o + 2co') 

+ ^ee'^ cos {2nt - An't -W + 2(o') 

± ffe'e' cos (5nt - n't - 2io - w') - ^e' cos {3nt ~ n't - 2ai - lo') 

± Ife^e' cos {nt + 3n't - 2io - <o') =p ^^e' cos {nt - 3n'e + 2«> + w') 

=F W^«' cos (5ni - Sn't - 2^i; + w') 

+ ^^e' cos (3ni - 3n't - 2co + w') 

=F -^e^e' cos (n^ + n't — 2«> + w') ± ^^e' cos (n^ — n't + 2(0 — m') 

q= W^' cos (6n^ - 2n7 - 3w) + |€» cos {4M - 27i7 - 3a)) 

± ^ cos (27ie 4- 2ffi't - 3a)) + -}^ cos (2n'^ - 3€o) 

(Cbn/<AMed on (Ae next page.) 

* 

u 
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: ^'» COS {Snt + n't - Zto') + ^e'» cos {rti + n't - Zo)') 
■■ W«'* cos {5nt - 5n't + Sat') + ^e'» cos {nt - 5n't + Zm^ 
■■ ^jV^* cos {7nt - 2n't - 4«») + ^^e* cos {5nt - 2n't - 4«») 
: ^^* cos {Znt + 2n't - 4«) + r^^\e* cos (nt + 2n't - 4«») 
: ■^* cos (Snt + 2n't - 4tt»') + ^'* cos (n< + 2n't - 4w') 
^^* cos {3nt - 6n't + 4a»') + -4fAe'« cos (w< - 6n't + ^o>') 
■ ^y* cos {7nt - 2n't - 4Q) + ^y* cos (5n« - 2n't - 4Q) 
ij^X* COS (ZtU - 2n't + 4w - 4SJ) + ^f^/ cos (n< - 2n't + 4«»-4Q) 
•^y' cos {5nt - 2n't + 2to - 4gJ) - y^y* cos {Znt - 2n't + 2to - 4fiJ) 
^Iib/ cos (Snt + 2n't - 4Q) - ^y*' cos (n< + 2n't - 4Q) 
Tfry* cos {yd + 2n'< + 2« - 4Q) - -jfy)-* cos {nt - 2n't - 4a> + 4a) 
^y* cos (»rf - 2n'< - 2«» + 4Q) + ^Ir/ cos {Snt - 2n't - 4a» + 4^) 
HfeVcos {5tU - 2n't - 4w + 2Q) 
■i^^V«V cos {Snt - 2n't - 4o> + 2Q) 

yl^cos (n< + 2n'<-4«* + 2Q) + fM«Vcos(n<-2n'<+4<a-2a) 
HJeVcos (7n< - 2n't - 2m - 2S3) 
H|eV cos (5n< - 2n't - 2« - 2Q) 
jlyeV cos (3n« + 2n'< - 2a> - 2gJ) 

tH«V cos (n(! + 2n't - 2« - 2^) ± |^'y cos (n< + An't - 2<o'- 2gJ) 
: W«'V cos (7i< - An't + 2<o' + 2g3) 
: W«' V cos (5n< - An't + 2w' - 2Q) 
fi«'V cos (3n« - 4?i'< + 2«' - 2Q) 
-V^e'V cos {Snt - in't + 2(o + 2m' - 2S3) 
^'Y cos {rd - 4n't + 2<o + 2m' - 2Q) 
J^'V cos (3n< - 4u'< - 2m + 2«)' + 2Q) 
|i€<V cos (n< - 47i'< - 2m + 2<o' + 2g3) 
-4|Ve'* cos (5ra< - 4n'< - 2w + 2<«»') 
^A'* cos (3n< - 4n'< - 2m + 2«') 
J^^e'* cos {id + 4n'< - 2m - 2m') 
^l^e'' cos {id - An't + 2m + 2m') 

j^^" cos {Ant + n't-m- Sto') + T^ee'^ cos {2nt + n't-a>— Sat') 
T^^" cos {2nt + n't + m- Sm') - j^'* cos (n< + « - 3a)') 
^^^"' cos (2»« - 6n'< + m + Sm') t J^^'* cos {5nt-a>- Sm') 
^^^ce'» cos (4»< - 5n't -m + Sm') 
•^^ee" cos {2nt - 5n't - a» + Sm') 
|fe»e' cos (2»< +3n't - Sto - m') + i^e' cos {Sn't -Sa>- m') 

(CbHMmmi on M« nextpagt.) 
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^e' cos {2nt + n't - 3«> + w') - -Jfe-V cos (n'e - 3w + w') '] 

^^e' cos {&nt - n't - 3o; — a>0 - iV^e' cos (4ne - n'i - 3fl> + a>') 
i^fVe' cos (6n^ - 3n'^ - 3o; + o;') 
f|e*e' cos (4n« - 3n'^ -Zo} + «>') 
i^^ZgLeeV cos (6ne - 3n'^ - o; + a*' - 2gJ) 
If le^V cos (4n^ - 3n'i - a» + ai' - 2Q) 
yf^eey cos i^nt + n't-o} + w'- 2gi) 
.^i^y cos {n't -io + Q}'- 2gJ) 
^eeV cos {Ant - 3n'e + ai + «>' - 2Q) 
J^^y cos (2n^ ~ 3n'« + a; + a>' - 2a) 

: IJee V cos (2ne -n't-o)-o}'+ 2^) T ift€6y cos {n't + a> + a»'- 2S3) 
lll^ey cos {&nt -n't-fo-o}'-' 2Q) 
f^eeV cos {Ant -n't-to-w^- 2Q>) 
mee'f cos {2nt + 3n'« - a; - oi' - 2gJ) 
mee'f cos (3n'^ - <o - oi' - 2Q) 
^ee'f cos (4n^ - n'« + «> - ci>' - 2Q) 
IJee V cos (2ne - n't + co - o>' - 2^) 
i^eey cos {2nt - 3?i'e - <o + a»' + 2^) 
I Jee V cos (37i'i + a* - «i' - 2Q) 
mee'f cos (4n^ - 3n'i - 3a> + oi' + 2Q) 
^eeV cos (2n^ - Sn't - 3«> + oi' + 2S3) 
tH^V cos {2nt - n't -t- Sco - w' - 2Q) 
^y^eeV cos {n't -3(o + a}' + 2g3) 
^eg V cos {Ant - n't -3(0-0}' + 2Si) 
ji^ee'f cos {2nt - n'e - 3o; - a>' + 2Q) 
|4f66y cos (2ne - 3n't + 3«> + ai' - 2Q) 

Iffee V cos {Zn't - 3fl> -- a;' + 2gJ) I 



+ m'—ndti^i{l-'2e' + 2e'^-^f}coQ{2nt'-n't) 
a' I 

± 1(1 + 6^ + 2e'* - ^f} cos n'e =p ^ cos (3n« - n'^ - w) 
— -^e cos {nt — n't — <o) =f ^4^ cos (n^ + n't — w) 
± If 6 cos {nt — n't + (o) zp |e' cos (2n^ — a>')±:^ cos ai' 
f6' cos {nt - 2n't + <o') ±: fe' cos (2n'^ - w') 
^^ee' cos (3?i< — a> — <tf') — ■^ee' cos (?i^ — «> — fti') 
ff ee' cos (n^ + 2n'^ — o> — oi') ib f |ee' cos (ni — 2n't + a; + a;') 

(Cbn/uittMf on (Aa nexipagt.) 
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± -^ee' cos {nt + w — w^ d: ^fe«' cos (nt — ai + (o^) 

^z ^ee' cos {Znt - 2n^t - fl> + oi') "" ^W cos (ni - 2n't - <o + ^n') 

+ -^e* cos {^nt - n't - 2io) - ^^ cos {2nt - n't - 2a>) 

— ^e* cos {2nt + n't -2a))-^^ cos {n't - 2io) 

hF He'' cos {2nt + n't - 2a)') + ||e'* cos {n't - 2a}') 

zp J^'* cos {2nt - Sn'^ + 2^') ± J^e'* cos (3n'^ - 2a}') 

±l\fco^{2nit + n't-2a)-^fcos{n't-2Q>) 

zp ||y3 cos {^nt - n't - 2Q) 4- ^f cos (2n^ - n't - 2£J) 

± -^f cos (n'e + 2a) - 2Q) t ^y^ cos (2^1^ - n't + 2a; - 2Q) 

zp i^(l - 1362 _ 6e'' - f) cos (4n^ - Zn't) 

+ ^^{1 - 46^ - 6e'' - 7^} cos {2nt - 3n'0 

q: -^^ COS (5n^ — 3?i'^ — tt)) + 14^ cos (3nt — Zn't — a>) 

± ^^ cos {Znt - Zn't + €!>)- J^ cos (ri^ - 3n'« + co) 

q: "^' cos (4n^ — 4n'^ + ft;') + ^' cos (27i^ — ^n't + «>') 

dz -i^e' cos {4tnt - 2n'^ - co') — ^e' cos (27i^ -- 2n't - <e;') 

qi Y^ cos (6ne - 3n'^ - 2a>) + ^^ cos {int ~ 3?^'^ - 2w) 

qp ^e^ cos (271^ -- Zn't + 2€t;) it ^^c* cos {Zn't - 2ft;) 

=F ^e'^ cos (4ne - Ti'i - 2ft;') + ^'^ cos (2/1^ - n't - 2ft;') 

rp ifJAe'* cos (4n« - 5n'^ + 2a}') + i|f^e'* cos {2nt - 5n.'i + 2ft;') 

q= ^^ee' cos (5n^ — 4:n't — co + w') + -^-ee' cos {Znt — An't — ^o + lo') 

qp ^^^' cos (3n< - 2n't + a; - a;') + J^ee' cos {nt - 27i'^ + <«; - ^o') 

± -^ee' cos (5n^ — 2n't — a; — ft;') — ^fee' cos {Znt — 2n'i — a; — to') 

± m^ee' cos (3n< - ^n't + (o-\- co') - ^ee' cos (n^ - 4n'e + a; + a;') 

± |fA"cos (n^ + a"t - ^9") t |f A"cos {nt - a"t + ^9") 

=F M X^ cos (2/1^ -3n'^ + 2Q) ib Ify^ ^g (3^^ _ 2Q) 

=p If }^ cos {^nt - 3n'^ + 2ft; - 2Q) 

+ My* cos (2n^ - Zn't + 2ft; - 2S2) 

± {|y* cos {^nt - 3?i'^ - 2(o + 2Q) 

- My* cos {2nt - 3/i'^ - 2ft; + 2Q) ±: M}^ cos (6n^ - Zn't - 2£^) I 



. 
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This equation will give the value of c, cos /9 ( — ) by using the lower 
signs and changing cos to sin in the second member. 
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In like manner equations (220) and (239) will give 

"ffi^ndt I + |y*{l - »^e» + K - W) «» (S'l* - 2S3) 

+ f)^{l -^ + ^'*- ^f) cos {nt - 2^2) ± J{eV - i/} cos nt 

q: llcy* cos {2nt + w - 2Q) =P |ej^ cos {2nt - w) ± fey* cos « 

- -tley* cos (w - 253) q: feV cos (3n« + n't - m' - 2Q) 

=P fey cos (3n<- n'C + «'- 2Q) + |«y cos (n< + n'« - w' - 2g3) 

+ |e V cos {nt - n't + w' - 2 Q) =p ^ey* cos (4n« - w - 2gJ) 

+ ^ey" cos (2rae - w - 2Q) - |y* {e* + i^*} cos (n< - 2w) 

q: ||cV cos (5ji« - 2«* - 2Q) + 1 y* {e« - f y*} cos (3n< - 2«*) 

=F H«V cos (^ + 2w - 2Q) q: ^eV cos {n< - 2w + 2Si) 

+ ^^ cos {Snt - 2w - 2p) + ^y* cos (3n« - 4^) 

+ ^y* cos (n< + 2(0 - 4Q) + -^y* cos (3n< + 2w - 4tSi) 

q: lle'V cos (3n<+ 2n'(!- 2w'- 2^) q: H«'V cos (3n<- 27i'«+2a»'- 2Q) 

+ ^eY cos (n< + 2n't - 2w' - 2Q) 

+ ^e'y cos (ne - 2n't + 2<o' - 253) 

q: ^j. eey cos (2n< + n't — <o- to') q: ^ee'/ cos (2n« - 7i'< - ft* + wO 

4- -^eeV cos (n'< — w — to') ± -^^"f cos (n'< + <«> — w') 

± Jj^eV cos {2nt - n't 4- w + w' - 2Q) 

± ig^^cy cos {2nt + n'< + w - w' - 2^) 

=P M««V cos {n't -to- to' + 2Q) -if eeV cos (n'< + a> - a>' - 2fi3) 

=P ^ee'f cos (4n< + n'« - «» - «' - 2^) 

q: l^ecV cos (4n< - n'< - w + to'- 2Q) 

+ A««V cos {2nt + n'< - w - to'- 2Q) 

+ ^reeV cos (2re< - n'« - w + w' - 2Q) 

=t f y' {e* - \f} cos (3n< - 2n't) - |y* {e* - -^^y} cos (ti* - 2n't) 

q: |y* (1 - 25e» - fc" - {f] cos (5n< - 2n'< - 2^) 

^\y*{^-\^- V^ - iy*}cos {nt + 2ji'!! - 2Q) 

+ fy* { 1 - Jj^e* - f e'» - |y*} cos (3n< - 2?i'« - 2g3) 

± |y» {1 -fe*--fe"-|r'} cos (n« - 2n'< + 2£3) 

=F l^ey* cos (6n/! - 2n't -to- 2Si) + -^ey* cos {2nt - 2n't - to) 

q: ^ef cos {2n't - to) ± |f ey* cos {4nt - 2n't + to - 2Q) 

=P ^r«}^ cos (2n< + 2n't -to- 2Q) ± ^ey* cos (27i« - 2n'< + re») 

q: ■^ey*co8 {int - 2n't - to) + ^|ey*co3 (4n< - 2n't -to- 20) 

(Oonlimied an tke nsxtpagt.) 
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- Hey* cos (2n< - In't + «> - 2Q) - ||ey» cos (2n'< - a -2g3) 
± i^cas> {2nt - 2n't -a> + 2Q,)± ^^ cos (2n't + to-2Q) 

± ^Y cos (5nt - n't -at'- 2Q) ± ^y cos {nt + n't + w'- 2S3) 
+ He'f cos {5nt - Sn't + «.'- 2Q,) zp f^y cos (nt + 3n't - w'- 2Q,) 

- T^y cos (Bnt - n't - w'- 2Q) + ^'/ cos (nt - n't - to' + 20) 
+ H«y cos {3rU - 3n'< + to'- 2Q) ± ^y cos (n« - Sn't + w'+ 2Q) 
^ W«V cos (7n< - 2n't - 2<o - 2Q) 

+ Ay* {«* - 1?^} cos (3n< - 2n't - 2<o) 

+ {li/ - -h^) cos (n< - 2n't - 2« + 2gJ) 

+ (HeV + A/} cos {^ni - 2n'< - 2«>) 

=P A«y cos (3ne + 2n't - 2« - 2Q) 

=P { A«V - A/} cos [rd - 2n't + 2w) 

+ ffeV" COS (5ri< - 2n't - 2w - 2^) 

± il«V cos (3n< - 2n't - 2w + 2Q) 

± { A«V + A/} cos {nt + 2n'< - 2w) 

+ A«Vcos {nt + 2»'« - 2to - 2Q) q: n^^ cos (3n< - 2»'< + 2to - 2Q) 

+ H«V cos (n< - 2n'« + 2« - 2g2) ± ^y* cos (7n< - 2to'< - 4Q) 

=P Ay' cos (3n« + 2n'< - 4Q) =f ||y* cos (5n< - 2w'< + 2w - 4Q) 

+ Ay* cos (n< + 2»'< + 2w - 4Q) + ^^y* cos {td + 2n'« - 4^) 

+ ^y' cos (3n« - 2n't + 2a>- 4Q) q: ^y< cos (n< - 2n'< - 2«» + 4Q) 

T fie'V cos (6n« - 4n'« + 2w' - 2^) 

=P fi«'V cos (n< + ^n't - 2<o' - 2Q) 

+ {\e'y cos (3n< - 4n'« + 2«>'- 2Q) ± f^'y cos {nt - Wt + 2o>'+ 2Q) 

- H^Y cos {Gnt -n't — to — to'— 2Q) 

- -i^e'f cos (2n< - n'< - w — «') ± ^ee'f cos (3?i'< + « - to'- 2Q) 
± ^eey cos (4n« - 3n'e + a* + «'- 2Q) 

q: B««y cos (3n'« -to— to') =F |Jeey cos {2nt + Zn't- to- to'-2£i) 

± ^ee'f cos {2nt - Sn't + to + to') 

qp W^'y* COS (6n< — Sn't — to + to' — 2Q) 

+ i^f cos (2n< - Sn't — to + to') 

T ffeey cos {Ant - n't + tu- to'- 2Q) ± ^y cos {n't -to + to') 

± -^ee'f cos {2nt + n't — to + to'- 2^) 

=P A««y cos (2n< -n't + to- to') ± -^'f cos {4nt -n't -to- to') 

- ^ey cos (4n< - n't — to — to'— 2Q) 

- i^^'f cos (2n< - 3n'< + to + to'- 2Q) 

- W««y cos {Sn't -a -to'- 2Q) + ^ee'f cos (47i< - 3n'< -to + to') 



\ • (270) 



PERTURBATIONS OF THE RADIUS VECTOR. 



Ill 



(270) 



+ W^y* c^s {4nt - Sn't - a> + a>' - 2Q) 

=p If ee'y* cos {n't + <o + w'-2Q) +iieeycoQ{2nt-n't + w-w'-2Q) 

+ !^YcoQ {n't - a> + ai'-2Q) T A^V cos (2ri<-n'e-a> - a>'+2Q) 

± HeeV cos {27U-Zn't-o) + w^ -^ 2^) I 

+ m* — nd ^ / qr W cos (4nt - n'e - 2Q) qi f|y» cos (2n^ + n't - 2Q) 
a' I 

=P Hy* COS {6nt - 3n'i - 2Q) =h ify* cos (3n'e - 2Sl) 
-f ff )^ cos (2n^ - n't - 2^) + |f y» cos (n'^ - 2Q) 

+ My* cos (4n^ - 3n'e - 2a) ± Hy*cos {2nt - 3n'e + 2^) | 

-— I by using the lower 
dd J 

signs and changing eoa to sin in the second member. 

If we now add equations (268), (269), and (270) together, we shall obtain the 
following development : 

e.cos^(f) + o,8in^(^) + c,sin^(^)» 

+ j^ey _ ^/y + ||y4} cos n< 
■ ± ie {1 - ^ + ie'* - ^f} cos {2nt - to) 
± !«' {1 - e» + |c'* - |y*}co8 (nt + n't - «') 
± |e' {1 - e» + |c'* - Jy»} cos (nt - n't + «') 

± A** {1 - !«* + K - 4y* + 4} COS (3«< - Sw) 

+ 1^ (1 +¥«* + !«"- ¥y* - 2^} cos (n< - 2«) 

± |e'* { 1 - e» + |e'* - |y*} cos (n< + 2n't - 2w') 

± fe'* {1 - e» + |e'* - Jy»} cos (nt - 2n't + 2to') 

± iee' {1 - y + ^'* - i^/} cos (2nt + n't ~ M - w') 

- fee' {1 -ic« + !«'« - fy»} cos (n't -at-w') 

± |ee' {1 - |e* + |e'* - ^f} cos (2n« - n'f -a> + at') 

q: fee' {1 - i^ + le** - fy»} cos (n't + (o- lo') 

+ |y* {1 -• B«* + 1*" - W} 008 (3n« - 2gi) 

(CbnMittiecf on the netipagt,) 
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+ y* {1 -^ + ie'^-^f} cos {nt - 2Q) 

^■hf {1-W + f^'^-M cos (ni + 2^0 - 2gJ) 

qi tVx' {1 + 9e* + ^'* - if) 006 (nt- 2co + 2Q) 

± f e' cos (4n^ — 3(o) + Ji^e^ cos {2nt - 3«>) 

± ff€'^ cos {nt + Zn'i - Zco') ±. |fe'^ co8(n^ - 3n'< + Zoi') 

dt -^'^ cos (2n« + 2n'i - ro - 2io') - fjee'* cos (2n'i - oi - 2a>') 

it ^'' cos i^nt - 2n'e - fo + 2<«>') q= ^ee!^ cos (2n'« + «i - 2fti') 

± ^e' cos (3ne + 'n/i - 2fti — a>') + ^^e! cos (?i^ + n'^ - 2io - w') 

± ^^e! cos (3n« - n'^ - 2co + ^o') + ^e' cos (n« - n'i - 2a> + a>') 

:;: fey* cos (4ni — ^o — 2S2) + ^^ cos {^nt — m — 2Q) 

± l^cos i^nt + a> -2Q) =P -g^^cos (2n< - 3rcf + 2Q) 

=^ -A^ V cos (3n^ + n't - a>' - 2Q) + fe^ cos (ni + n't - ro'- 2Q) 

^ T^y cos (3ni - n't + <o' - 2Q) + f^V cos (nt - n't + «>' - 2^) 

qi ^y COS (nt + n't - 2ro - to' + 2Q) 

=P ^y cos (nt - n't - 2io + a>' 4- 2^) 

± ^y cos {nt + n't + 2io -w'- 2Q) 

± ^'f cos (Tit - n't + 2co + fo' - 2Q) 

± |f€6'^ COS (2nt + 3n't -co- 3tt>') ± ||€e'^ cos (2nt - 3n't - a> + 3«a') 

- i^e'^ cos (3n't -w- Zio') q: ^/e^'^ cos (3n't + io- Zio^ 

± ^€^6' cos (4nt + n't - 3co — to') + ^e' cos (2nt + n't - 3ft> — w') 

±: \^e' cos (4nt — n't — 3<<; + to') + ■g^ye'e' cos (2nt — n't — 3ai + a;') 

± Ife'c'* cos (3nt + 2n't -2€o - 2fo') 

+ ^e'e'* cos {nt + 2n't - 2io - 2ct)') 

dr l^e" cos (3nt - 2n't - 2io + 2io') 

+ ^e'* cos (Tit - 2n't - 2io + 2w') 

q: fJ^'V cos (3nt + 2n't- 2co'- 2Q) + |€'V cos (nt + 2n't-2<o'-2Q) 

q: l^e'V cos (3nt - 2n't + 2co' - 2Q) 

+ |€'V cos {nt - 2n't + 2a}' - 2Q) 

q: ^e'y cos {nt + 2n't ~ 2io - 2co' + 2Q) 

zp ^'y cos (?it - 2n't - 2(0 + 2fo' + 2Q) 

± -^'Y cos {nt + 2n't + 2f(i - 2(o' - 2Q) 

± -^e'Y cos (nt - 2n't + 2co + 2w' - 2Q) 

dz 4^^* cos (5nt — 4:(o) + "j-f^* cos (3nt — 4f«>) 

d: J^'* cos {nt + 4n't -4fi;') di ^'* cos {nt - 4n't + 4:(o') 

=H H^ cos (5nt - 2(0 - 2Q) + -^^V cos (3nt - 2(o - 2Q) 

± ^j^V COS (3nt ~ 4ai + 2gS) + T^^ey cos (nt -4a> + 2Q) 

(CbnKmterf on the nexipage.) 
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+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



^y cos (int - n't -to + at'- 2Q) 

|eeV cos (2n< - n't - to + to' — 2Q) 

V^y* cos (2nt + n't + o) - to' - 2Q) 

IJeeV cos (n't + to- to' - 2Q) 

lee'f cos {Ant + n't -to- to' — 2Q) 

^y cos (2n< + n't -to -to' -20,) 

■•gijLeey cos i2nt - n't + to + to'- 2fl) 

Jg^cc'y* cos (n't -to-to'+ 2G) 

^y cos {2nt + n't -Zto- to' + 2Q) 

■^ee'f cos (n't - 3w - to' + 2Q) 

^y cos'(2n< - n't - 3to + to' + 2Q) 

■i^e'f cos (n't + 3w - to' - 2Q) qi -^jy* cos (Snt + 2to - 4Q) 

\y* cos (nt + 2to - 4^) + A/ cos (Znt - 4Q) 

yJt)'* ♦'OS (^t — 4<i> + 4£2) ± ff^y* cos (ti^ + 4fi) — 4SJ) 

f {1 - Ge* - 4«'» - iy* + W«' - A«'* + M/ 

+ ^e'* + \^f + |«'y } cos (3n< - 2n'0 
f { 1 - |e» - K - T3;,y« + .^^ + lie" + ^y* 

+ V«*«" + i«V + WY) cos (^< - 2n'<) 
|c {1 - -»^e» - 4e'* - -A-y*} cos (4n« - 2n't - w) 

|€ {1 - V-e* - f«" - Wy*} cos (2nt - 2n't - to) 
|e {1 - JgLe* - 4e^ - -^y*} cos (2nt-^'t + to') 
J^ {1 - Je* - jc'* - ||y»} cos (2n't - to) 
|e' {1 - 6e* - ie^ - Jy*} cos (3ne - n't - to') 
le' {1 - |e* - y* - ^yy*} cos (n(! - n't - to') 
^ {1 - 66* - -V^e'» - iy»} cos (3n< - 3n't + to') 
^' {1 - f e* - i^'* - ^f} cos (n« - Sn't + to') 

^^{1-S^- 4c'» - ^y« + ^ViWa"/' } cos (6n< - 2n'< - 2«) 
If e* { 1 - 1|6^ - 46'* - Jy* - ^^ } cos (StU - 2n't - 2co) 
lie" {1 + Jyy^ - fe'* + ^7* + yb^} cos (n^ + 2n'^ - 2w) 

IJe* {1 - He* - 4e" - -^y* + VV^} cos (nt - 2n't + 2to) 

^'» {1 -6e* --V/«'* - iy*} cos (3ne-4TO'< + 2«0 
■Lfae'* {1 - i«* - W«'* - kfy*} cos (n« - 4n'< + 2«>') 
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^f {1 - tf «*-■!«"- iy"} cos{5nt-2n't-2Q) 

^fW^- f} cos {3nt-2n't-2Q) 

^y^ {1 - f^ - |e'2 ~ f} cos (nt + 2n't - 2Q>) 

-hf m^^ + f] cos {nt - 2n't + 2Q) 

^y* { 1 - ^V - f e'^ - f >^} cos (3nj5 - 2n7 + 2«i - 2^) 

A>^ {1 ~ ¥^ - f ^' - Hr'} cos (n^ - 2n't + 2w - 2£J) 

■hf {1 - W^-"4^''~M cos(3n^-2n'i-2co4-2Q) 

Ay* 1 1 ~ W^ - fe" - H)^} cos {nt - 2n't - 2ro + 2^) 

iee'{l- ^e" - ^'^ - ^f} cos (4n^ - n't- w - ^o') 

|ee' { 1 - ^ - ie'' - ^y'} cos (2ne -n'^ - ^o - ^e;') 

^ee' {1 - -^e^ - J^V* - ^y^} cos {2nt - Zn't -\- <o -\- w') 

^ce' {1 - J^e* - JgS^e'^ - -^^y*} cos (4ni - 3n't -w-^ to') 
^ee' {l-ie'- W«" - -^y*} cos {2nt - 3n't -w + w') 
fee' {1 - V^e^ - ^e'* - ^5^7*} cos {2nt -n't + w- co') 

¥^' {1 - -H^ - i^'* - H>^} cos (n7 -io-h <o') 

^ cos (6n^ - 2n't - 3 w) + 2e' cos (4n^ - 2n'^ -- 3w) 

^e* cos (2ni + 2n't - Z<o) — ^ cos {2n't - 3(o) 

■^ e'^ cos {3nt + n't - Sio') + ^e'' cos {nt + n't - 3(o') 

^^'3 cos (3n^ - 5n't H- 3^0 + if}^e'» cos {nt-5n't + 3fo') 

||e>^ cos {int - 2n'e + w -2Q) + ^^ey^ cos {2nt - 2n7 + <o - 2Q) 

Ifey^ cos (2n^ ~ 2n'^ -w + 2Q>) ± -^ef cos {2n't + lo - 2^) 

^6y* cos (4n^ - 2n'^ - 3to + 2Q) - -^ef cos (2/1^ - 2n'e ~ 3(o + 2fi) 

||ey* cos {2nt - 2n't + 3(o - 2Q) qp ^ey^ cos {2n't - 3co + 2Q) 

■^ef cos (2n< + 2n't - ^o - 2g3) - j^ey^ cos (n'^ - €«> - 2Q) 

■^ef cos (471^ - 2n't -lo- 2^) ± ||e>^ cos {&nt - 2n't -a}-2Q) 

^'f cos {nt + 37i'e - lo' - 2Q) q: -i^'f cas (?i^ 4- n'^ + to' - 2Q) 

^eV cos {3nt - n't - 2(o - w' + 2Q) 

-^e'f cos (n^ - n'e - 2co - lo' + 2Q) 

ll^y cos (3n^ - Zn't + 2ri; + w' - 2^) 

ll^y cos (n^ - 3n't + 2r£> + w' - 2Q) 

^cV cos {3nt - n't + 2w - w' - 2Q) 

•^V cos {nt - n't + 2(0 - f«)' - 2Q) 

■H^y cos (3/1^ - 3n'^ - 2co + w' + 2Q) 

^e'f cos (n^ - 3n't - 2(o + ro' + 2Q) 

■^y cos (5ne - n't - to' - 2Q) db |^y cos (5n< - 2n't + «>'- 2^) ^ 

(ONiKfnied on <^ nfx< poff^-) 
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± l|^e'' cos {2nt - ^n't + to -h 2(o^) =p ^^'^ cos {in't -<o- 2^0 

qi ijLee'2 cos (4ne - 47i7 - <o + 2<w') + ^'* cos {2nt - 4n'^ ~ r«i + 2^00 

± ii^e' cos (5n« - n't - 2co - w') - fje*«' cos (3/ii - n't - 2ai - <i*') 

± i^e' cos (n^ + 3n'^ -2(0- o)') qi ^^^e' cos (nt- 3n't + 2(o + w') 

zp ^^e' cos (5n^ - Sn't - 2ai + «') 

+ ^e'e' cos (3n^ - 3n'^ - 2^0 4- ce>') 

ip ^e^e' cos (7i< + n'e - 2(o -f <e>') ± ^^e' cos (n^ - n'< + 2(o - (o') 

q= ^2^^* cos (7ne - 2n'^ - 4w) + f ^e* cos {5nt - 2n'i - 4w) 

± 3^je^ cos (3/1^ + 2n't - 4w) + ^e* cos {nt + 2n7 - 4<o) 

^ i^!* cos (371^ + 2n't - 4f«>') + ^e'* cos {nt + 2n7 - 4^«i') 

ip 1^1^'* cos (3n^ - 6n'^ + 4^«i') + ^4f^'* cos (n^ - 6n'« 4- 4^o') 

q: ^^^x' cos i^nt - 2n't + 4^£> - 4Q) + ^y* cos {nt - 2n!t + 4c«> - 4Q) 

H= Tj^V cos (3n^ + 2/1'^ - 4Q) + -}^y^ cos (n« + 2?^'^ - 4Q) 

± xf yX* cos {nt + 2n'^ + 2w - 4^) - -rfyy* cos {nt - 2n't - Am + 4Q) 

T ffg>'* cos {3nt - 2/1'^ - 4^0 + 4Q) =f ^y* cos {7nt - 2n7 - 4Q) 

+ irf? 7' cos {5rU - 2n't - 4Q) it -^y^ cos (5n'^ - 2n'^ + 2(a - 4Q) 

± f feV cos (5ne - 27i'^ - 4w + 2Q) 

- ^eV cos {^nt - 2n't - 4w + 2Si) 

± -^eY cos {nt + 2n't - 4w + 2Q) =P |^cV cos {nt - 2n't + Ato - 2a) 
lb iVj^"* cos {^nt + 2/1'^ - 2io - 2Q) 

-f ^l^^-^ cos {nt 4- 2/i'^ - 2rii - 2^) - \\^ cos {hnt - 2n't - 2co - 2Q) 
± HI ^' cos {Int - 2n't - 2(o - 2Q) :+: ^c^'^coa (int -4 n'^ -<o- S(o') 
+ ^ee'' cos (2nt + n'^ - ro - 3fo') ± -^'^ cos (2n^ 4- n't 4- ^e> - 3ro') 

- -^\^e'^ cos {n't ^-(0- Zw') ± ^|f^'^ cos {2nt - bn't i- io-\- Zw') 

T~ ^Pee'3 cos {bn't -<o- Sco') q= ^^ee'^ cos {int - bn't - w 4- Sw') 

■r ^?^ee'^ cos (2ri^ - bn't - ^u 4- 3ro') 

± '^jWe' cos (2/1^ 4- 3/i'^ - 3(o - ^o') =p -^je^e' cos (2n^ -^ n7 - S(o 4- ^o') 

4: ] ^^"^e' cos (6ni — n't - S(o — w') — -^^e' cos {Ant — n't — Zw — ro') 

± :? V'e' cos (6n« - Zn't - S^o 4- ^t>') 

-f A-* ^ A' cos {Ant - 3n't - Zio + w') 

- nf!*'^^'^'^ cos [but - An't - 2io 4- 2(o') 
4 Y'^r/^cos (371^ - An't - 2(o t 2(o') 

''{'^e'^ cos (n^ - An't + 2^.^ -J- 2fo') 
=P Vi^^V cos (3n^ - An't -f 2^r> - 2(o' - 2Q) 
4- i^^e'V cos {nt - 4n'^ 4- 2(o 4- 2^ei' - 2Q) 

(Cbntinued on the next page ) 
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l^e'V cos {nt + An't - 2(o^ - 2Q) 
^e'Y cos {Snt - 4tn't - 2a> + 2a>' + 2Q) 
^c' V cos {nt - ^n't - 2a> + 2coM- 2Q) 
^e'Y cos {5nt - in't + 2a>' - 2Q>) 
meey cos (4n« - 3n't + to + co' - 2gS) 
l^cey cos (2n^ - Zn't + a} + io'- 2Q) 
; ^^eey cos {2nt - n'^ - <i; - a>'+ 2Q) 

3-1^66 V cos (n'^ + fO + d}'- 2Q) 

: -f^fe^ V cos (6^^ — n'^ — a; — to' — 2S3) 

f Ifee V cos {^nt — n't — w — to' — 2Q) 

f^ce V cos (2n^ - Zn't - w + lo' ^^ 2Q) 

^ee V cos {Zn't + (o-a}'-2Q) 

f f e^y cos {^nt - 3n'^ - 3co + (o'+ 2Q) 
l^e^y cos {2nt - Sn't - S^o + w'+ 2Q) 

iieeY cos {2nt - n'e + S^o - w' - 2gJ) 

If ee V cos {n't - 3a> + co' + 2Q) 

^eY cos (4n^ - nU - 3co - co' + 2S^) 

^eey cos (2r?^ - n't -Sw- w' + 2^) 

^ ee V cos (4ne — n't^-m — lo' - 2S3) 

^eeY cos (2n^ - ?i'i + co - co'- 2Q) 

^i-eeY cos (2n^ - Zn't + 3co + co' - 2^) 

^eeY cos (3n'e - 3co - co' + 2^) . 

j^eeY cos (2/1^ + n't -(o + w'- 2Si) 

■^eeY cos {n't - w + w' - 2Q) 

mee'f cos {2nt + 3n'^ - co - co' - 2Q) 

-^ee'f cos (3n'^ - co - co' - 2g2) 

^ee'f cos (4n^ - 3n'^ - co + co' - 2£3) 

mee'fcos {6nt - 3n'« - co 4- (o' - 2Q) 

|6 { 1 - -^e* + f e'* -- |y*} cos co qp -^^ cos (3co - 2Q) 

^ef cos (co — 2Q) H= i (e* — Co^) cos n^ =p -J- ()^ — y^*) cos n^ 

|A'{cos (ne + ^'t ~ i90 + cos (n< - *'^ + ^8')} | 
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f m^ -^ nd^ I±^{l-5e' + 2e'^ + ISy"} cos {2nt - n't) 
a' I 

^ H {1 + ^ + 2e'* - f>^} cos n't ± ^' cos (2n^ - lo') 
zt j|e' cos (o' db ^e' cos (2/1^ - 2n't + co') ± ff e' cos (2n'^ 

(Cbn<<ntMd on ihe next page.) 
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q: f^e COS {nt + n^t -co)^^ cos {nt-n't + <a) 

±: ^ COS {Znt - n't — ft>) — H^ cos {nt — n'^ — a;) 

± \^ cos (4ni - n't - 2(o) - ^e* cos {2nt - n'e - 2(o) 

^ ^e» cos (2ni + n't - 2^«>) + ^ cos {n't - 2cei) 

± •^i^'* cos {2nt + n'^ - 2io') + |f|e'2 cos (n'i - 2(o') 

± m^ cos (2^^ "" 3^'^ + 2w') ± {^e'^ cos (37i'i - 2co') 

=F ^ee' cos (n^ + (o — (o') db ||e6' cos {nt — (o + w') 

± -^ee' cos {Snt — co — o)') — -|J-e€' cos (n^ — a> — lo^ 

qr If ee' cos (n^ + 2n't — lo — w')^ ff^g' cos {nt - 2n'^ + a> + «>') 

± Hee' cos (3n^ - 2n'^ - <«> + w') - |^C€' cos {nt - 2n7 - a; + cei') 

=p ^y»cos {2nt - n'^ - 2io + 2Q) it ^y^cos {n't + 2cc; - 2Q) 

It -^f cos (2ri^ - n't + 2^0 - 2Q) T |f y* cos (4n^ - n't - 2Q) 

+ J^y3 cos {2nt - '/i'« - 2Q) ± If y* cos (2n^ + n't - 2£S) 

+ Hx'cos (n'i- 2Q) =F ^^V^'^cos (ni+ -»"^-^'0 T |f ^"cos (ne-*»"^+^'0 

q: If (1 - lie* - &e'^ - y*} cos {^nt - Zn't) . 

+ ^{1 - jgLe« - 6e'^ - y*} cos {2nt - Zn't) 

q: ||e cos (5n^ - 3n'^ - oi) + -^^e cos (3n^ - Zn't — ai) 

± J^ cos (3n^ - 3n'^ + a;) - ^^ cos (n^ - 3n'^ + oi) 

^ ^' cos (4n^ - 47i'^ + fl>0 + ^^' cos (2n^ - ^'t + c«;') 

It }f«' cos {^.nt - 2n't - w') - ffe' cos (2n^ - 2n'< - oi') 

qi ^^ cos (6n^ - 37i'e - 2(0) + ^^^ cos (4n^ - 3n'^ - 2ft>) 

IF ^^ cos (2ne - Zn't + 2ft>) ± ^V^ cos {Zn't - 2ri;) 

q: ^lj^'« cos (4n^ - n'^ - 2co') + .^'^ cos {2nt - n'^ - 2^00 

qp if^e'^cos (4n« - 5n'e + 2€ei') + ^^^'^ cos (2n^ - 5n'^ + 2w') 

ip -^ee' cos (5?i^ — 4tn't — a} + w') + ^^f^' cos (3n^ — 4n'^— ro + to') 

q: -^^^'cos (3n^ — 2n'^ + a> — a>') + ^^' cos (n^ — 2n't + w — cd') 
± i^ee' cos {5nt - 2n7 - w -- w') - ^ee' cos (3n« - 2n't — w — o)') 
± ^ee' cos {Znt - 4n'i + ro + <i;') - m^' cos (n^ - An't + (o + w') 
=F ify^ cos {2nt - Sn'^ + 2Q) ± ^y^cos (3n7 - 2Q) 
hP My* cos (4n^ - Sn't + 2a> - 2^) + Hf cos (27i^ - 3n'^ + 2(o - 2S2) 
± ^f cos (4n^ - 3n'i - 2(o + 2a) - ^y* cos (2n^ - 3n'^ - 2a> + 2^) 
+ iiy* cos {Ant - 3n'e - 2Q) I 
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Equation (271) will give the value of c, sin j9| — ) + Cj cos ^i — )-^ c^ cos j9[ 
by using the lower signs and changing cos to sin in the second member. 
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Ay" {¥^ - f} cos {3nt-2n't-2Q) 

^fi^-iy- ¥^ - f] cos {nt + 2n't - 2Q) 

■hf {i|i6* + f] cos {nt - 2n't 4- 2Q) 

^y* {1 - ^^e* - |e'2 - fy^} cos (3n^ - 2n'e + 2^0 - 2Q) 

A>^ {1 - ¥^ - f «'" - ily"} COS {nt - 2nH + 2c«; - 2^) 

ifey" {1 - W^ ~ ¥^ - if} cos (3n^ - 2n't - 2<o 4- 2Q) 

Ax" 1 1 - W^ ~ 1^" - ^f] cos (n^ - 2n't ~ 2ro H- 2^) 

}«e' { 1 - W^ - i^'' - Hy*} cos {^nt - n'<- cei - co') 

^ee' {l-^-\e'^- ^y'} cos {2nt - n't -co- w') 

^ee' {1 - ^e" - W«'" - ^f} cos {2nt - Zn't + <o + w') 

^^ee' {1 - 1^ - l^e'^ ~ |^y^} cos {Sn't -co- co^ 

^ee' {1 - J^ - l^e'^ - ^f} cos (4n^ ~ 3n7 - «; + w') 

^ge' {l-ie"- Jg^'* - -^7^} cos {2nt - 3n'^ - <o + w') 

fee' {1 - Jgie^ - 16'2 - ^jfi^^} cos (2/i< -n't + co- w') 

i^e' { 1 _- l^gs _ le'" - ^y«} cos {n't -io + w') 

^e? cos {6nt - 2n't - 3co) + 26*003 (47i^-2n'^-3w) 

^e' cos {2nt + 2n'^ - S(o) - ^ cos (27i'^ - Sco) 

■^ e'^ cos {3nt + n'^ - 3 w') + ■^e'^ cos (n^ + n't - Zio') 

^5^'^ cos {Znt - 6n'e 4- 3^0') + ^^e'^ cos (n^ - bn't + 3fe>') 

If ey^ cos {^nt - 2n'« + ^c) - 2Q) + ^ey^ cos (27i^ - 2n't -^lo- 2Q) 

-If ey^ cos {2nt - 2n't ~ w + 2fJ) ± ^^ cos (2n'^ 4- lo - 2Q) 

T^ cos {^nt - 2n't - Zio + 2Q) - -^^ cos {2nt - 2n*t - 3^«i 4- 2^) 

^ef cos (2n^ - 2n't 4- 3<o - 2Q) q= ^ey* cos (2n'e - Zco 4- 2^) 

^^ey* cos (2n^ 4- 2n'« - lo - 2^) - Tf?«X* cos {n't -co- 2Q) 

•^:j^ cos {4:nt - 2n't -co- 2a) ± ^e/ cos (6n^ - 2n't -co- 2Q) 

f^e'y* cos {nt 4- 3n'^ ~ co' - 2Q) =F ^V V cos {nt 4- n'^ 4- co' - 2Q) 

^e V cos {3nt - n't - 2co - co' 4- 2Q) 

-^e'f cos {nt - n't - 2co - co' 4- 2^) 

ffeV cos i^nt - Zn't 4- 2co + ro' - 2Q) 

f|e V cos (n^ - %n't 4- 2w 4- w' - 2Q) 

-^e!f cos (3n^ - n't 4- 2t«i - co' - 2Q) 

^e V cos {nt - n't 4- 2fo - co' - 2Q) 

^eV cos {^nt - Sn't - 2co 4- co' + 2^) 

^e'f cos (n^ - 3n'^ - 2co 4- w' 4- 2Q) 

■^e'^^ cos (5ni - n't - ^o' - 2Q) ± ^e'f cos (5n^ - 2n't 4- <«i'- 2Q) 

(ONiKmietf on the next page.) 
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± ipee'^ cos {2nt - in't -{- (o + 2w') qi ^s.ee'^ cos {in't -w- 2io') 

z^ St^ee'^ cos {^nt - Wt - w + 2<w') + ^ee'* cos {2nt - An't - w + 2(o') 

± i^e' cos (5n< - n't - 2^o - co') - ff e^e' cos (3ne - n't - 2^0 - w') 

± y^e! cos (ni + Zn't -2a}- w') q= ^^e' cos (n^- 3n'i + 2(o + lo') 

zp ^^c^e' cos {5nt - 3n't - 2co + i^') 

+ W^^' cos {Znt - in't - 2io 4- co') 

qz J|e2e' cos (nt + n'^ - 2io -h f<>0 ± fje*e' cos {nt - n't + 2io — w') 

=F XYf6^ cos (7n< - 27i'^ - ^io) + m^* cos (5n^ - 2n'i - 4w) 

± ^je* cos (3n^ + 2n'^ - 4w) + ^e* cos {nt + 2n'^ - 4^o) 

q: ^c'^ cos (3n^ + 2n'« - 4<o') + ^e'* cos {nt + 2n'^ - 4^«>') 

=F JL|^e'^ cos (3ne - 6n'e + 4^«>') + ^^f^'* cos (n< - 6n7 4- 4w') 

=H 3*i^y* cos (3/1^ ~ 2n't 4- 4^0 - 4 Q) + ^y* cos {nt - 2n't -f 4ai -4Q) 

=P ^\/ cos (3n^ + 2n't - 4Q) + ^y^ cos (n^ + 2n't - 4Q) 

± -^r^f cos (ne + 2n'j5 + 2w - 4g3) - -rfyy* cos (n^ - 2n'e - 4m + 4Q) 

=P ff^>'* cos (3n^ - 2n7 - 4ro + 4Q) =f ^y* cos (7n^ - 27i'j5 - 4Q) 

.+ 7^5 y* cos {^nt - 2n't - iQ) ± ^y* cos {5n't - 2n't 4- 2(o - 4^) 

± f |eV^ cos (5n^ - 2n't - 4ro 4- 2Q,) 

- -^eV cos (3rij5 - 2n't - 4:(o 4- 20) 

± ■^\^y^ cos (n^ 4- 2n't - 4io 4- 2Q) =P |^eV cos (n^ - 2n't + 4w - 2Q) 
dz iV?^ cos (3ni 4- 2n't - 2(o - 2Q) 

4- ^\eY cos (n^ 4- 2n't - 2(o - 20) - |JeV cos (5?ij5 - 2n't - 2m - 2Q) 
± Hl^^ cos (7w^ - 2n't - 2m - 2Q) ^ ^ee'^cos (4n^ 4- n'^ -to- 3m') 
4- ^ee'' cos (2nt 4- n'^ — m — 3m') ± -^^.'^ cos (2n^ 4- n't 4- m — 3m') 

- -/jf^e'^ cos {n't 4- m - 3m') ± ^^e'^ cos (27ii{ - 5?i'/^ 4- m 4- 3m') 

qz i|pee" cos {5n't - m - 3m') qp ^4|iee'* cos {int - 5n'^ - m 4- 3m') 

+ ^?^ee'^ cos (2n^ - 5n't - m 4- 3m') 

± 2- uy cos {2?ii + 3n't - 3(0 - m') =p ^^^cV' cos (27i^ -h n't - 3m 4- m') 

± fl^eV' cos (6/1^ - n't ~ 3m - m') - -^^V cos (4n^ - 7i't - 3m - m') 

± V^e^e' cos (6n^ — 3n't — 3m 4- m') 

t A4 1 ^^6' COS (4n^ - Zn't - 3m 4- m') • 

- -4VVe'' cos (on^ - An't ~ 2m + 2m') 
-^ .'Ij.-.a^\.'2 cos (3/if - An't - 2m 4- 2m') 

± \> Ve'^cos (/7^ 4- An't - 2m - 2m') 

- Vi^^^" cos (n^ - An't + 2m H- 2m') 

zp Yi^<^*V cos (3n^ - An't 4- 2m -^ 2m' - 2Q) 
-f J^^e'V cos {nt - An't 4- 2m 4- 2m' - 2Q) 

(Cbn/tnt««(f on the n^nUpage ) 
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l^e' V cos (nt + An't - 2w' - 2Q) 

^e'Y cos {3nt - 4n'^ - 2a> + 2a>' + 2Q) 

^e'Y cos {nt - 4n'e - 2ft> + 2a>M- 2g3) 

lie' V cos {5nt - 4n'^ + 2a>' - 2Q) 

Iffeey cos (4n^ - 3n'^ + ^o + co' - 2g3) 

meey cos (2n^ - Zn't + w + io'- 2SJ) 

■^^eeV cos {2nt - n't -(o-a}'+ 2Q) 

j^eeY cos {n't + io + a>'- 2Q) 

f^ee'y* cos (6n^ — n't — io'-a}' — 2Si) 

f If eeV cos (4n^ — n'^ — ai — to' — 2Q) 

flfeey cos {2nt - 3n'^ - ai + fo' + 2Q) 

^eey cos (3n'^ + a; - a;' - 2gS) 

ffeeV cos {^nt - 3n'^ - Sio + «;'+ 2^) 
l^eeV cos {2nt - 3n'e - Z(o + a>'+ 2Q) 

I Je^y cos {2nt - n'^ + 3^(1 - co' - 2^) 

IfeeV cos {n't - 3a> + fo' + 2^) 

^ee'f cos (4ni - n't - Sio - w' + 2^3) 

^eey cos (2r2^ - n't - 3a> - ^o' + 2Q) 

^ eey cos (4n^ - n't + <«i - <o' - 2SJ) 

^ee'f cos (2n« - ?i'^ 4- €o - w'- 2g3) 

Vf eeV cos {27it - 3n'< + Sco + w' - 2gS) 

^^e'f cos (3n'^ - 3a> - cw' + 2Q) . 

yf^cV cos (2ne + n't -(0 + w' - 2g2) 

■^ee'f cos (n'e - ^o + a;' - 2g3) 

W^'f cos (2n« + 3n'^ -a}-io^- 2Q) 

■^ee'f cos (3n'< -io-(o'- 2Q) 

3^ey cos (4ne - 3n't - «; + <«>' - 2Q) 

fflee V cos (6n^ - Zn't - co ■¥ w' - 2Q) 

|e {1 - ^ + f c'* ~ y^] cos re> ip ^f6y2 ^^g (3^^ _ 2Q) 

^ef cos (ro — 2S3) hP i (e* — eo') cos n^ =j= -J (>^ — yo^ cos nt 
^h' {cos (ni + o^'t - ^') + cos {nt - *'^ + ^9') } | 
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f m^ ^- nd« I ± Ti^{l- 56^ + 2e'^ + ISy*} cos {2nt - n't) 
a' I 

± -j-f {1 + e» + 2e'* - f }^} cos n't ±. ^' cos {2nt - ^d') 
± jl^' cos io' ± ^e' cos {2nt - 2n't + ^0') ± j^e' cos (2n'^ 

(Cbn<i»t(ed on the next page.) 
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q: ||e COS {nt + n^t - to) q= ^e cos {nt — n't + to) 
dz ^ cos {Snt — n't — «>) — H^ cos {nt — n'^ — (o) 
± |€« cos (4n^ - n't - 2ce>) - ^^ cos (2n^ - n'^ - 2io) 
q= ^ cos (2n^ + n't - 2^*;) + ^ cos (n'i - 2^*;) 
± .^^'a ^Qg (2ne + n'^ - 2^00 + |f|e'^ cos (n'^ - 2co') 
± Iffe* C03 (2n< _ 3^/^ + 2^0') ± ^ffe'^ cos (37i'< - 2a>0 
• T ^ee' cos (n^ + w — a>') ± f|ee' cos {nt — to-^- co') 
± ^ee' cos {^nt -co— co') — -|i-^' ^^^ (^^ — <<> — <<>0 
q: f|ce' cos (nt + 2n'i — fti — <«;') q= ff^g' cos {nt — 2n't + w + a)') 
± ^iee' cos {Snt - 2n't — (o + w') — ^ee' cos {nt — 2n't — w + o)') 
ip -^f cos (2nt - n't -2(o + 2Q)± ^f cos (n't + 2(o - 2Q) 
dz ^)^ cos (2nt - n't + 2co - 2S2) q: |f >^ cos (4nt - n't - 2Q>) 
+ i^f cos (2nt - n't - 2Q) ±: Hf cos (2nt + n't - 2Q) 
+ Hy'cos (n't- 2Q) =F i^A"co8 (nt+ «"t-^") qp |f ^"cos (nt-*"t+)8'0 
T i4{l - lie" - 6e'* - y*} cos (4nt - 3n't) . 
+ ^(1 - jgLe« - 6e'' - f} cos (2nt - 3n't) 
qi ^ cos {5nt — 3n't — fti) + ^e cos (3nt — 3n't — w) 
± 1^ cos (3nt - 3n't + (0)- ^e cos {nt - 3n't + w) 
q: ff€' COS (4nt - 4n't + to') + ^^' cos (2nt - 4n't + to') 
± \^' cos (4nt - 2n't - w') - ffe' cos (2nt - 2n't — cj') 
qz i^ cos (6nt - 3n't - 2(o) + ^^^ cos (4nt - 3n't - 2a>) 
q: 1^ cos (2nt - 3n't + 2ai) ± ^-^ cos (3n't - 2io) 
q= ^lj^'2 cos (4nt - n't - 2^;') + ^^'* cos (2nt - n't - 2io') 
zp J^^e'«cos (4nt - 5n't + 2a;') + ^W«'^ ^os (2nt - 6n't + 2w') 
q: ^^ee' cos (57it — 4n't — (o + cd') + ^^ee' cos (3n^ — 4n't— <o + w') 

q: J^^'cos (3nt — 2n't + fti — €«>') + ^^' cos (nt — 2n't + a> — a;') 
±: l^ee' cos {5nt - 2n't -to — to') — ^ee' cos (3nt — 2n't — 10 — o)') 
± ^^' cos (3nt - 4n't +io + 10') - ^4f^' cos {nt - 4n't + <«> + ^o') 
q: ^y* cos (2nt - 3n't + 2Q) ± ^y*cos (3n't - 2^) 
q: ^y* COS (4nt - 3n't + 2io - 2Q) + ^y^ cos (2nt - 3n't + 2(o - 2^) 
± ^y^ cos (4nt - 3n't - 2io + 2Q) - ^y* cos (2nt - 3n't - 2io + 2Q) 
+ iiy^ cos (4nt - 3n't - 2Q) l 

Equation (271) will give the value of c, sin j8| — j + Cj cos )9i — j + c^ cos i^j-^ ) 
by using the lower signs and changing coa to sin in the second member. 
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Equation (271) will give, by integration, 

+ J^eV - ^e'V + If y^} sin ni 
+ ie {1 -fe^ + fe''- W} sin {27i;t ~ a>) 
+ c' {1 -V + |e'' - 1>^} (0.6978034) sin {nt + n'^ - a;') 
+ e' {1 - e* + |c'* - |>'^} (0.8 106367) sin {nt - n'« + ft>') 
+ ^ { 1 - |e^ + l^'J^ - 4>^ + ^} sin (3ne - 2a>) 

±: ^ {1 + ^e^-f fe'*- W-2^} sin {nt - 2^o) 

+ e'^ {1 - e* + |e'2 - J7'} (0.9785989) sin {nt + 2n'^ - 2co') 

+ e'2 {1 - c* 4- |e'' - Jt^} (1.32291 1) sin {nt - 2n'^ + 2io') 

f ee' {1 - f€2 + fe'* - ^f) (o. 1807402) sin (2n^ + n't -co- lo^) 

ip ee' {1 - ^ + f^'* - f>^} (i 5.03985) sin {n't - a> - w') 

+ ee' {1 - fe* + f e'* - J^>^} (0.1946955) sin {2nt -n't-w + oi') 

- 66' {1 - -^e^ + |e'^ - Ir'} (i 5.03985) sin {n't +io- w') 

- irMi - H^' ^ 1^" - W} 8i^ (3n^ - 2a) 

± }^ {1 - ^e^ + fe'^ - 1}^} sin {nt - 2^) 

-I- ^y3 {1 - fi^e2 -f |e'2 _ 1^} gjj^ (^^ 4. 2^£i - 2Q) 

-^yi {1 + 9^2 4.|g.2_|^} sij^ (n^-2c«; + 2g3) 

-T -^ sin (4n^ - 3w) ± ^e* sin (2n« - Zto) 

4-e'^(i.352699)sin(n< + 3n'^--3^o') + ^'*(2.^3S45S)sin(ne-3n'<+3fi*0 

+ 66'^ (0.2616762) sin {2nt 4- 2n'^ -w- 2a>') 

H= ee'^ (i 1.27989) sin {2n't — (o — 2(o') 

+ ee'^ (0.3039888) sin {2nt - 2n't - a> + 2ft>') 

-- ee'^ (i 1.27989) sin {2n't + a; — 2ft>') 

+ ^e' (0.0914691 3) sin {int + n't — 2fti ~ wQ 

± c^e' (0.08722542) sin (n^ + n't — 2io + to') 

+ ^e' (0.0961473) sin {Snt — n't — 2io + 10') 

± e^e' (o. 101 3296) sin {nt — n't — 2co + co') 

~ ^ 6>^ sin {^nt — (0 — 2Q) ± ^^^ey* sin {2nt -co — 2Q) 

+ f|ey* sin {2nt -f €ii - 2Q) - -^^ sin (2n^ - 3a> + 2Q) 

- e'f (0.1829386) sin {Znt + n't - w' - 2Q) 
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± ey (1.395607) sin {nt + n't - w' - 20) 

- eY (0.1922946) sin (371^ - n't 4- «>' - 2Q) 
± e'f (1.62 1 274) sin (nt - n't + a>' - 2Q>) 

- eY (0.08722542) sin {nt + n't — 2(o — a>' + 2Q) 

- eY (o. loi 3296) sin {nt -n't-2a} + a}' + 2Q) 
+ eY (0.08722542) sin {nt + n't -f 2a> — ft/' — 2Q) 
+ e'f (0.1013296) sin {nt — n't + 2(0 + lo' — 2Q) 
+ ee'^ (0.3722907) sin {2nt + Zn't — <»> — 3fl>') 

ip ee'' (i 1.07 100) sin {Sn't — (o — So)') 

+ ec" (0.4663928) sin {2nt - 3?^'^ - co + Zio') 

- ee'^ (i 1.07 100) sin {3n't + fti — 3<e>') 

+ e'e' (0.06135270) sin {int + n't — 3w — w') 
± eV (0.0 1 506169) sin {2nt + n't — Sio — to') 
+ e\' (0.06369103) sin {^nt — n't — Bio + (o^ 
± ^e' (0.01623209) sin {^nt — n't — Zco + (o') 
+ ee'^ (o. 1 339455) sin {^7d + 2n't - 2io - 2io') 
±. eV^ (o. 1 223248) sin {ni + 2n't - 2io - 2io') 
+ e^e'^ (0.1480057) sin {Znt - 2n't -2io + 2io') 
± e*e'2 (0.1653638) sin {nt - 2n't - 2io + 2co') 

- e'Y (0.2678909) sin {Znt + 2n't - 2(o' - 2fi) 
It e'Y (1.957 198) sin {nt + 2n't - 2io' - 2Q) 

- e'Y (0.29601 14) sin (3n^ - 2n'^ + 2<o' - 2^) 
± e'Y (2.645821) sin {nt - 2n't + 2io' - 20) 

- e'V (0.1223248) sin {nt + 2n't - 2a> - 2co' + 2Q) 

- e'Y (0.1653638) sin {nt - 2n't - 2(o + 2€o' + 20) 
+ e'Y (0.1223248) sin {nt + 2n't + 2(o- 2io' - 2Q) 
+ e'Y (0.1653638) sin {nt - 2n't + 2<o + 2(o' - 2Q) 
+ Y^y e* sin {5nt — 4co) ± -j^* sin (3ni — 4ft>) 

+ e'* (1.852094) sin {tU + ^n't — ^(o') 
+ e'* (3.433601) sin {nt — An't + 4a>') 

- ifeV" sin {6nt - 2a> - 2Q) ± ^^V sin (3n^ - 2a> - 2Q) 
+ ^eV sin (3ni - 4c«> + 2£5) ± rheV sin {nt - ^co + 2Q) 

- ee'y^ (0.2 149572) sin (4n^ — n'^ — ^0 + lo' — 2Q) 
± eeV (0.3895702) sin {2nt — n't — (o + io' — 2Q) 
+ ee'f (0.9714787) sin (2ne + n't + io-io'- 2^) 
=P eeV (20.67979) sin {n't + (o — w' — 2SS) 

(Cbn/toued on the next page.) 
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- e^y (0.2760871) sin {^nt + n't — a} — to' — 2Q) 
zb eeY (0.2259253) sin (2nt + n'^ — o> — a;' — 2Q) 
+ eeY (0.9008810) sin {2nt - n't ^- a> + co' - 2Q>) 

- €6'/ (2443976) sin {n't — w — ft)' -I- 2b3) 

- eeY (0.02259253) sin {2nt + n't — 3^0 — «i' + 2Q) 
q= 66 V (1.879981) sin {n't - 3ai - ^i>' + 2g3) 

— - 66 V (0.02434813) sin (2n^ — n't — Sfo + <o' + 2Q) 

- ee'f (1.87998 1 ) sin {n't + 3ai - o>' - 2Q) 

~ ^/sin i^nt + 2a> -4ft) + |y*8in {nt^ 2a> - 4Q) ± ^/ sin (3n< - 4ft) 
+ jfg-y* sin (n^ -f • 4^0 — 4ft) — -^y* sin {nt — 4^0 4- 4ft) 

- { 1 - 66^ - f6'» - }>^ + iy^* - tV* 

+ H/ + W^" + i^ + |6'V}(o.263i2i2) sin {Znt - 2n'0 

+ iiy* + W^" + i«V + |f6'V}(2.64582i) sin {nt - 2n'0 

- 6 {1 - -^6* - f 6'^ - ^f] (0.3895703) sin (4n^ - 2n't - w) 
d= 6 {1 ~ ^^ - f6'* - 1^>^} (0.8 106367) sin {2nt - 2n't - ai) 
+ 6 {1 - J^ - f6'* - Ay'}(i.2i5955) sin {2nt -.2n't+ ai) 

- 6 {1 - ^6^ - -§6'* - ^}^} (25.06642) sin {2n't - to) 

+ 6' {1 - 66* - \e'^ - {f} (0.1281964) sin {3nt - n't - to') 

IF 6' {1 - ^6* - \e'^ - iVt"} (1.215955) sin (?i« - n't - a;') 

- 6' {1 - 66* - ^6'* - :Jy»} (0.9457427) sin {3nt - 3n'< + <e>') 
± 6' {1 -|6* - W^"-tV>^}(io.i5348) sin (n< - Sn't + <«;') 

- 6* {l-^~ ¥'-Mf'^^NW^^KoA»32079)sm{5nt'-2n't-2w) 
± 6* {1 - ^6* - fe'* - J>^ - ^^-1(0.4275720) sin {Snt'-2n't-2(o) 

6^ 

+ 6* {1 + JyV^~46'* + i2V}^ + yfY^}(o.57o8494)sin(n^ + 2n'<--2fti) 

6^ 

- 6* { 1 - -^ - $6'* - ^>^ + ^^} (2.094609) sin (n< - 2n'^ + 2^0) 

- 6'* {1 - 66* - Vi^6'* - Jy*} (2.360416) sin {Snt - 4n7 + 2io') 
± 6'* {1 - 16* - V^'* - mf} (27.29044) sin (n^ - ^n't + 2ftiO 

+ 66' {1 - ^^6* - \e'^ - f|>^} (0.191073 1) sin {^nt - n't -w-w') 
=F 66' {1 - ^ - i6'* - -^y*} (0.3895702) sin {2nt - n't - o} - w') 

+ 66' {1 - W^- W^''- VWy'}(4.435 132) sin (2n< - 3n't + co + w') 

- 66' {1 - il6* - Jj^'* - l^y*} (5848828) sin {3n't -w-w') 

{QmHnued on M« next page,) 
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- ee' {1 - ¥^ - W«" - Ay"} (1.390509) sin {^nt - Sn't - o) + co') " 
±ee' {1-i^- W^" - iuf} (2.956754) sin {2nt - Zn't - o) + co') 

- ee' {1 - ^ - K* - ■^y'}(o.5843553) sin {2nt -n't + o}- w') 
+ ee' {1 - i^e^ - K - H)^} (25.06642) sin (n'e - o> + a;') 
+ y« {1 - -^ - je'^ - \f} (0.03865663) sin {but - 2n't - 2£3) 
+ ^ {1 - ||g2 _ |g/2 __ y2j (o 1630998) sin {nt + 2n'i5 - 2Q) 

- y* {1 - ^^^ - f e'* - ^f] (0.09867045) sin (3nt - 2n't + 2co- 2^) 
± y* {1 - -^ - |e'^ - ^f] (0.3307276) sin (Tut - 2n't + 2ai - 2Q) 
+ yi { 1 - i^gJ _ ^e'2 - |yi} (0.09867045) sin {Znt - 2n'^ - 2io + 2^) 
qz y2 { 1 - s^^ - |e'^ - ^y«} (0.3307276) sin {nt - 2n'^ -2(0 + 2£3) 

- e* (0.5768839) sin {&nt - 2n't - Soi) 
±: e* (0.5 194270) sin (4M — 2n'^ - 3o>) 
+ e* (0.07185580) sin {2nt + 2n'i - 3a>) 

qi e* (0.2088867) sin (2n'^-3^t;) -e'' (0.005081628) sin {Znt+n't-Zco') 
± e'^ (0.0436 1 271) sin {nt + n'^ — 3a)') 

- c'' (5.027860) sin {Znt - 5n't + 3a>') 
± e'^ (63.27443) sin {nt — 6n'i + 3oi') 

- ef (04017443) sin {^nt — 2n't 4- «> — 2Q) 
±: ef (0.177325 1) sin (2n^ — 2nU + w — 2Q) 

- e/^ (0.2786564) sin {2nt - 2n't -(o + 2^) 
+ ey* (0.9399904) sin (2n'i + <t; — 2Qj 
+ ef (0.1460888) sin {^nt - 2n't - 3ai + 2Q) 
q: ef (0.1013320) sin {2nt — 27Vt — 3ft; + 2Q) 
+ ey* (0.4559831) sin (2ne - 2n't + S(o - 2Q>) 

- «y* (3.133301) sin {2n't -3w + 2Q) 
+ ef (0.06541906) sin {2nt + 2n^t — o) — 2Q) 
qi ey* (1.56665 1) sin {2n^t — w — 2Q) 
qi ey* (0.03652220) sin (4n^— 2n't — (o — 2Q) 
+ ey* (0.1362087) sin {&nt - 2n'^ -10- 2Q) 
+ «V (0.5359750) sin {nt + 3n7 - 10' - 2Q) 

- ey (0.08722543) sin {nt + n'^ 4- to' — 2Q) 

- e'f (0.04807366) sin {Znt - n't - 2(o - c«>' + 2Q) 
±. e'f (0.15 19944) sin {nt —n't — 2io — w'-\- 2Q>) 
-ey (0.3546534) sin {Snt - Sn't + 2(o + co' - 2Q) 
± ey (1.269 1 85) sin {nt - Sn't + 2(o + co' - 2Q) 
+ eY (0.04807366) sin (3ne - n't + 2a> - c«>' - 2Q) 

(OmHnued on (4e fMx< jm^) 
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ey (o. 1 5 19944) sin (nt - n't + 2<o - «i' - 2Q) 
e'f (0.3546534) sin (3nt - Zn't - 2a> + w' + 2ft) 
e'f (1.269 1 85) sin {nt - Sn't- 2<e> + ^' + 2ft) 
ey (0.01903476) sin {^nt - n't - oi' - 2ft) 
eV (o. 1 374174) sin (5nt - 3n't + a;' - 2ft) 
ee'^ (i 1.24474) sin (2nt - 4n't + €«; + 2a;') 
ee'2 (106.5322) sin (4n't — <o — 2a>') 
ee'^ (3445206) sin (4nt — 4n't — o> + 2«>') 
6€'2 (7.496496) sin (2nt - 4n't - a> + 2fe>') 
A' (0.2379346) sin (5n^ - n't - 2ft> - a;') 
q= ^e! (0.2083 192) sin (3nt - n't — 2w - oi') 
+ &e! (1.8759 1 3) sin {nt + ^n't - 2ce> - w') 
--e^e' (8.038172) sin (nt - Zn't -I- 2w + o>') 

- ^e' (1.717718) sin {6nt - 3n't — 2^^ + w') 
± ^e' (1.53683 1) sin (3nj; - Zn't - 2^0 + w') 

- e*e' (0.3052889) sin {nt + n't - 2w + w') 
+ e^e' (0.96263 1 1) sin {nt — n't + 2(o — w') 

- e* (0.6845520) sin {7nt — 2n't — 4^0) 
± e* (0.2304732) sin {5nt - 2n't —Aw) 

e* (0.02165420) sin {Snt + 2n't — 4w) 
: €* (0.1546050) sin {nt + 2n't — 4:io) 
e'* (0.009921885) sin (3nt + 2n't ~ 4:co') 
e'* (0.08154990) sin {nt + 2n't — 4ai') 
^'^ (97932 16) sin (3nt - Qn't + 4a;') 
^'* (135-9836) sin {nt - 6n't + 4^0') 
y^ (0.03090560) sin {Znt — 2n't + 4a; — 4ft) 
y^ (0.08957206) sin {nt — 2n't + 4a; — 4ft) 
y^ (0.01860354) sin (3nt + 2n't - 4ft) 
y^ (0.09174364) sin {nt + 2n't — 4ft) 
7* (0.02038748) sin {nt -f 2n't + 2a; - 4ft) 
y* (0.02067047) sin {nt — 2n't — ito + 4ft) 
y* (0.008222538) sin {5nt - 2n't - ^to + 4ft) 
/ (0.0 1 197467) sin {7nt - 2n't - 4ft) 
/ (0.0072481 15) sin {5nt — 2n't — 4ft) 
/ (0.02416039) sin (5nt- 2n't + 2ft; — 4ft) 
y2 1^ _ y2| (0.0328901 5) sin (3nt - 2n't - 2ft) 

(Cbn/lniMd on the mxt pap*.) 
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+ 



+ 



— f {i|V 4_ y2} (0.165 3638) sin (nt - 2n't -f 20) 
-I- eV (0.2029472) sin (put — 2n't — 4a> + 2Q) 

ip ey (0.05344650) sin (3n^ — 2n'e — 4oi f 2Q) 
eV (0.08 1 54990) sin {nt + 2n'i — 4ctf -f 2Q) 
eV (0.77 16977) sin (n< - 2n'^ + 4ai -2Q) 
eV (0.03720707) sin (3nt +27i't-2w-2Q) 
± 6^^ (0.2038748) sin {nt + 2n'i5 - 2a> - 2Q) 
:;: 6V (0.08697740) sin {5nt-2n't-2a) - 2Q) 
+ eV (0.3181841) sin {Int - 2n't - 2a) - 2Q) 

— ee'^ (0.007669086) sin (4n^ + n'^ — <o — 3a)') 
± ee'' (0.0 1 506168) sin (2n^ + n'^ - a* ~ 3cci') 

ee'^ (0.007530844) sin (2n^ ■\-n't + w — 3a)') 

ee'^ (1.044433) sin (n'^ -f fo — 3fe)') 

ee'^ (24.36010) sin (2n^ — 5n'^ + ^0 4- 3a)') 

— ee'^ ( 1 76.5093) sin {6n't — oi — 3^0') 

— ee'^ (i 1.35034) sin {^nt — 5n't — «) 4- 3a)') 
± ee'^ (7.168685) sin {2nt - 5n't - (o +3 w') 
+ e^e' (0.2950228) sin {2nt + 3n'^ - 3w + w') 
4- c'e' (0.045 18506) sii^ (2^ "J" ^'^ ~ 3a) + o)') 
4- e'e' (0.2848006) sin {Gnt — n't — Sio — w') 
q: e^e' (o. 1433048) sin (4n< - n'^ — 3a) — a)') 
4- e^e' (0.2001957) sin {6nt — 3n'^ — 3(o 4- <t)') 
dt e^e' (4.477770) sin (4n< — 3n'^ — Sio 4- £d') 

— eV^ (4.237980) sin (5n^ — 4n'^ —2(0 4- 2f«)') 
± 6*e'* (3.835676) sin {3nt - 4n'« - 2w 4- 2c«)') 
4- e^e'* (4.293490) sin (n< 4- 4n'< — 2w — 2w') 

— e^e'^ (2 1 .60493) sin {nt — ^n't 4- 2(o 4- 2^e)') 

— e'V (0.885 1 560) sin {3nt - 4n'< 4- 2^0 4- 2(o' - 2Q) 
±: e'^j^ (3.41 1 305) sin {nt - in't 4- 2(o 4- 2a/- 2Q) 

4- e'V* (1.22671 1) sin {nt 4- 4n'< - 2^t)' - 2Q) 
4- e'V (0.885 1 560) sin {Snt - 4:n't - 2ce) 4- 2^*)' 4- 2Q) 
=P e'V (3.41 1 305) sin {nt - An't - 2io 4- 2io' 4- 2^) 
4- 6'V (0.3390384) sin {5nt - 4n't 4- 2a)' - 2Q) 

— eeY (1.433962) sin {^nt — Sn't + {o-}- to' — 2Q) 
± ee'7* (0.6467899) sin (2n« — Zn't 4- €o 4- w' - 2Q) 
4- ee'y* (o.i 582629) sin {2M — n'e — ^d - w' 4- 2Q) 
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— ee!f (0.9399904) sin (n'^ + «> + o>' — 2S3) 

— e^V (0.3204007) sin (671^ — n't — co—ta' — 2Q) 
± eeV (i. 164354) sin (4n^ — n'^ — ai — ai' — 2Q) 

— eaV (1.355 179) si^ (2^^ "" 3n'^ — ai + oi' + 2Q) 
+ eeV (3446631) sin (3n'« + a> - a;' - 2Q) 

+ ee'f (0.5214408) sin {^nt - Zn't - 3o> + o>' + 2Q) 
q= e^y (0.3695943) sin (2n^ - 3n'i - 3w -I- o>' + 2gJ) 

— eeV (0.2 191 333) sin {^rd — n't -\- Zo) — w' — 2Q>) 
+ eeY (3. 1 33301) sin {n't — 3ctf + ai' + 2Q) 

~ ee'f (0.07 1 65 241) sin (int — n't — 3a> — m' + 2Q) 
± ee'f (0.04869627) sin {2nt - n'^ - 3^^ — €o' + 2gJ) 
+eey (0.1970441) sin {^nt — n't-^w — w' — 2Si) 
=P ee'f (0.085 2 1 846) sin {2nt — n't + o)— co' — 2Q) 
+ ee'f (1.821571) sin {2nt - 3n't - 3^0 + o>' ~ 2Q) 
+ €6V (8.564355) sin (Sn't - 3^^' - io' + 2Q) 

— ee'f (0.033891 1 3) sin (2nt + n't — af-\- w' — 2Si) 
± ee'f (1.566650) sin {n't — a) + co' — 2Q) 

— ee'f (1.801746) sin {2nt + 3n'« - o) ~ a;' - 2Q) 
± ee'f (3.028858) sin'(3n't - co-o)'- 20,) 

=p ee'f (o. 1 303602) sin {4nt — Sn't — o> + a;' — 2Q) 
+ eaV (0.4829047) sin {6ni - 'in't - ^0 + 10' - 2Q) 

+ l_^ sin {nt 4- «'^ -^0 + i-A^ sin (n< - ^'t^^') \ 
n + »' n — «' J 

+ mVi I {q= J^e* — eo^ cos n^ qp J (y* — /o') ^^ ^^} <^^ 

- Ji^cos (ft> - 2Q) q: i^y^cos {3(0 — 3^2) |(i^ 

+ m* — I + {1 - 5e + 2e'* + I8f} (0.0973925 2) sin (2n« - n't) 
a' I 

+ {1 + 6*+ 2e'*— !>•*}( 1 2.5 332 1 ) sin n'< + e' (0.09375000) sin (2n^— <o') 
+ e' (0.3039888) sin {2nt - 2n't + to') + e' (18.79981) sin {2n't - to') 

— e (0.9594796) sin {nt + n't — (o) — e (0.7093070) sin {nt — n'^ + (o) 
+ 6 (0.09614730) sin {3nt — n't — ^o) q= e (0.9140687) sin {nt — n'^ — (o) 
+ e*(o.i9i073i)sin(4n^— n'^— 2€i>)q:e*(o.365222o)sin(2n<— n'^— 2a>) 

— e* (0.090370 1 3) sin {2nt + n't — 2a>) zt 6* (9.399904) sin {n't — 2a>) 

{Cbmtlnued <m the next page,) 
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^ - sin (nt + »"t - P") -f|A"— *L_ sin (nt - »"t + fi") 



-f- e'* (0.1242589) sin (2n< + n't - 2(o) ± e'* (17.23316) sin {n't-2a}') 
+ e'* (0.6995890) sin {2nt - Sn'^H- 2(o') + c'» (27.67749) sin (3n'^-2re>') 

— ea' (0.4687500) sin (n^ + ai — a>') + ee' (1.03 1250) sin {nt — ^ci + o)') 
+ 66' (0.937500) sin (Snt—co—io*) zf ee! (0.843750) sin (n^- ctf — «>') 

— 66' (2.691 1470) sin (rit 4- 2n*t — a> ~ w') 

— 66' (2.3 1 5094) sin (n^ — 2n't + «> -I- <o') 

+ 66' (0.29601 14) sin (3n^ — 2n*t — <«; + «>') 
q: 66' (2.976549) sin (n^ — 2n'^ — to ^r (o^) 

— y* (0.07304440) sin {2nt — n'^ — 2ai + 2Q>) 
+ / (1-253321) sin (n'^ + 2(0- 2Q) 

+ y* (0.02434816) sin {2nt - n't 4 2(o - 2Q) 

— y^ (o.3582622)8in(4n«-n'«~2Q)ib>^(i.436S40)8in(2ne-n'^-2g2) 
+ f (0.474443 1) sin {2nt + n't -2Q)±f (6.266603) sin {n't - 2Q) 

n + » 

— {1 - ll6» - 66'* - 7*} (0.2483052) sin {int - 3n't) 
±{l~V^-66'*-)^}(i.583975)sin(2n^-3n'0 

— 6 (0.4907765) sin (Sn^ — 3n't— to) ± 6(1. 182 178) sin {3nt -Sn't — w) 
+ 6 (1.5 19944) sin {Znt — 3n'^ + (o) q: 6 (i 1.48310) sin (n^ — Sn't + 10) 

— e' ( 1 .266620) sin {int - An't + 10') ± e' (8.268 192) sin {2nt - 4tn't + w') 
+ e' (0.24348 14) sin (4n? — 2n't — m') 

q: 6' (1.5 19944) sin {2nt — 2n't — co') 

— (? (0.7772970) sin {&nt — Zn't — 2io) 
± 6^ (0.93 1 1443) sin {^nt — 3n't — 2(o) 

— ^ (3.695943) sin (2n^ - 3n't + 2w) + 6* (36.555 18) sin (3n'< - 2(o) 

— e'^ (0.02985 5 1 7) sin {4n.t — n't — 2(o') 
± 6'* (o. 1 8261 10) sin {2nt - n't - 2w') 

— 6'* (4.104478) sin {Ant - 5n'^ + 2(o') 
± e'^ (27.45917) sin {2nt - 5n'e + 2a)') 

— ee' (2.492930) sin {5nt — 4tn't ~ ai 4- w') 
± ee' (6.074600) sin {Znt — in't — co + o)') 

— ee' (1.480057) sin {Snt — 2n't 4- w — w') 
± ee' (1047304) sin {nt — 2n't + (o — co') 
4- ee' (0.4832077) sin {bnt — 2n't — co — w') 
^ee! (i.i5ii55)8in {^nt — 2n't--io — m') 
4- e^' (7.810200) sin i^nt — An't -{- lo + w') 

{OmHimied on the next pagt.) 
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q: ec' (63.54393) Bin {nt — 4n'i + co + a;') 

- f (0.2639958) sin (2ne - 3n't + 2Q) + j^ (5.222168) sin (Sn't - 2^) 

— / (o. 1 241 526) sin (4n^ — 3n'< + 2co — 2Q) 
± y* (0.3959938) sin {2nt - Sn't -I- 2ai - 2^) 
+ y' (0.124 1 5 26) sin (Ant - Zn't - 2io + 2^3) 
=^ >'* (0.3959938) sin {2nt - 3n'^ - 2io + 2Q) 

± f (0.06207630) sin (4n^ ~ Zn't - 2SS) ± -J^n Ce' co& (o'dt \ 



>' (272) 



J 



This equation will give the value of j -j Cj sin ^| — j4-C3Cos/:[ — j 

H- C4 cos ^ [ — ] f^y ^sing the lower signs and changing sin to co5 in the 
second member. 

We shall designate 

C< C2 sin /9 1 — " j + C3 cos /9 j — | + c^ coe /9 / — ) > ^ equation (273) 

19, If we neglect the square of the disturbing force, we may suppa«e e, w, 7, 
and Q to be constant. The integration of the terms under the sign of integration, 
which depend on these quantities, would in this case seem to introduce the time t 
into the preceding equation without the signs of sin and cos^ or under the form 
of arcs of a circle; but it is important to observe that such is not the case, and 
that in the case of constant elements the integral of the terms under consideration 
becomes identically equal to nothing. For, if we suppose to to be a function of 
the time, and that we have 

the term e cos (o will become 

e cos €0 = e cos (mq + dt) ; 

and this, by multiplying by dt and taking the integral, gives 

Ce cos (0 dt = Ce cos (w© + «0 c?^ = " ^^^ (^*^o + ^^) "^ ^• 
This integral is evidently equal to nothing when t = 0; consequently, 



e . 
c = — sin Q)Qf 

91 



and the complete integral is 



/■ 



e cos ^i di = - sin (o^o + •O — ^^° '*^o* 
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But this integral vanishes at the epoch when ^ = 0, whether the elements are 
constant or variable ; and we must therefore omit all the terms of equation 
(272) which remain under the sign of integration for all powers of the disturbing 
lorce. 

20, We have given the values of c^ cos /9 and c^ sin ^in equation (240). If 
we now multiply equation (272) by c^ cos /9, and equation (273) by c^ sin /9, and 
substitute the products in equation (269), we shall get the following development 



of the value of 



dt 



dii.r 

-- - = a 

dt 



m^ 



nl —e {0.875 —0.7656256*+ 1.3x256'*— I.I25>^} sm{nt—(o) 

— e' {o. 1 128333 — 30.23499476*+ 0.1 2693756'*— o.i6925>'*} sin {n't—w') 
-6* {0.625 - 3859375^ + 0.93756'* - o.6o9375>^ 

+ 0.234375^} sin 2{nt - 10) 

— 6'* {0.343312— 23.033946*+o.26779826'*— 0.5 16469^*} sin2(?i'^— w') 

— ee' {16.36755 — 18.156256*+ 18.413506'* 

— 3 1 .8001 37*} sin {nt + n't — w — m') 
■\-e^ {13.72610 — 15.842586*+ 15441366'* 

— 28401 137*} sin {rvt — n't — <c; + w') 
+ y* { I - 1.3046876* + f 6'* - 1/*} sin {2nt -Q) 

— 6^ (0.6718400) sin Z{nt -co) — e'^ (0.782756) sin S{n't — (o^) 

— ee'^ ( 1 3.3 1972) sin (nt + 2n't — lo — 2w') 
+ 66'* (9.28237) sin {nt — 2n't — io-\- 2io') 

— 6V ( 16.041 10) sin {2nt + n't — 2(o — w') 
+ ^e' (14. 1 5627) sin {2nt — n't — 2(o + w') 

+ |67* sin {int -co- 2^) - -J^sin {nt + to - 2Q) 
+ 6V (1.387 1 19) sin {2nt + n't - co' - 2g2) 
+ e'f (1.63 1638) sin {2nt - n't + w' - 2£3) 

— ee'^ (14.18686) sin {nt + ^n't -w- 3w') 
+ ee'^ (8.04924) sin {nt — M't — w + Zio') 

— 6V (18.00923) sin {Znt + n't — Zio — w') 
+ eV ( 1 5.98262) sin (Snt — n't - S(o + 10') 

— 6*6'* ( 1 2.89589) sin {2nt + 2n't -2a}- 2(o') 
+ eh'^ (10.02299) sin {2nt — 2n't — 2io + 2io') 
+ e'Y (1.933957) sill (2ne + 2n't-2(o' -2^) 

(Qmtinued on 4he nettpage ) 
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+ cV (2.680538) sin {2nt - 2n'e + 2io' - 2Q) 

— e* (0.8645832) sin 4(n^ - w) - c'* (1.581 507) 4 {n't - o>') 
--j^eV sin 2(re>- Q) + f^Vsin (4n« - 2^c; - 2Q) 

+ cV (0.0234370) sin (2n^ - 4a> + 2Q) + J y* sin (2n^ + 2io - 4Q) 
+ eey (1.748020) sin {Znt + n'e - ro - re;'- 2Q) 
+ ee V (2.2395 147) sin {Znt — n'e — «> + a>'— 2gJ) 

— e^y (27.12385) sin (n^ + n'^ + fo — <o'— 2S3) 
+ e^V (28.94002) sin {nt — n'^ -\-io + co' — 2S3) 

— eeY (0.014105) sin (ni + n't — 3a> — <«>' + 2Q) 

+ eeY (0.014105) sin {nt — n't — 3<e> + a>' + 2SJ) 

4- {2.382700+ 19.509886^ — 5.956756'^ — 0.88 19407* — 3 14469456* 
+ 3.5 104I6'* 4- 0.91285 ly* — 52.940756*6'* + 2.2048526'V 
— 20.1 547586V} sin 2{nt — n't) 

+^{3.330008+20.702966*— 8.32502 16'*— o.9569532y*}8in(3n^—2n'<—€ci) 

+ «{23-37343""27.i25796*-58.433596'*-i9.84852iy*}8in(ne-2n'^+re)) 

— 6' { 1 .087759+22.505456*— o. 1 359696'*— 0.405 3 1 8y*} sin (2ni-n'^—fci') 

+ 6' {9.20774+37.238506*— 20.224146'*— 3.384493y*}sin (2ri^—3n'^+t«>') 

+ 6* {4.1 54010+ 23.563466*— 11.3850256'* — 1.0217217* 

— 0.209461 5--} sin {^nt — 2n't — 2io) 

6* 



^ 



[6966* 



+ 0.1253682^} sin 2 (n'e — fc;) 

6^ 



+ 6'* {24.93002 + 49.656O6* — 56.21 1756'* 

- 9.0968 1 oy*} sin {2nt - 4n'^ + 2io') 

— ee' {1.5426485 + 24.852136*— 0.19283 1 16'* 

+ 0.20255117*} sin (^nt — n't — co—(o') 
-^-ee' {51.82419 — 64.027076*— 113.82826'* 

- 27.i37057y*} sin {nt'-Zn't-\-(o + to') 

+ 66' {12.66547 + 36.283 1 86* -27.8 1 88 1 6'* 

- 3.390928y*} sin {Znt — 3n'<— (o + co') 

— 66' {24.30663 — 16.9510096*— 3.0383276'* 

— 5.2i0278y*} sin {nt — n't + lo — €o') 

— y* {0.0271238 — 2.4627136* — 0.06780856'* 

+ 0.009664 1 6y*} sin {int- 2n'f- 2Q) 

(Continued wi the nexlpagt,) 
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-y* {04983562 -7.3061 15^2 - 1.24589O6'* 

- 0.5942523}^} sin 2 {n't - Q,) 
+ f {0.595675 - 2.4143506^ - 14891896'* 

- o.so83229y*} sin {2nt - 2n't + 2ai - 2Q) 
-y* {0-595675 + 0.345406^ - 14891896'* 

- 0.807709^*} sin {2nt - 2n't - 2co + 2Q) 
+ ^ (5.363674) sin {5nt - 2n't - Zco) 4- e» (3.723395) sin {nt + 2n't - 3a;) 
+ 6'' (0.03853 108) sin (2n« + n'« - 3a>') 

+ e!^ (58.24657) sin (2n^ - 5n7 4- S^o') 
+ ef (1. 061 268) sin (3ni - 27^7 4- ai - 2fJ) 

- 6y^ (4.09461 5) sin {nt — 2n*t ~ co ^- 2Q) 

- ey* (0.8325049) sin (3n« - 2n'^ - 3^; + 2Q) 
+ 6>^ (5.843356) sin {nt - 2n't + 3fi> - 2Q) 

- ey* (8.592393) sin (n^ + 2n't - to - 2Q) 

- ef (o. 102 143 1) sin (5n^ - 2n't -co— 2Q) 

+ ey (2.301935) sin {2nt - 3n't + 2(o-{- a)'- 2Q) 

- eTf (2.301935) sin {2nt - 3n't - 2co + co' + 2Q) 
-I- ey (0.2719396) sin (2ni - n't - 2rt; - (o'-\- 2Q) 

-ey (0.2719396) sin {2nt - n't + 2a> - «;'- 2Q) 
~ ey (2.002395) sin {3n't-a)'- 2Q) + ey (0.2 1 67634) sin {n't+o)'- 2Q) 
+ ey (o.oi 301434) sin {4nt — n't — o>'- 2^) 

- eV (0.0990182) sin (4n< — 3n't + w'— 2Q) 
+ ee'^ (88.1261) sin {nt - ^n't + co + 2re>') 

+ ^'* (33702 1 5) sin (3n^ - ^n't - w + 2a>') 

- e*e' (1.935002) sin {^nt — n'i — 2(o — fo') 

+ ^e' (66.30037) sin (3n'i5 - 2to - <o') - e'e' (26.04620) sin {n't- 2io + w') 
+ g^c' (15.70726) sin {^nt — Zn't - 2fe> 4- co') 

4- e* (6.56i8i5)sin(6ni;-2n'^-4^^) 4- e* (3.262481) sin (2ni4-2n'j{-4rci) 

4- e'* (0.07162802) sin i^xt 4- 2n'^ — 4a>') 

4- e'*' ( 1 26. 1904) sin (2n^ - ^n't 4- 4rtf') 

4- y^ (0.1764083) sin (2/1^ - 2n't 4- 4w - 4Q) 

- / (0.00205 562) sin {2nt - 2n't - 4rc> 4- 4£3) 
4- y^ (0.1 13915 1) sin (2ne + 2n't - 4Q) 

-y' (0.01356185) sin (4n^ - 2n'^ 4- 2to - 4Q) 
+ 1 (0.00493759) sin (6n^ - 2n't - 4Q) 

- eV (i.0167605) sin {^nt - 2n't — ito 4- 2Q) 

(Cbnttmted on the next page,) 
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+ eV (6.699394) sin {2n't - A(o H- 2Q) 

- ^^ (8.279404) sin {2nt + 2n't - 2r4» - 2Si) 

- eV (0.2385 5 37) sin {6nt - 2n't - 2io - 2Q) 
4- ee'^ (0.05608693) sin (3ni + n't — w — 3w') 

- ec'^ (1-085597) sin (nt + n'^ + <o — 3«i') 
+ ee'* (64. 1 2063) sin {SrU — 5n't — o> + 3ai') 
-f ee'^ (132.5671) sin {nt — 5n't + <o + S^o') 
+ e'e' (10.885907) sin {nt + 3n't - 3ri> - ai') 

- e^e' (3.3603 1 8) sin {nt + n't — Sco + to') 

- e^e' (2.398864) sin {5nt - n'^ - 3ct» - «>') 
+ e^e' (25.04946) sin {5nt — Sn't — Z(o 4- €•*') 
+ 6*c'2 (41.53619) sin {^nt - 47i'e - 2m + 2a>') 
+ e^e'^ (127.2527) sin (4n'^ — 2(o — 2w') 

+ e'V (6.232506) sin {2nt - 4n't + 2ci} + 2«>'- 2Q) 

- e'Y (6.232506) sin (2ne - in't - 2«> + 2ai'+ 2Q) 

- e'Y (5.595899) sin {4tn't - 2(o'- 2Q) 

- e'Y (0.25 1066) sin {int - ^n't + 2io' - 2g3) 

+ ^V (3-993677) sin (3ni - Zn't + <o 4- lo' - 2gJ) 
+ eeV (4-^ 16294) sin (jit — n't — to — to' + 2Q) 

- eeV (0.4939654) sin (3n^ —n't^tn — lo' — 2Q) 

- ee'f (i I.I 18806) sin {nt - 3n'^ - tt» + w' + 2Q) 

- ee'f (3.166367) sin {Znt - Sn't - Zio + co' + 2^) 

- ee'f (6.076655) sin {nt - n't 4- 3^0 - w' - 2gJ) 
4- ecV (0.3856623) sin {Znt - n'^ - 3ai ~ 10' H- 2Q) 

- eeV (14.367764) sin {nt - Sn't 4- 3«> 4- «' - 2Q) 
4- ee'f (8.190578) sin {nt 4- n't - «> 4- ^o'- 2Q) 

- ee'f (16.46930) sin {nt 4- in't - w - ^n' - 2SJ) 
4- cey (0.942805) sin {5nt — n't — w — w' — 2Q) 
^ eeV (0.3689357) sin {5nt - 3n'^ - «> 4- €o' - 2i2) 



- A'«' 



n 



n' 



- sin (-»'e - ^0 } 
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^-a — —n/ — {12.43582 4- 4.1232616^4- 24.87i64€'* 
fi a' { 

- 5 5 -043 5 57*} 8111 {nt-n't) 

4- {1.335670- 19.848 146* -8.0i402e'*- 1. 001 75 2}^} sin 3 (n^-n'O 

-6(1 34485 2) sin {2nt — n't- 10)- e{\ 2.88077) sin (n'e — ui) 
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H- 1 (2.523682) sin (4n<— 3n'e - a;) — e (i 1.79544) siii (2w^ "~ 3n'e -f a>) 

— e' (1849582) sin {rd — 2n'i 4- w') + e' (0.093750) sin (n^ - fciO 
+ e' (7.001 572) sin (3n^ — 4n'^ + cwO 

— e' (i .276463) sin {Zrd - 2n'^ - to') 

— 6^ (i 5.29640) sin (3?i^— n'e — 2w) + e* (9.302104) sin (pi + n'e — 2a>) 
+ ^ (3-6373 1 1) sin (5n< — 3n'^ — 2o>) 

— 6^ (28.72292) sin {nt — 3n'^ + 2a>) 
+ e'^ (17.35742) sin (n< + n't — 2f«>') 

— e'* (26.97790) sin (n< — 3n'^ + 200 
+ e'2 (o.i 527558) sin (3n^ - n7 - 2a)') 
+ «'* (23.35469) sin (3n^ - 5n'^ + 20)0 

— ee' (1406250) sin (01 — co') 

— ee' (19.47985) sin (2n'^ — co — a)') 

— ee' (2 1 .78434) sin (2n^ — 2n'i — to + to') 

+ ee' (13.1 16482) sin {^nt — 4n'^ — o> + coO 
-I- ee' (10.75640) sin {27it — 2n'^ -{• w — w') 

— ee' (2.43 1 372) sin {int — 2n'^ — «> — oi') 

— ce' (65.26854) sin {27it — in't + o) + w') 

— f (1.554476) sin {nt — n't + 2^0 — 2Q) 
+ y^ (0.252459) sin {nt — n'^ — 2rtf + 2SJ) 
+ 7* ( 1. 102626) sin {Snt - n'^ - 2Q) 

+ y^ (9.874348) sin {nt + n't - 2Q) 

— f (5.09s 170) sin {nt — 3n'^ 4- 2Q) 

+ f (0.498376) sin {Snt - Sn't + 2^.; - 2Q) 

+ y^ (0498376) sin {Snt -Snt- 2(o + 2g3) 

^ - ,,, 10n4-12«" 
+ -f^h^n — : — — sm 



n^ - •»''« 



in(«"^-i9'0} 



> 



(274) 



+ 44 a ncosn^ \e'co^co'dt-\-\ia n sin 71^ ( e'sin w'd^ 

^ fjL a' J ^ ft a' J 

This equation completes the perturbations of the radius vector of the* 
moon's orbit, in so far as it depends on the sun's direct action ; and we shall 
now determine the perturbations of the longitude and latitude depending on* 
the same cause. 
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21, The perturbations of the moon's longitude arising from the sun's direct 
action is given by equation (261). We have given the value of j / -— j dt in 

equation (265) ; and the value of — — — — is given by the following equation : 



a' 



T^ cos^ 0^ 



T^ cos^ 6^ 
= l+^ + i}^4-|e*-iy^ + i6V + 26{l + |6»+i}^}cos(7i^-<£)) 



+ «"{f + i^ + f>^ + i— }cos2(n^-<o) + J^cos3(n^-fe;) 



> . (275) 



H- J^e* cos 4 (n^ - ro) -\-f {1 -•^} cos2(n^-Q) 

— ^ef cos (^nt — w — 2Si) 4- ^ef" cos {7it-\- (o — 2Q) 

— J^^eV cos {^nt - 2ai - 2SJ) - \y^ cos (2n^ + 2io - 4Q) 
4- \y* cos 4 (n^ - Q) 

If we now multiply equations (265) and (275) together, we shall obtain the 
following development of 

^ ^^nl -{- {0.8106367 - 6.3866746^ - 2.0265926" + 0.20265927* 
dt A* I 

- 30.561736^+ 0.65864226'* + 0.8128361/ + 15.966686*6'* 

- 1. 5966686V - 0.50664696'^} cos 2 {nt - n't) 

+ 6 {1.3368791 - 8.9351876* - 3.3421986'* 

+ 0.3342 1987*} cos {Snt — 2n'i — (o) 

— 6 {4.481006 4- 25.910736* — 1 1.202526'* 

+ 1. 1 2025 27*} cos {nt — 2n't + €o) 

— 6' {0.3895702 — 2.9528666* — 0.04858436'* 

+ 0.097 16867*} cos {2nt — 71^ t — w') 
+ 6' {2.956754 — 24.3289O6* — 6.4942996'* 

+ 0.739 1 8857*} cos {2nt ~ Sn't + w') 

+ 6* {1.9282 1 3 — 12.5057486*— 4.8205 36'* + 0.48205 327* 

y* 
+ 0.101330^} cos (4nt — 2n^t — 2m) 

6* 

-6* {29.34475 + 12.813686* -73.361896'* + 7.3361897* 

+ 0.626660 —} cos 2 (n'^ — w) 

6* 
6'* {7.496496 - 64.853046* — 16.903866'* 

+ 1. 8741 247*} COS {2nt-^n't + 2a)') 

(OonHnued on the next page,) 
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— y* {0.2513555 —6.6932066^ — 0.6283896'* 

— 0.06283 89>^} cos {Ant — 2n'e — 2^) 

— y* {3.962620-1-0.8575286*— 9.90655c'*— 0.9906557*} cos 2 (n'^ — 53) 
+ y* {0.2026592 + 0.3977386* — 0.5066486'* 

— 0.05066487*} cos {2nt — 2nU -f 2(o - 2Q) 

— y* {0.2026592 -f 2.3895496* — 0.5066486'* 

— 0.05066487*} cos {2nt - 2n'^- 2ce) -f 2Q) 

— 66' {0.645067 1 — 4. 1 5 549386* — 0.08063346'* , 

-f o. 1 6 1 26687*} cos {Snt — n't — to — co') 
T ee' {2.043236 4- 25.470536* - 0.25540446'* 

4- 0.5 io8o89y*} cos {nt — n't + io — co') 

— ee' {17.35021 -f 61.560786* — 37.568586'* 

+ 4-3375 57*} cos {nt — Zn't + ca + w') 
+ ee' {4.848327 — 33.822996* — 10.6489056'* 

-f 1.2 1 208 ly*} cos {Znt — Zn't — w + w') 
+ 6* (2.6859003) cos {bnt — 2n't — Zco) 

— 6* (29.983 1 1) COS (n^ -f 2n't — 3w) 

+ e'^ (o.oi 506168) COS {2nt + ri'^ - 3<e;') 
-f 6'* (16.24007) cos {2nt — 5/1'^ + 3(o') 

— 6*6' (0.933309) cos {Ant — 7i'^ — 2ai — fl>') 

— ^e' (75.09929) cos (3n'^ — 2w — <o') 

-f ^e' (6.978024) cos {int — Sn't — 2a> + «>') 

-f 6*6' (27.01249) cos {n't — 2(o-h to') 

-f ee'^ (12.217329) cos (3n^ — An't — ^o +'2oi') 

— ee'^ (47.08438) cos {nt — Ain't ^ m + 2ft>') 
+ 67* (2. 1 5 1995) cos {3nt — 2n't -f a> - 2Q) 

— 67* (3.230067) cos {nt — 2n'^ — <t» + 2^3) 

-- 67* (0.9042042) cos {6nt — 2n'^ — «; — 2Q) 

— ^ (2.555728) cos {nt+ 2n't - (0-20) 

— ^ (0.3342 198) cos {Znt — 2n't -3(0 + 2Si) 

— 67* (i. 120252) cos {nt — 2n'^ + 3oi — 2ft) 
-f 6'7* (0.1210527) cos {4nt - n't — w' — 2ft) 
-- e'f (9.5 12430) cos {Sn't - 01' — 2ft) 

— e'f (0.9 1 30021) cos (4n< — 3n'^ -I- ^o' — 2ft) 
+ «y (3.857130) cos (n'^ + co' - 2ft) 

-f 6'7* (0.09739255) cos {2nt - 7i'^ - 2(0-0}' + 2ft) 

(CbntJfMMd Oft M0 next page.) 
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-1- df (0.7391886) cos (2n^ - Zn't + 2ai + a>'- 2^) 

- ey {0.09739255) cos i^nt — n'< + 2o> — ci/ — 26^) 

- eV (0.7391886) cod i^ni - 3n'^ - 2co 4- a>' + 2Q) 

4- 6* (3.69 105 8) cos {^nt- 2n't- 4a>) - e* (37.76826) cos {^rU + 2n'e- 4«) 
+ e'^ (0.029075 14) cos (2n^ + 2n'^ — 4tt;') 
+ e'* (32.2 1313) cos (2n^ — 6n^t + 4fti') 
+ y* (0.06884808) cos {6nt - 2n't - 4Q) 
+ y* (0.9742973) cos {2nt + 2n'^ - 4SJ) 

- / (0.1256777) cos {Ant — 2n'^ + 2re> — 4Q) 
+ / (0.0506648) cos {2nt - 2n'^ + 4ai - 4Q) 

- cV (0.482267) cos (Ant - 2n'^ - 4«> + 2Q) 

- «V (7-336190) cos (2n't - 4w + 2g3) 

- ^V (2.186283) cos {6nt - 2n'e - 2f«> - 2Q) 
+ eV (4.762816) cos (2nt + 2n't - 2(o - 2Q) 

- c'V (17.85396) cos {4n't - 2^0' - 2Q) 

- e'V (2.304775) cos (int - 4n'^ + 2w' - 2Q) 

+ e'V (1.874 1 24) cos {2nt - 4n'^ + 2co + 2^^- 2Q) 

- e'Y (1.8741 24) cos {2nt - 4n'i - 2a^ + 2r«;'+ 2Q) 
+ e^e'* (17.53666) cos (4ne - An't - 2a> + 2^i>') 

- e^e"^ (15 1.7428) cos {4n't - 2co - 2w') 

+ ee'' (0.02522494) cos (3ni 4- n'^ — to — Zio') 

- ee'' (0.08571925) cos (n^ + ?i'^ + ai — 3«>') 

- ce'' (i 10.3088) cos (n^ — 6n'^ + w + 3ai') 
+ ee!^ (26.29579) cos (3n^ - bn't — a; + ^^t'O 

- cV (77.81664) cos (n^ + 3n'^ — 3ai — ^o') 
-I- e^e' (27.271 18) cos (n^ + n'^ — 3a; + a;') 

- cV (1.30 1 783) cos (5n^ — n^t — Zto — €o^ 
-I- e^e' (9.704845) cos {5nt — 3n'^ — 3re> + 10') 

- e^y (3.276525) cos ^nt — 3n'e — <e> + co' — 2Q) 
+ eeY (8.037391) cos {3nt - Sn't -^ <o + 10' - 2Q>) 
4- 66^(3.520293) cos (nt — n't'-a) — iJ + 2Q) 

+ e^y (1.0457048) cos {^nt — n't — io — to' — 2SJ) 

- ee'f (1.855970) cos {nt + 2^n't — lo—w^ — 2Q) 

- eeY (1-0029993) cos (3nt — n^t 4- co — w' — 2Q) 

- eeY (6.345 140) cos (nt — 3n'^ — «; 4- «>' 4- 2^) 

- 66^(1.2120599) cos (3nt - Sn't - 3ctf 4- ^0' 4- 2Si) 

(Cb nHmi e i <m the netl page,) 
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+ ^eV (o.S 10585 1) cos {nt - n^t + 3a; — V - 2Q) 
+ eeV (o. 16149075) cos (3n« — n't — Zio — co' — 2Q) 
— ee'f (4.700177) cos {nt — 3n't + Za) + to' — 2£J) 

+ eeY (3.181814) cos {nt + n't - co + co' - 2Q) I 
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■i- - — nl + {04053184+ 13.449116* + 0.81063686" 
fi a' I 

— 2.43i9i04y*} cos {nt^n't) 

+ {0.6755306-7.7224296*— 4.05 31 836e'*-o. 1 688826)^} cos 3 {nt-n't) 

+ 6 (0.3079259) cos {2nt — n't — (o) + e (12.93853) cos {n't — co) 

+ 6 (1.420446) cos {int — Sn't — (o)—e (4.076396) cos (2ni— 3n't + ai) 

+ 16' cos {nt — co') + e' (1.32291 1) cos (nt — 2n't + co') 

+ 6' (3.47 1 200) cos {3nt — 4n't + co') — e' (0.65 7803) cos (3nt — 2n't— (t^') 

+ 6* (0.216961) cos (3n^ — n'^ — 2co) + 6* (12.5601 18) cos(n< + n'<--2co) 

+ 6* (2.3254937) cos (6n^ — 3n't — 2co) 

+ 6* ( 1 3.3 1 7 1 3) cos (n^ — 3n'i + 2co) + e'* (0.479740) cos {nt + n't — 2co') 

+ 6'* (3.203 1 82) cos (nt - Zn't + 2co') 

+ 6'* (0.0801 2273) cos {^rd — n't — 2co') 

+ 6'* (i 1.33500) cos {^nt-hn't + 2ft)') 

+ 66' (0.281250) cos (2n^ — ft) -^ co') + 66' (0.375) cos (ft) — ft)') 

— If A"-^ cos (*"e - ^") + 66' (1.018922) cos (2ne - 2n'^ - o) + o)') 

+ oe' (20.12272) cos (2n'^ — o) — «>') 

+ 66' (7.27 1060) COS (47tt — 4n'< — ft) + co') 

— 66' (21.33339) COS (2n^ — 47i'f. + ft) + ft)') 

— ee' (1.3882472) cos (4n^ — 2n't — (o^ to') 
+ ee' (3.902028) cos (2n^ — 2n't -{- 10 — 10') 

-y*(i.i77543)cos(ne + n't- 2Q) + y* (0.4006139) cos {Znt—n't-2Q) 
+ y* (0.0506648) cos {nt — n'^ — 2co + 2Q) 

+ y* (0.0506648) cos (7i< — n't + 2ft) — 2Q) 

+ y* (1.813121) cos (n< - Zn't + 2^) 

+ f (0.2533240) cos {Bnt — Sn't + 2co — 2Q) 

— f (0.2533240) cos {Snt — 3n't - 2ft) + 2g3) I 
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22. We shall now develop equation (263), which gives the part of the pertur- 
bations in latitude arising from the sun's direct action. If we multiply equa- 
tions (219) and (241) together, we shall obtain 



tan 01 sin 



in«,/ 



dv) 



-I +7 a - H«* -W - ay*} sin (2n< - 2n't + Si) 
a I 



+ 

+ 



+ 



+ 



+ 



+ 

+ 



+ 



y{i-{^-W- Ay*} sin (2nt - 2n't - Q) 
y{%-\W-W- Ay*} sin (4nt - 2n>t - £i) 
y {| + ^-W* - My*} sin (2n'< - £i) 
ey {| - H«* - •HN'* - liy*} sin (3n< - 2n'< - « + ft) 

«y {| - H«* - W* - Ay*} sin izm - in't - «» - q) 

«y {f - ll«* - A«'* - ffy*} sin (n< - 2«'< + «. + ft) 
«y {f - ll«* - A«'* - Hy*} sin (n< - 2n'< + «» - ft) 
«y If - W«* - fl«'* - Ay*} sin (5n< - 2n'< - «. - ft) 

«y {| - Ay* - H*" + Ay*} sin (n< - 2»'< - «» + ft) 

«j, {J^ - ^g* - ^'* - ^f) sin (3n< - 2n'« + «» - ft) 
«y { I - A«* - H«'* - -Hy*} sin (n< + 2n'« - w - ft) 
«'y { A - i4^ - tIt«'* - tWy*} sin (2n« - n't - «' + ft) 
«'y { A - M«* - tItt*'* - iliry*} sin (2n< - n't - to'- ft) 
e'y m - J^e* - f ||e'» - |4|y*} sin (2n< - Zn't + w' + ft) 
«'y {ft - W«* - fM«'* - VAy*} sin (2n< - 3n'« + w' - ft) 
e'y (A - Me* - T*s«'* - xlry*} sin (4n< - n7 - «' - ft) 
e'y { A + A«* - •rfire'* - i^y*} sin {n't + «»' - ft) 
e'y m - s^ - Hie/* _ ^y»} sin {int - 5n't + to' - ft) 

e'y {H + Me* - fMe'« - -Hiy*} sin (3n'< - «.' - ft) 

y{^ + ^f} sin (4n< - 2n'< - 2«» + ft) 

feV sin {int - 2n't - 2«» - ft) - {^ sin {2n't - 2«> + ft) 

||«V sin {2n't - 2w - ft) - ^e*y sin (6n« - 2n'« - 2w - ft) 

Ay {e* - y*} sin {2nt - 2n't - 2«» + ft) 

^ eV sin (2n< + 2n't - 2o> - ft) 

y { We* - Ay*} sin (2n< - 2n'< + 2« - ft) 

l^'V sin {2rtt - 4n't + 2<o'+ ft) ± ^e'*Y sin (2n< - 4n't + 2<o'- ft) 

^'V sin (4n< - 47i'< + 2<o'- ft) + -f^'^ sin (4n'< - 2«>'- ft) 

■^f sin (4n< - 2n'< - 3ft) + ^y» (2n'< - 3ft) 

■^f sin (2n< -- 2n't + 2co - 3ft) - ^f sin (27i< - 2n't -2a> + 3ft) 

(CbfiMiuf«d on M« iMsrf jm^^) 
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+ -^f sin {6nt - 2n't - 3fi) + -^^f sin {2nt + 2n't - 3^) 

- ^f sin (4n^ - 2n't + 2(o - 3Q) - -^ee^ sin {Snt -n't-w-w'+Q) 

ip iV^'y sin (3^ — n'^ — a> — to'— Q) 

- ff^'y sin (n^ — Sn^t + cw 4- «>'+ ft) 
q= fl^e'y sin (n^ — 3n'< + a> + tt>'— ft) 
+ ^ee'y sin (37i^ - 3n7 -a> + cw'+ft) 
db flgc'y sin (ZrU - Zn't - cw + ft>'- ft) 
+ ^ce'y sin (n< — n7 + «> — w^+ ft) 
~ A^'y sin {nt — n't + o) — to'— ft) 
+ ^^c'y sin {5nt — n't — w — cw'— ft) 
=P -^ee'}' sin (n^ — n'^ — fl> — tt>'+ ft) 

+ W^'y siii (3^^ - ^n't + ft) + fti'- ft) 

- ^\ee'y sin (72^ + 3n'^ — ft) — ft)'— ft) 

- fl^e'y sin {5nt — 3n'^ — ft) + on'— ft) 
± H^> sin (nt - 3n'i - ft) + ft)'4- ft) 

- \iee'y sin (3?2^ — n't + o) — ft)'— ft) 
•f i^ce'y sin {nt + n't — (0 + ft)'— ft) 

+ -^ef9\u{nt-2n't-a>'{ 3ft) =p .^€j^ sin (5ri^ - 2n'e - o) - 3ft) 

- -^rO^ sin (3n^ - 2n'« - Zio + 3ft) 

± ^ {6* - 2>^} sin {Znt - 27i'« - 3re) + ft) 

+ ey {^^ - ^f} sin (n^-2ri'^ + 3^0 - ft) 

H= ^ey* sin {nt - 2n't + 3ft) - 3ft) ± ^\ef sin (3nt - 2n'e + o) - 3ft) 

±-^fey^Qin (nt + 2n't - ft) - 3ft) -■^fgy'sin {nt + 2n'^ + ft) - 3ft) 

+ a^ sin (7n^ - 2n't - ft) - 3ft) 

+ ^ {^f + M^"} sin (571^ - 2n't - 3ft) + ft) 

+ If ey* sin (Snt - 2n'^ + 3ft) - 3ft) + ^z^e^y sin (n^ + 2n't - 3^0 + ft) 

- ffey^ sin (5n^ - 2n'^ + ft) - 3ft) + ^ ey* sin (3n^ + 2n't - ft) - 3ft) 
d: ff6»y sin (5n^ - 2n'^ - 3ft) - ft) ± ^Zf^V sin (n« 4- 2n'i - 3ft) - ft) 

- W«V sin {7nt - 2n't - 3^0 - ft)- -^V sin {Snt + 2n't - 3ft) - ft) 
d= jije'f sin (4n< - n't - ro' - 3ft) zp i^c'y* sin (37i'« - ft)' - 3ft) 
Hh tW«y sin {Ant - 3n'e + ft)' - 3ft) db j^^'f sin (n'e + ft)'- 3ft) 

+ ^y sin {2nt - n'^ - 2^1) - «)'+ 3ft) 
di H^Vsii^ (2h^ - 37i'^ + 2ft) + ft)'- 3ft) 
T ^V sin {2nt - n'^ + 2(o - ^o'- 3ft) 

- Ii«y sin (2ne - 3n'e - 2ft) + «)'+ 3ft) 

- j^'f sin (6ne - n't - ft)'- 3ft) + tVr^'y'sin {2nt + Sn't - ft)'-3ft ) 

(CbnMnved oi» i^ nexipagt.) 
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- Wf sin (4n^ - 3n'^ + 2io + w'- 3fl) 
+ ^y sin (4/1^ - n't + 2io - «i'- SQ>) 
+ H^6> sin (n'« - 2ai + «i' + Q) 

-t- "A^^'y s^^ (^^^^ "~ ^'^ — 2a> — tt>' — ft) 

+ H^'y W + ir*} 8i>^ (4n^ - 3n'^ - 2ai + tt>' + gj) 

- W^^'y 8i» (3n'^ - 2<o - «)'+ Q) qp ^^^y sin (Sn'e - 2« - o^-ft) 
± f^e'y sin (4n^ - 3?i'^ - 2fo + cw'- Q) 
± ^^e'y sin (n'^ - 2a> + «>'- ^) 
+ JK«'y sin {6nt - n'^ - 2«) - a*'- Q) 
± ^e'y {y* - e^} sin (2n^ - n't - 2f«; - io'+ Q) 

- |i6*e> sin (2n^ + 3n't - 2fi> - «>'- gj) 

- f ^e'y {376* - f} sin (2ne- 3n'« + 2(o + «>'- Q) 

- ^^e'y sin (6ne - 3n'^ - 2(o + ^o'- Q) 
± i\e'y {^ - f] sin {2nt - 3n'^ - 2io + ai'+ Q) 
+ -^e'y sin (2ne + n'^ - 2a; + cw'- gj) 
+ ^'y {376* - -f] sin (2w^ - n't + 2ft> - «>'- Q) 

- ij^g'V sin (n^ - 4n'« + «i + 2io'-\- Q) 
z;: J^^'^y sin {nt - ^n't + io + 2io'- Q) 
+ \\ee!^ sin (3n« - ^n't - w + 2«;'+ Q) 
±L f^'V sin (3n^ - ^.n't - ai + 2«i'- Q) 
+ ^^^^ sin (3n^ - 4n'« + «> + 2ai'- gj) 

- fi^'V sin (n^ + 4n'^ - cw - 2io' - ft) 

- iji^'^y sin {but - 4n'e - fe> + 2«>'- gj) 
± f^e'V sin {nt - 4n'^ - <i> + 2c«>'+ Q) 

+ yk^'V sin (2n« + n't - 3«i'+ Q) ± yk^'V sin (27i« + n't - 3a)'- ^) 
+ f4|e'V sin (2n^ - Sti'^ -f 3«>'+ Q) 
± |4|6'V sin (2n^ - 5n'^ + 3co'~ gj) 

- -rk^'V sin (4n^ + n7 - Sr«;'- Q) qr xk^'V sin (n'e - 3tt>'+ gj) 

- f4|e'V sin {^nt - 5n'^ + Zio'- Q) +f4|6'V8in (5n< - 3«i'- ^) l 



;;;;2 



+ — -I + Ay sin (n^ — n'^ + fj) ± Ay 8in(ni— n'^ — S3) 
a' I 

— -^y sin (3n^ — ti'^ — Q) + ^y sin (n^ + n't — f3) 

— -j^ sin i^mJt — n.'^ — a> + Q) q: ^f«y sin (2/1^ — ti'^ — «> — Q) 

(CbnMiMMf on thi next page.) 
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+ ^ey sin {n't — tt> + £^) zb -J^ey sin {n't — c«; — Q) 

- -^^ sin {4nt —n't — a> — Q,) — -J- j€y sin (ri'i + co — Q) 

- -^^y sin (2n^ + n'^ — «) — Q) + 1|^ sin (27i^ — n'^ + cu — Q) 
+ ^'y sin (n^ — cw' + Q) d: ^'y sin (n^ — o>' — Q) 

+ ^'y sin (ni - 2n't + re>' + Q) ± ^'y sin {nt - 2n'^ + to'- Q) 

- -^'y sin {3nt — a;' — Q) + ^e'y sin (n^ + io' — Si) 

- ^'y sin (3n^ - 2n'^ + a;'- Q) + ^e'y sin (n^ + 2n't - r^'- gj) 
+ Jf y sin (3n^ - 3n'^ + S3) ± ify sin (3n^ - 3n'e - g3) 

- ^y sin {5nt - 3n'^ - SJ) T if y sin {nt - 3n't + Q) 

+ ff€y sin (4ne - 3n'« - <i> + Q) d: Hey sin (4n^ - 3n'^ - «> - Q) 

- J^ey sin (2n^ - Sn't + ft> + Q) q: ^^^^ sin {2nt - 3n'e + «> - Q) 

- W^sin {6nt - 3n'« - ai - Q) zb i|€y sin {2nt-Zn't-(o + Q) 
+ ^ey sin {^nt - 3n'^ -h to - gj) - -Jfey sin {Sn't -m-Q) 

+ i^e'y sin {3nt - An't + io'+ Q) ± l^e'y sin {Snt - 4n'i + ^o'- Q) 

- if e'y sin (37i^ - 2n't - «)'+ Q) ip ife'y sin (3n^ - 2n't - ro'- Q) 

- ife'y sin (5n^ — 47i'^ + to'— Q,) q: -Ifa'y sin {nt — An't + fi>'+ Q) 

+ ife'y sin {5nt - 2n'^ - ai'- Q) ± ife'y sin (n« - 2n't- (o'+ Q) \ 



y . (277) 



In like manner equations (220) and (221) will give 



cos 



(dR\ 



-{±\y{l-^ + 1/* -|y»} sin (2n<- Q) 

=P |}'{l+|«'+f e'*-y»} 8mftq:fej'{l-^+fc'«-|7'} sin(n< + « 

T fey { 1 - -^ + |c'» - |j^} sin (nt - a> + Q.) 

± fc'yll - 4e» + fc" - 1)^} sin (2n< + n't - w'- Q) 

+ fe'yfl + fe* + fc'* - y»} sin (n'< - «»'- Q) 

± fe'yfl - f e* + |e'* - |y*} sin (2n« - n'f + w'- £3) 

q; fe'yfl + |c* + |e'» - )^}. sin {n't - o>'+ Q) 

± }ey{l - ^ + !«'*- M sin (3»« - «> - Q) 

-iey{l-\^ + ie'*-f}&m{nt-a>-Q) 

± le^y sin (4n< - 2« - gj) - VV«V sin (2»« - 2«> - Q) 

± T^/ sin {2nt + 2«» - 3SJ) + •^)^ sin (2nt - 3£i) 

± f^c'V sin {2nt - 2n't + 2to'- a) =f fK*y "n (2n't - 2w'+ Q) 

± ^e'*Y sin (2n< + 2n'< - 2«*'- a) + H«'*j' sin {2n't - 2o>'- a) 

(CbaMiKMd on M« next page,) 
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± ^^ sin (2«» - Q) + ^y{^ + f] sin (2»< - 2« + S2) 

± fec'y 8in(n< + »'<-«>-«»'+Q)qp|^'y8m (n<-n'< + w + w'-ft) 
=F ^^'y sin {nt + to'< + w — w'- fi) 
± \ee'y sin (ji< — n'« — w + a»'+ Q) 
± lee'y sin (3n< + n'< - w — at'— Si) 
± lee'y sin (3n< — «'< — «» + a>'— Q) 

- lee'y sin (n< + w'< - «, - «,'- gj) - |«;'y gi^ (^ _ ^/^ _ ^ ^ ^^,_ ^^ 
±TiV<7'sin (3n« + «» - 3£J) -^e^&m {nt + at -3Q) 

± H^Vsin (5ji« - 3«> - gj) -^^sin {Znt-Z<o - Q) 
+ T^{2)^ - e*}8in (3n« - 3« + Q) + .^^ sin (n« - 3fl> + g?) 
± W«'V8in (2n« + 3n'< - Zw'- Q) + J^c'>y sin (3»'< - 3«»'- gj) 
± W«'V sin (2n« - 3n'« + Za>'- Q) + J^a<!'V sin {Zn't - Za,'+ Q) 

- H««'V sin (n< + 2n't -a>- 2to'+ a) 
=P flee'V sin (n< - 2n'< + a. + 2«>'- Q) 
q: fj€«'V sin (nt + 2n't + w — 2a)'— Q) 
±.H««'V sin {nt - 2n't - <» + 2tt»'+ gj) 
± l^'V sin (3n< + 2m,'t -to- 2<o'- Si) 

- ii^'*y sin (Znt — 27i'< -(o + 2o»'- Q) 

- I^'V sin (nt + 2n't -a,- 2m'- Q) q: |A, sin {nt + »,t - ^,) 

- Hee'V sin (n« - 2n't -a> + 2a,'- Q) ± |A, sin (n< - «,< + ^,) 
± le^e'y sin (int + n't — 2a) — a>'— Si) 

- -i^e'y sin (2n< + n't — 2tt» — «»' — ij) 
± |e»«'y sin {Ant — n't — 2«» + at'— gi) 

- -^e'y sin {2nt - n't -2a> + w'- Q) 

+■ -^'y {<* + y*}8in {2nt — n't — 2a) + a>'+ Q) 
:p A^'y {«* + f} sin (2n< + n't -2a> — a)'+ Q) 
U^e'y sin {n't -2a)- a)'+ Q) ± ^e'e'y sin (n'< + 2« - «'- Q) 

•;^j€y» sin (3n< - a» - 3Q) q: ^€y» sin (n< + 3fl* - 3^) 

^'y' sin (2n< + n'< - w'- ZSl) + ^^ey sin {2nt - n't + a,'- ZQ) 

± ^y sin {2nt + n't + 2to - a'- 3^) 

± ^ey sin (2n< - n'« + 2«> + «*'- 3Q) 

± lyil -¥«*-!«'*- W} sin (47rf - 2n'< - Q) 

+ IHl - f«* - K - ¥/} sin (2n< - 2m.' t - Q) 

^ |y{l -|«»-|c'*-|y»} sin (2rie-2n'« + a) 

± |y{l + |e» - 1€'» - )^} sin (2n'< - Q) 

± ley {1 - Jy^ - le'* - \f) sin (5n« - 2n't -«,-«) 
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+ |ey{l - J^ - 4«'* - It*} sin (3ri< - 2n'< - «» - Q) 

zf J^{1 -3^ - K - ^if) si" (3'^ - 2»'« + «» - a) 

- feyll - if^ - fe'* - fy*} sin (n< - 2n't + w - Q) 
q: ley {1 -•!€»- !«'* - /} sin {nt + 2n't -w-Q) 
±^ey{l-:^-^'*-if} &in{rU-2n't + a> + Q) 

q: ley {1 - i^ - 4e'» - ^f} sin (3»i< - 2n't -to + Q.) 
+ 1«)'{1 + F -- 4«'* - \f} sin («< -2n'<-« + ft) 
q: ^'y { 1 - -iy^ - ic" - iX*} sin C*'** " n't - <«>'- S3) 

- -^'y {1 - 4«* - i«'* - |y*} sin (2n< - n't - a>'- Si) 
± ^'y {1 - 4^ - ie" - iy*} sin (2n< - n't - a>'+ Si) 
=P A«'y {1 + fe» - i*'* -y*} sin {n't - to'- Q,) 

± H«'y {1 - ¥«* - W«'* ~ iy*} ^in (4n<- 3n7 + «'- ft) 

zp ^'y{l - fe» - We'* - iX*} sin (2n< - 3n'< + «'+ Q) 

± He'r {i + ¥- W«'* - y'} sin (3»'< - «»' - ^) 

± J|eV sin (6M - 2n't - 2« - Q) + |e*y sin (Ant - 2n't - 2<o - Q) 

=*= |y {«• + ^y*} sin (4w« - 2n't -2(o + £i) 

-fy{f- e*} sin {2nt - 2n't - 2<o + Q) 

q: ^eV sin (2n« + 2n'<- 2a> -0,)+ \^ sin (2n'< - 2w - ft) 

± Ay{37e* - y*} sin (2n« - 2n't + 2<o - Q.) 

qz ||e*y sin {2n't- 2a> + Q) ± ^e'^ sin (4n« - 4»'< + 2w'- Q) 

+ ^e'^ sin (2n< - 4n't + 2w'- Q) =P fi«'V sin (27i« - 4n'< + 2<o'+ Q) 

± f^'V sin {in't - 2w'- ft) ^ -^f sin (6n< - 2n't - 3ft) 

± ^y» sin (2n< + 2n'« - 3ft) + ^y* sin (27i7 - 3ft) 

± ^f sin (4n< - 2n'< + 2« - 3ft) + -^y* sin (2nt - 2n't + 2co - 3ft) 

± ^f sin {2nt - 2n't - 2w + 3ft) 

q: .^ee'y sin (put — n't — to — to'- ft) 

— T^'y sin (3n« — n't — at — <o'- ft) 

q: J^e'y sin (3n« - Sn't + <o + <»'- ft) 

- f|ee'y sin {nt - Zn't + w + o>'- ft) 
rp l^'y sin {nt + 3n'< — « - o'- ft) 
± Ifee'y sin {nt -- Zn't + «> + w'+ ft) 
± f|ee'y sin {bnC — Zn't — <o + a>'— ft) 
+ \^y sin {Znt - Zn't - w + <o'- ft) 
± j|ee'y sin {Znt -n't-^to- to'- ft) 

+ -^'y sin (n< - n'« + « - a»'- ft) ± -j^y sin (nt + n't - «> + o»'- ft) 

(CbnMmied on (A« nail page.) 
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i^'y sin (n^— n'^ + a>— a>'+ Si) i-^ee^ysin (3n^— n't — a>— <w'+ Q) "^ 

i^eey sin (Snt - Sn't - a> + 01'+ ft) 

■j^ce'y sin {nt — n't — a* — a)'+ Q) 

^ee'y sin (nt - 3n't -w + w'+ gj) 

^eVfiin (7ne-2n't -3ft) -Q) + 1|^ sin (6nt - 2n't - 3ft» - Q) 

iVy {M^ + y»} sin (5nt - 2n't - 3ai + ft) 

A^{K - f} 811^ (3^^ - 2n't - S(o + Q) 

■^^ sin (3nt + 27fc't - 3«) - Q) - -^^^ sin (nt + 2n't - 3a> - Q) 

^V«V sin (^ + 2n't -3w + Q) 

W^{^ - ^y^} sin (nt - 2n't + S(o - Q) 

i^e'V sin i^tnt + n't - 3a)'- Q) + jh^'^ sin (2nt + n't - 3^i>'- Q) 

^i^'V sin (2nt + n't - 3a/+ Q) - fh^ «'» (^'^ "" 3^'+ S3) 

fff^'V sin (4nt - 6n't 4- 3«)'- Q) + fff^'V »in (2nt - 6n't + 3a;'- fl) 

f^'V sin (2nt - 6n't + 3a>'+ Q) 

141 e'V sin (5n't - 3w'- Q) dz ||€/ sin (5nt - 2n't + «» - 3Q) 

^^sin (3nt -2n't + a> - 8Q) :;: Jif€y*sin (nt + 2n't-h a>-3Q) 

^jVsin {nt - 2n't - a> + 3Q) ::?: Jl^y^sin (7nt - 2n't - w - 3Q) 

j|€/ sin (3nt - 2n't + Sto - 3Q) - ^^ sin (nt - 2n't + 3«) - 3Q) 

^jV sin (3nt - 2n't - Sco + 3S2) ± ^^ sin (3nt + 2n't - o) - 3Q) 

•j^ sin (nt + 2n't - ce> - 3Q) ± ^e'/sin (6nt - n't - a»'~ ZQ) 

iie'f sin (2nt + 3n't - to'- 3Q) + i^e'f sin (3n't - op'- 3Q) 

i\e'y^ sin (6nt - 3n't + w'~ 3g3) q: •^'>^ sin (2nt + n't + 10'- 3Q) 

^'>^ sin (n't + «'- 3Q) qp •^'y'sin (2nt - n't - 2a^ - «>'+ 3Q) 

|^'>^8in (4nt - 3n't + 2io + to'- Sft) 

^'f sin (2nt - 3n't + 2a> + «/- 3Q) 

^'y' sin (4nt - n't + 2«) - to'- 3g3) 

^'y* sin (2nt - n't + 2io ~ lo'- 3Q) 

^'y' sin (2nt - 3n't - 2io + w'+ 3Q) 

^'y {y* - 2^} sin (4nt - n't - 2io - co'+ ^3) 

^e'y {y* - e^} sin (2nt - n't - 2fti - «>'+ Q) 

\\e'y {37e^ - y^} sin (2nt - 3n't + 2«i + w'- Q) 

•^'y {376* - y^} sin (2nt - n't + 2io - «#' - Q) 

^e^e'y sin (3n't - 2«) - io'^ ^) ± ^g'y sin {n't - 2ai + <w'+ Q) 

f^'y (^ + iy*} sin (4nt - 3n't - 2io + cu'+ g3) 

f l«'y (^ "" ?] sin (2nt - 3n't - 2io + a)'+ Q) 

ff e^e'y sin (6nt - n't - 2tti - iw'- Q) 

(CbMMMMl oil Iki n8tiptl0$t) 
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- ^^y sin (4n^ - n'i - 2«> - €o'- Q) 
q: f^e'y sin (2n« + 3n't - 2a; - cw'- Q) 
+ W^^'y si^ (^^'^ - 2a> - a>'- ft) 

± ^^e'y sin (6ne - 3n'e -2(o-\- «>'- Q) 
+ H^e'y sin {^nt - 3n'^ - 2io + €o'- Q) 
± ^e'y sin (2n^ + n'« - 2«> + <o'- Q) 

- M«*^'y sin (n't- 2a> + «>'- Q) =P W^^'V ^^^ (3^^" 4^'^+ ^ + 2fe>'- f3) 

- ijf^'y sin {tU - ^n't + (o-\- 2co'- Q) 
qz ^ee'^ sin {nt + 4n'« - <u - 2«'- Q) 
± J^^'V sin (rte - 4n'< + a> + 2r«;'+ Q) 
d- J^ee'V sin (5^^ - 4n'e - ai + 2co'- Q) 
+ fj€6'V sin {Snt - ^n't - ai + 2(o'- g3) 
ip |^'«y sin (StU - 4n'« - w + 2fo'+ Q) 

+ l^'V sin (n^ - in't - a> + 2«i'+ Q) | 

+ - I ±||y8in(3n«-n't~Q) +Mysin(n<^n't-Q) 

+ Ify sin (n^ + n7-Q) q= ffysin (n^-n'^ + Q) 

± Ifey sin (^nt-n't-io — Q) -|f^ sin (2ne - n'^ - «i — Q) 

db ff ey sin (2n^ - n'^ - «> + Q) q= -i^ey sin (n'^ + cei — Q) 

q: |f€y sin(2ne + n't -lo- Q) --^^j^ sin (n'« -lo-Q) 

q: i^^^ sin (2ne - n't -{■(o-Q)± ^^^ sin (n't - a> + g^) 

It ^A„ sin (nt + *„« - /9„) ^ ^h,, sin (n« - «„< + ^„) 

d= Hc'y sin (3nt - 2n'« + lo'- Q) + ffe'y sin {nt - 2n'e + tt>'- Q) 

dr ffe'y sin (n< 4- 2n't - to'- Q) q= ^e'y sin (n< - 2n't + a>'+ Q) 

± ^e'y sin (3n< - «>'- Q) + -Ife'y sin (nt - a}'- Q) 

± i^y sin {5nt- Sn't- Si) + ^y sin (3nt - 3n'« - Q) 

If if y sin {Snt - 3n't + Q) - if y sin (nt - 3n'e + Q) 

±: ijl^ sin (6nt - 3n't -€0-Q)-\- ^ sin (4nt - 3n7 -a; - ^) 

qi |f€y sin (4nt - 3n't - a) + £S) -h^J^sin {2nt - Sn't -(o-{-Q) 

zp i^ey sin (4nt - 3n't + «> - ^3) - W^ sin (2nt - 3n't + «; - Q) 

H^ J^l^sin (2nt- 3n't + «» + Q) =pf|ey sin (3n't - w - Q) 

dz i^e'y sin. (5nt - 4n'< + a)'- Q) + ^e'y sin (3nt - 4n't + w'- Q) 

q: i^e'y sin (3nt - 4n'< + co^+ Q) - Ue'y sin (nt - 4n't + (o'+ Q) 

zf ^'y sin {5nt - 2n't - o'- Q) - ^^e'y sin (3nt - 2n't - ro'- Q) 

± ife'y sin (3nt - 2n't - a>'+ Ci) + ^^e'y sin {nt - 2n't-fti'+a) l 
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If we now add equations (277) and (278) together, we ehall obtain 



tan d^ sin 



ldR\ 



+ cos Vi ( ™ j = 



fdR 

\dd 



a I 
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+ 



+ 
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+ 



+ 
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f€x{l-i€* + |e'*~f>^} sin {nt + o)-Q^) 

^ey {1 - V^ + h'^ - if} sin (rU-to-hQ!) 

fey { 1 - V^ + le'* - 1>^} sin (3n< - oi - Q) 

ieyil-ie" + fe'^ -y*} sin (nt-o)- Q) 

|eV{l - 4e^ + fe'^ - ^f} sin {2nt + n't ~ «i'- gj) 

|eV{l + f€» + 16'» - >^} sin (n'« - <o'- Q) 

|e'y{l - fe* 4- 16'* - |y^} sin {2nt - n'^ + w'- Q) 

|6'y (1 + fe* + fe'^ - f} sin (n'< - a}'+ Q) 

f 6^ sin (4n^ — 2(o — Q) ip -j^^ sin {2nt — 2(o—Q) 

Ay (^ + >^} 8in (2?2^ - 2a> + Q) + ^y* sin {2nt -f 2<o - 3gJ) 

^f sin (2n« - 3Q) + ^e'^ sin (2n« - 2n't + 2re;'- Q) 

|J6'V sin {2n't - 2ti>' + Q) + ^e'^ sin (2^^ + 2n'e - 2w'- Q) 

IJe'V sin (2n't - 2re>'- ^) + fe^'y sin (n^ + n'e - a* - a>'+ Q>) 

^^'y sin (n^ — n'^ + «> + o>'— SJ) 

■^e'y sin (n^ + n'< + «i — ai'— ft) 

f ec'y sin (nt — n'^ — cu + €i>'+ ft) — f A, sin (?2^ + »ft — j9,) 

feg'y sin {^nt -f- n'^ — ^o — o)'— ft) + |A, sin {nt — «,^ + ^,) 

fee'y sin (3ni — n'^ — «i + «i'— ft) 

\ee'y sin (n^ + n'^ — ft> — ft>'— ft) 

|6e'y sin (n^ - n't -lo^- to'- ft) + fey* sin {Znt -¥io- 3ft) 

^Vy* sin {nt-\-co- 3ft) ± ^ey* sin {Znt - w-ZQ) 

-f^ sin {nt + 3fe> + 3ft) + ff^V sin (5n^ - Zco - ft) 

^^ sin {Znt - 3io - ft) - ^ {2y* ~ c^} sin {Snt - 3(o + ft) 

^^ sin {nt - 3w 4- ft) + W^'V sin {2nt + 3n'^ - Sco'- ft) 

J^e'V sin (3n'« - 3^0'- ft) 4- ^i^'V sin {2nt - 3n'^ 4- Sco' - ft) 

J^e'V sin {Sn't - 3€o'4- ft) 4- fJee'V sin (n« 4- 2n'e -w- 2(o'+ ft) 

l^e'V sin {nt - 2n't 4- ^i> 4- 2fi>'- ft) 

fJee'V sin (n^ 4- 2n't 4- «) - 2fi>'- ft) 

fJee'V sin {nt - 2n'l - «> 4- 2^e>'4- ft) 

l^'V sin (3ne 4- 2n't - ai - 2ai'- ft) 
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+ H««'V sin (3ra< - 2n'< - « + 2«'- ^) 
q: ^ee'*Y sin (n< + 2»'« - w - 2a»'- Q) 
T H^e'V sin (nt - 2n't -<o + 2w'- Q) 
+ |e*e'y sin {'int + n't — 2a> — a>'— £l) 
q: -i^e'y sin {2rrf + n't — 2a) — lo'— Q) 
+ |e*e'y sin (4n< - n't - 2« + «*'- Q) 
^ A^^'y sin (2»« — n't — 2w + to'- Q) 

- ^'yfe* + f} sin (2n< - »'< - 2«» + «.'+ Q) 

- ■8V'>'{«* + y} sin (2ft« + n't -2ot- (o'+ Q) 

=P H^e'y sin (n'< - 2w - <o'+ Q) + ff e*e'y sin (n't + 2eo - w'- Q) 

± ^y» sin (2n< + n'« - to'- 3Q) ± ^y sin (2n< - n't + «»'- SQ) 

+ ^y sin (2n< + n't + 2«) - w'- 3S5) 

+ ^V sin (2n< - n't + 2w + «»'- 3Q) 

± |y{l - |e*- 4e'» - |y»} sin (2n< -2n't - a) 

+ VVy» sin {2nt - 2n't + Q) 

+ Itfl + |e* - |e'» - Ify*} sin (2n'< - Si) 

-Hy*sin (4n«-2n'«- Q) + cy{e*-fjy«}8in {5nt - 2n't - o> - Q) 

± fey {1 - J^e» - ^e« - tS^)^} sin (3n< - 2n't -lo-Q) 

-¥y{\^- f} sin (3n« - 2n'< + w - Q) 

^i«y{l-W- W - ^f} sin (nt - 2n't + a» - Q) 

-iey{l-^-2e'*- \if} sin (nt + 2n't - w - a) 

- HeyfSe" + y*} sin (n< - 2n't + w + Q) 

± iey{l + ie'- |e'» - ^f} sin (nt - 2n't -a> + Q) 
+ -^fcy^ ain (3nt — 2n't - w + Q) 
+ l«'y {1 - f e* - ic'* - -jJ^y*} sin (2n< - n'i - «,' - Q) 
~ tfy^y sin (2nt - n't — to'+Q) 

- |e'y{l + K - ie'» - ^f} sin (n'< + «'- Q) 

- T¥5«y sin (4ji< - Zn't + «»'- gj) + ^y^y sin (2»i< - Zn't + «»'+ g^) 
± ^'y {1 - 4e» - J^« - ^yaj sjn (2n« - Zn't + .o'- Q) 

+ ^'y {1 + |e« - J;^'* - ^f} 8in-(3n'< - «'- Q) 

± |e*y sin (4n< - 2n't -2(o-gi) 

± Ay {«• - y*} sin (2rK! - 2n't - 2<o + Q) 

- -^^ sin (2n< + 2n't - 2« - a) - J^ sin (2ri'< - 2«» + Q) 
± ^*y sin (2nt - 4n't + 2a,'- Q,) + &^'*y sin (Mt - 2a,'- Q) 
+ Ti?Vy* sin (&nt - 2n't - 3£2)+ -^f sin (4n< - 2n't - 3Q) 

+ T^)' sin (2nt + 2n'< - 3S5) ± ^^y^sin (2n'< - 3Q)' 

19 
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± -fi^f sin {27it - 2n't + 2fo - 3gJ) t fee'y sin {Snt -n't-w- w'- Q) ^ 
q: -^ ee'y sin {nt — 3n^t + a> + oi' — Q) 

- -^'y sin {nt + 3n't -o)- w^- Q) 
+ fee'y sin (n^ + n't — <tf + o>'— fij) 
± ^'7 sin (3n^ - Zn't -(0 + w'- Q) 

± \ee'y sin (n^ — n'< + a> — <«»'— S5) q:: fee'/ sin (n^ —n/t — w — w'+ fj) 
± ^'y sin {nt - 3n'^ - «i + «)'+ SI) 

± Ife^sin (5n^ - 2n'^ - Zco - gj) -^^^€^81^ (3^ + 2n'e - 3a> - Q) 
± ^ey {e* - 2f] sin (3n^ - 2n'^ - 3fi> + ft) 

+ ^^ sin (n^ + 2n't - 3io + Q) ± ^'^ sin {2nt + n'^ - 3<ci'- Q) 
=P -g^l^'V sin {n't - 3ai'+ ft) ± ■^''y sin (27ii - 5n'e 4- 3fci'- ft) 
+ -^i^'»y sin (5n'e - 3<e;'- ft) - \^ sin (57i« - 2n't + «> - 3ft) 

± ||ey* sin (3n^ - 2n'e + «> - 3ft) - ||ey* sin (n^ 4- 2n*t + «i - 3ft) 
+ ^ey* sin (rit -2m!t-ia^ 3ft) + ^Jcy^ sin (7n^ - 2n'e - a> - 3ft) 

zp ^^ sin (571^ - 2n't -co- 3ft) qi ^^ sin (n« - 2n'^ + 3ce; - 3ft) 

+ -^jey* sin {3nt 4- 2n7 -10- 3ft) q= -^^ey^ sin {nt + 2n'^ - w - 3ft) 

- j^eY sin (6ni - n't - €i>'- 3ft) di yir^ V sin (4^^ - 7i'« - co'- 3ft) 
+ 3^y sin {2nt + 3n'e- ^0'- 3ft) it tW^V sin (3n'^ - lo'- 3ft) 
+ ^^y sin {6nt - Sn't + oi'- 3ft) t t^V^V sin (4n^ - 3/1'^ -h w'- 3ft) 

- yf^y sin {2nt + n'^ + co'- 3ft) =p tIt^ V sin (n't + «*'- 3ft) 
d: ^eV sin {2nt - 37i7 + 2(o + 10'- 3ft) 
T ^'f sin (2n« - n'« + 2w - fe>'- 3ft) 
± ^e'y{f - e*} sin {2nt-n't- 2(0 - w'H- ft) 

- W^^'y sin (3n'^ - 2ai - 10'+ ft) +|fe'6'y sin (71'^ -2a) + 01'+ ft) 
lb lie'y {^ - y*} sin (27i^ - Sn't - 2<i> + io'+ ft) 
q: fe^e'y sin {^nt — n7 — 2fi> — lo'— ft) 

- I^e'y sin {2nt + 3n't - 2(o - (o'- ft) 
d= ^gi^e'y sin (4/1^ - 3n'< - 2(o + w' - ft) , 
+ ^e'y sin {2nt + n't - 2(o 4- w'- ft) 
zp if^'^y sin (ri« - 4n'^ + <i> 4- 2^i>'- ft) 
- ■V^e'V sin {nt + in't -to- 2io' - ft) 
± ^ee'^ sin {Znt - 4n'^ - w + 2co'- ft) 
dr -V^'V sin {nt - 4n'^ - ce> + 2re;'+ ft) 

- fy{l 4- f€*+ |e'^- y»} sin ft 4- J|/^sin (2cci - ft) l 
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+ ^/ + ||y8in(3?i^-n'i-Q)zh|y8m(ne~n'e-Q) 
a* \ 

+ \y sin {nt + n'i - fl) - H^ sin {nt - n't + Q) 

H- 14^ sin (4n^ — n'< — ai — Q) rp ^€y sin (2n^ — n'^ — oi — SJ) 

+ Wy sin (2?i^ — n't — <i> + Q) — ff^ sin (n'^ + <o — gj) 

— f|€y sin (2nt + n'< — «i — Q) h^ -54^ sin (n'^ — ai — a) 

— ^i^ sin (2nt — n'< -f a> — Q) + ffcy sin (n't — oi + Q) 
+ -^e'y sin (nt + ^c;'-- fj) -f- ^'7 sin (nt — io'-\- Q) 

+ 4|e'y sin (3nt - 2n't + to'- ft) ± ^e> sin (nt - 2n't + a*'- ft) |- • (279) 
+ ^'y sin (nt + 2n't - to' - ft) - f^'y sin (nt - 2n't + a}'+ ft) 
+ If^V sin (3nt - «>'- ft) ± \e'y sin (nt - w'- ft) 
dz If y sin (3nt - 3n't - ft) =P H/ sin {nt - 3n't -+• ft) 
± f4cy sin (4nt — 3?i't — w — ft) ± ^4^ sin (2nt — 3n't — w + ft) 
q= "W^ sin (2nt — 3n't + €i> — ft) — -Jfey sin (3n't — a> — ft) 
d: ff6> sin (3nt - 4n't + w'- ft) i? jfe'y sin (nt-An't + 10'+ ft) 

T {|€> sin (3nt - 2n't -a>'- ft) ± ||eV sin (nt - 2n't - €o'+ ft) I 

Equation (279) will give the value of tan 6^ cos v^ I — j — sin vJ — ) by using 
the lower signs and changing am to cos in. the second member. 

If we now multiply equation (279) by dt, and take the integral, we shall 
obtain 



/< tan 01 sin v. { -—■ ] -f cos v, ( — — ) V dt ~ 
I \dvj \ddji 

— [ HP fy{l - 4^ + K -M COS (2nt- ft) 
an {. 



±\ey{l -ic* + |«'*-M cos(n< + w-Q) 
± ^{^ - V^ + |e" - \f} cos {nt-io-¥ £l) 
q: \ey{\ - -»^ + fc'* - |y*} cos {^rit -(o-Q) 
+ fey {1 - i«* + |e'* - >^}co8 {nt - w - Q) 
=P e'y { 1 - f«* + fc" - |y»} (0.5422208) cos (2n< + n'< - «'- Q) 
- c'y{l + |e* + fe'* -y*} (15.03985) cos (n'< - o)'- Q) 

+ e'y{l - 1^ + fe"-fy'}(o-5843553) cos {2nt-n't + «'- Q) 
± c'y {1 + |e* + |e'* - )^ } (i 5.03985) cos (n'< - «'+ g3) 
q: ■^€V <»8 (4n< — 2a» — Q) + ■^j^'y cos (2n« — 2«» — Q) 
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± ^y[^ + f] cos {2nt - 2(o + Q) qi -^f cos {2nt + 2co - 3Q) 

- ^/cos {2nt - 3Q) =p e'^ (0.91 19663) cos (2nt - 2n't + 2w'- Q) 
±e'V (i 1.27988) cos (2n'« - 2a>'+ Q) 
=H e'V (0.7850287) cos {2nt + 2m!t - 2io'- Q) 

- e'V (1 1.27988) cos (2n'^ - 2fti'- Q) 
q= ee'y (1.046705) cos (n< + n'^ — o> — «;'+ Q) 
db ee'/ (3.647866) cos {nt — v/t + o> + <e>'— Q) 
dt ee'y (3.1401 15) cos (n^ + 7i7 + ft> — «>'— Q) 
:T e^'y (1.215955) co^ {nt — n't ^ 0) + a;'+ Q) 
q= ee'y (0.3638772) cos (Sti^ + n'^ — <o — cy'— Q) 
qi ee'y (0.3845892) cos {Znt — 71'^ — o> + o/- Q) 
4- ee'y (1.046705) cos (n^ + n'^ — «> — o»'— S3) 
+ ee'y (i. 21 5955) cos {nt — n't — <i# + <o'— ^) 

=p ^^e-'V cos {5nt — S(o — Q>) + -^^^ cos (3nt — 3ctf — Q) 

± -^{2^^ - e^} cos {int - 3ai + g^) - ^V cos (n^- Sop + Q) 

T e'V (i. 1 16872) cos {2nt + 3n'e - 3^*/- Q>) 

- 6'V (i 1. 27 100) cos {3n't — Sfo'— Q) 

T e'V (1.399 1 78) cos (2ne-3n'^ + 3«>'-- g^) 

± e'V (i 1.27100) cos {3nt — Z(o'-¥ Q) 

qz ee'V (1.467898) cos (ni + 2n't - «i - 2«>'+ ^) 

dt ee'^ (5.95 3 100) cos (n^ — 2n't + r o -h 2<o'— Q) 

ih ec'*y (4.403696) cos (n^ + 2n't + a> — 2fo' — Q) 

ip ee'V (1.984366) COS (n^ - 2n't -10 + 2(o' + Q) 

z^ ee'^ (0.5357819) cos {3nt + 2n'e — to — 2<i>'— Q) 

q: e^'V (0.5920227) COS {3nt — 2n'i — <e> + 2fo'— fi) 

+ ee'V (1467898) COS (nt + 2n'^ - fe> - 2fo'- Q) 

4- e^'V (1.984366) cos {nt - 2n't - to + 2(o'- Q) 

T c^^'y (0.276087 1) cos {int + n't — 2<e> — <o'— gj) 

+ re'y (0.1355552) cos {2nt + n'i — 2w —w'— Q) 

^ ^e'y (0.2866097) cos {4Lnt—n't —2a)-\- ai'— gj) 

4- ehy (0.14060888) cos (2n^ - n't - 2ce> -f m'— Q) 

± e!y{^ + y^] (o. 1460888) cos (2n« - n't - 2a> -f «>'+ Q) 

± e>{e2 + y^} (0.1355552) cos i^nt + n'^ ~ 2io - a;'+ Q) 

+ ^e!y (37.59962) cos (ji't — 2io — w'+ Q) 

=P c^e'y (37.59962) cos (n'^ + 2(0 — fi>'— Q) — tV^ c^® (2^^ — iw — 3CJ) 

± ^ey^ cos (ne + 3fe> - 3Q) rp -^ cos (3n^ + ai - 3Q) 

(CbnftntMl on tke nexi pap*.) 
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+ A^ ^os {nt-\-a>- 3Q) - ey (o. 1460888) cos {2nt - n't + a>'- 3Q) "" 

— ey (0.1355552) cos {2nt + nU — w'^ 3^) 
ip ey (0.1355552) cos {2nt + n7 + 2€i> — <o'— 3f3) 
q= ey (0.1460888) cos {2nt - n'« + 2cu H- to'- 3Q) 
-y{l-f6»-fe'*-|y*}(o4053i84)cos(2n^-27t'^-gJ) 
iby* (0.2 191 333) cos{^nt — 2n't — Q) 
=P y {1 + |e* - fe'^ - |f>^}(5.oi3282) cos (2n'« ~ g3) 
q= y^ (0.07599720) cos {2nt — 2n't + Q) 
=P ey {6* - ^f) (0.206 1 687) COS {but - 2n'e -w-Q) 
± ey{^e* — >^}(o.263i2i2)cos (3n^ — 2n'^ + ai — SJ) 
-ey{l--i^e*-fe2-^)^}(o.263i2i2)cos(37ie~2n'e-<o-gj) 
+ ey {1 -- Jl^a - jyie'a - ^y*} (2.64582 1) cos {nt - 2n'« + to - Q) 
± ey (1 - ie^ - 2e'^ - Hx*} (0.65 23992) cos {nt + 2n't -(o-Q) 

± ey {6e'* + y*} (0.496091 5) cos (nt - 2n't + a> + Q) 
=H «y* (0.04933523) cos (Znt — 2n'^ — a> + Q) 

— ey{l + ie^ - f e'* - ^V?^} (0.88 19406) cos {nt - 2n'^ - 01 + Q) 
e'y{l ~4e* - \e'^ - •j^y^}(o. 194785 1) cos {2nt-n't - <«>'-- g2) 
e'y{l + fe* - ^e'^ - ffy"} (5.013282) cos {n't + ft>'- Q) 

— e'y{l - ^e* ~ W«" - A>^} (1478377) cos (2n,i - Zn't + «i'- ^) 
ip e'y { 1 + fe^ - ^^'^ - f|y«} ( 1 1 .69765) cos {Zn't -«>'-«) 
± ey (0.03652220) COS i^nt — n'^ — «>'+ gS) 
db ey (o. 1 303602) COS {^nt — Zn't + fi>'— Q) 
=P ey (0.2771956) cos (2ne — Zn't + c«>'+ Q) 

— e^ (o. 194785 1) cos (4ne — 2n't — 2fo — ft) 
- y{e^- y^}(o.ioi3296) cos (2?!^ - 2n't-2a} + ft) 
dz eV (0.08722542) cos (2n^ + 2n't — 2ro — a) 
± e*y (12.53321) cos (2n'< — 2fti + Q) 

— c'V (3748248) cos {2nt - 4n'« + 2^i>'- Q) 
=H e'*y (21.30645) cos (4n'^ — 2^o'— Q) 
q= y* (0.00801227s) cos (6n^ — 2n't - 3Q) 
+ y* (0.012 1 7407) cos (4n< — 2n'^ — 3Q) 
qp y* (0.06541906) cos {2nt + 2n'^ — 3Q) 

— f (0.3 133301) cos {2n't — 3fJ) 

— y' (0.1013296) cos i^nt — 2n't + 2io — 3Q) 
+ ee'y (0.125 1964) cos (^nt — n't -co — w'— Q) 
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+ 



ze!y (10.15348) a^ (n< — Zn't + fi> + o)'— Q) 

ee'y (2. 143900) cos (n^ + Zn't — a) — a)'— Q) 

ee'y (0.9457426) cos {Snt — Sn't — a) + a)'— Si) 

ee'y(i.2i5955)cos {nt — n't + a)— co'— Q) 

ee'y (0.3489017) cos {nt + n't — a}+ w^— Q) 

ee^y (0.405 3 1 84) cos {nt — n't — o) — co' 4- Q) 

ee'y (3.384494) cos (n^ — Zn't — co + ai'+ gj) 

e^y (0.1610655) cos (5?!^ — 2n't — 5(o — Q) 

ey{^- 2y^} (0.0328901 5) cos {SrU - 2n'e - 3ft> + gS) 

eV (0.02976566) cos (3n^ + 2n't — 3co — gj) 

e^ (0.1902833) cos (nt + 2n't — 3cc; + Q) 

e'V (0.007513522) cos (2rit + n't — 3a>'— Q) 

e'V (0.2088868) cos {n't - 3ri>'+ Q) 

e'^ (8.1 20036) cos (2nt - 5n't + 3a;'- a) 

^'V (35-30187) cos (5n't - 3a;'- fj) 

6}^ (0.06764908) cos {5nt — 2n't + tc; — 3S2) 

6}^ (0.1480057) cos {Snt — 2n't + co — 3Q) 

ey^ (0.3669746) cos {nt + 2n't 4- ^o — 3^) 

ef (0.055 12128) cos {n>t — 2n't — 40 + Zbi) 

ef (0.03421335) cos (7nt -- 2n't — a; — 3SJ) 

6y* (0.02899246) cos (5nt — 2n't - a» — 3Q) 

ey^ (0.6613030) cos (nt — 2n't + 3co — 3Q) 

ey^ (0.04464848) cos (3nt + 2n't — a; — 3Q) 

ef (0.04077495) cos (nt + 2n't -co — 3S2) 

e'y* (0.003955 564) cos (6nt — n't — a; — 3Q) 

e'y* (0.005971034) cos (4nt — n't — ai'— 3Q) 

e'y* (0.22 1 2671) cos (2nt + 3n't - io'-Z£l) 

eY (0.73 1 1035) cos (3n't — w'— 3SJ) 

e'f (0.02840616) cos (6nt - 3n't + a;'- 3Q) 

eY (0.04345340) cos (4nt — 3n't + (o'— 3Q) 

eY (0.0338888) cos (2nt + n't + w'- 3Q) 

eY (0.31 33301) cos {n't + 0)' — SSi) 

e'f (0.3695943) cos (2nt - 3n't + 2«; + (o'- 3Q) 

e'f (0.04869627) cos (2nt — n't + 2ai - to'- 30) 

e'y{f - 6* } (0.04869627) cos (2nt - n't - 2(o - a)'+ Q) 

^e'y (29.24414) cos (3n't — 2(o — io'-^ Q) 
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T e^e'y (12.53321) cos (n^t — 2a> + co'+ gj) 

— e'y{^ - y'} (0.3695943) cos {27vt - Zn't - 2co + ai'+ Q) 
+ ^e'y (0.09553654) cos (4n^ — n't — 2a> — a>'- Q) 

± e^e'y (0.2950229) cos (2n< + Zn't — 2ri> — oi'— SJ) 

— e*e'y (0.695 2545) cos (47i^ — 3n'^ — 2a> f o)'— Q) 
q: e*e'}' (0.045 ^ 8506) cos (2n^ + n'< — 2^i> + a)'— Q^) 
H- ee'^ (27.29044) cos {nt — 4n'^ H- oi + 2<e>'— SJ) 
dz ee'V (4.906846) cos {nt + 4n^ — 10 — 2a>'— ^) 

— ee'*y (2.360416) cos (3n^ — 4/1'^ — a> + 2^e>'— Q) 

— ee'V (9.0968 1 5) cos (ne — 4n'e — ^o + 2w'4- Q) 

-f ry{l + l«' + K--y'}8inQd^ + jy^reVsin(2a>-gJ)d^l 



+ 



a'n\ 



y (0.3204910) cos (3n^ — n*t — Q) 



— y (1.2 1 5954) cos {nt — n't — S5) ip y (1.046705) cos (n^ + n't — Q) 
±L y (1.013296) cos (rd — n'^ + Q) 

T ey (0.3582621) cos (4n^ — n'^ — fo — S3) 

+ ey (0.292 1 776) cos (2n^ — n'^ — <e> — Q) 

q: ey (0.24348 1 3) cos (2n^ — n'^ — oi + Q) 

~ ^ (37-59961) cos (n't ■\- io — ^ 

±L ey (0.2259253) cos {2nt -i n't — (o—- Q) 

+ ey (31.33301) cos (n't —co — Q,) 

± ey (2.191333) cos {2nt — n't + « — Q) 

^ ^ (37-59961) cos (n't—w + Q) :+: e'y (0.093750) cos {nt + o)'— Q) 

± e'y (0.093750) cos (n^ — w'+ Q) 

ip e'y (0.9867045) cos (3n^ -- 2n't + a>'— Q) 

— e'y (3.968733) cos (n^ — 2n't + ro'— S3) 
T e'y (2.935797) cos (n^ + 27i't — 01'— gj) 

— ^'y (3-307276) cos (n^ — 2n't + (o'+ ^) 

^ e'y (0.3 1 2500) cos (^3nt — a»'— Q) — e'y ( i . 1 25000) cos {nt — w'— Q) 
"7(0.3377653) cos (Znt — Zn't — Q) +y (1.208748) cos {^vt—Sn't-^-Q) 

— ey (0.3724577) cos {Ant — 3n'^ — 01 — Q) 

— ey (0.2639959) cos (2n^ — 3n't — 10 -h Q) 
+ ey (2.375963) cos (2n< — 3n'^ + ^o — Q) 
It ey (10.44434) cos (3n'^ — to — Q) 

— e'y (1.735600) cos {3nt — 4n'< + ro'— Q) 
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+ e'y (6.68883s) cos (nt-^n'ti-a}'+ Q) t f f 






cos {nt + », ft— P,!) 



+ e'y (0.328901 5) cos {S7U-27i't-(o'- Q) ± If — -^^ cos {nt-M„t+fi„) 



n — « 



. (280) 



— e'y (i .102426) cos {nt — 2n't — ^'+ Q) I 

This equation will give the value of J -j tan di cos V||~|--8in '^if"^) W^ 

by using the lower signs and changing cos to sin in the second member. . We 
shall designate the equation so changed as equation (281). 



The values of — -^ and - 



~- are given by means of equation (242) ; and 



1 



if we multiply equation (280) by ^ and equation (281) by and substi- 



tute the products in equation (263), we shall obtain the value of 
follows : 

at fx K 
-ey{|~ti6» + K + Uy^}cos(.o-Q) 

-i^ {1 -¥^ +|6" - fy^} cos {2nt - a> - Q) 

"• "Ax{71«* + -f) cos {nt - 2a> + Q) 

+ 6X15.58207 + 16.576856* + 17.5298296'* 

-- 16.5862 ly*} COB {nt -f n't — w'— ft) 
-^'y{ 14.455495 + I3.930327«*+ 16.2524316^* 

— 16.41 378y*} cos {nt — n't + lo'— Q) 
"~ ^ (1-359375) cos {Znt — 2a> — ft) 4- y*(o.i4o625) cos Z{nt — ft) 
+ y» (0.046875) cos (n« + 2io - 3ft) ^^ nk,», ^ , ^_^x 
+ 6'*y(i2.o649i)cos(ne + 2n'^-2«>'-ft) n*--t/ ' '' 

— 6'*y (10.36791) cos {nt — 2n'^ + 2ce>'— ft) 

— 66'y (0.8397 1 8) cos {n't + 10 — o)'— ft) 

— 66'y (1432455) cos {n't - w — io'-h ft) 
+ ee'y (29.39887) cos {2nt + n't — lo — o}'— ft) 

— ^'y (30.91 107) cos i^nt — n'< — w + io'— ft) 

— f6V cos {Ant - 3ri> - ft) -i6y{2l6* -- Jy*} cos {2nt - S^i + ft) 

— ef (0.984375) cos i^nt + 10 — 3ft) + ef (046875) cos {Ant — w — 3ft) 
- 1^67^ cos 3 {(0 - ft) 4- 6'V ( 1 2.387872) cos {nt 4- Sn't - 3o>'- ft) 



dSfi 
dt 



as 
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— ^'V (9.871822) cos (nt - 5n't + 5<o'- Q) 

— ee'V (0.849273) cos {2n't 4- ai — 2a;'— Q) 
- e6'V (2.661269) cos {2n't -w- 2w'+ Q) 

— ee'V (2 1.62765) cos {2rU + 2n'^ - ai - 2ft>'- Q) 

— ee'*^ (23.95210) cos {2nt — 2n'^ — <«> + 2<i>'— Si) 
+ ^t'y (48.874394) cos (3n^ + n't'-2ia — co'— Q) 

— AV (52.977839) cos (3n^ — n'< — 2w + o>'— Q) 

— e'y {44.938696* + 1.9477597*} cos (ne + n'^ — 2«; — «>'+ gj) 
+ e'y{ 34.883286* + 1. 8069377*} COS {nt - n'i - 2«i + co'+ Q) 

— ey (1.676648) cos (3ne + n'^ - to*- 3Q) 
+ ey (2.0991 14) cos (3n^ — n't + «;'— 3g3) 

+ ey (1.947759) cos (n< + n'e + 2io — f<;'— 3S3) 

— cy (1.806937) cos (ne - n*t + 2cc; + «>'- 3a) 
+ y {04053184 — 6.6075976* — 1. 001 32966'* 

— 1 .45 377 1 ly*} cos (3n^ — 2n't — SJ) 
+ y {5.013282 + 3.7084846*- 12.5332056'* 

— 3.9466297*} cos (n< — 2r{!t + Q) 
+ 6y {1.0737580 — 1 2. 1 14526* — 2.6843956'* 

— 4.06782257*} cos (4n^ — 2n'^ — o) — Q) 

— 67 {2.645821 + 22.310366*— 3.6380046'* 

— 4.6382227*} cos (2n^ — 2v!t + 10 — Q) 

— 67 {0.6523992 - 0.34354136* + 1.67185066'* 

4- 0.04342087*} cos (2n'^ — o) — gj) 
+ 67 { 10.908467 + 4.98731986* — 27.271 1676'* 

— 7-83938597*} cos i^nt - 2n't - oi + Q) 

— e'y {0.194785 1 —3.0162656* — 0.024348 16'* 

— 0.73622687*} cos (3n^ - n't - fi>'— Q) 
"~^'7 {5.013282 +4.2154796* — 0.6266606'* 

+ 4.1341617*} cos {yd — n'^ — a)'+ Q) 
+ 6'7 {1478377 — 24.742096* - 3.247 1 506'* 

— 24241 537*} cos (3n^ — Zn't + «>'— Q) 
+ 6'7 { 1 1.69765 + 7409856* — 25.693056'* 

— 9.0423477*} cos (n^ — 3 n'< + «>'-f ft) 
+ ^ (2.088977 1) cos (5ri^ — 2m!t - 2<ii — Q) 

+ 7 { 1 8.7850386* - o. 1 5 199447*} cos {^ni - 2n'e — 2a> + ft) 
+ ^ (0-5394348) cos (n^ + 2?i'^ — 2ai — ft) 

30 
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- y { 1 24825 56* - o.62666o2y*} cos {nt — 2n'« + 2(0 — 0,) 
+ c'V (3.748248) cos {Znt - Mi + 2a>'- gj) 

+ e'V (21.30645) cos (?^^ — ^n^t + 2a>'+ ft) 

- f (0.0548266) cos (5n« - 2n'e — 3^) 
+ f (1.0054094) cos {lit + 2n'^ — SgJ) 

+ y* (o. 1 5 19944) cos (3n^ — 2n'^ + 2<«* — 3SJ) 

- y* (0.6266602) cos i(jfit — 2n'^ — 2oi + 3Q) 

- e^V (0.5 147666) cos (4n^ - n'^ — <ii — <o'— Q) 
-• ee'y (10.15348) cos (2n^ — 3?i'e + co + <w'-- gj) 

- ee'y (2.143900) cos (3n'^ — oi — ro'— Q) 

+ ee'y (3.902497) cos {^nt — 3n'< — 01 + ai'— Q) 
+ ee'y (1.2 1 595 5) cos i^ni — 'nlt + co — 10'— Q) 
+ ee'y (0.3489017) cos (n'^ -- a> + oi'— Q) 

- ee'y (10.43 J 88) cos (271^ — n'^ — ai — o>'+ Q) 
+ ee'y (26.77979) cos (2n^ — 3n'i — fl> + a>'+ gj) 
+ e^ (3.600368) cos (6n^ - 2n't — 3a> ~ gj) 

+ ey {29.9496036* -- 0.4026594)^} cos (4ne - 2n*t - 3a> + Q) 
+ cV (0.724232) cos (2n^4-2n'^— 3ai — Q) 

- ey {0.072891 26* + 0.08 1 5499y*} cos (2n'^ - 3ft> + gj) 
+ 6'V (0.0075 13522) cos i^nt + n'^ — Z(a'— Q) 

-- 6'V (0.2088868) cos (nt + n'^ - Zco'+ Q) 
+ 6'V (8.1 20036) cos (3ne — 5n'^ + Zio'— Q) 
+ «'V (35-30187) cos {nt - 5n'^ + 3a)' + a) 
+ 6y* (0.91 5982) cos (4n^ — 2m/ 1 + «> - 3Q) 

- ef (0.61 58829) cos {^n*t + io- 3^5) 

- ef (0.2547766) cos i^nt - 2n'e - a> - 3Q) 
+ ef (1.802303) cos {^nt H- 2n't -lo- 3Q) 

- 6y* (0.9920306) cos (2nt - 27i'^ + Sco - 3Q) 

- ef (1.363563) cos {2nt - 2n't - 3(w + 3Q) 
+ 6y (0.02636357) cos {5nt - n'i — €o^- 3Q) 
+ 6y (2.414577) cos (n^ + 3n'^ - €o'— 3Q) 

- 6y (o. 1998443) cos {5nt — Sn't + ai'— 3^) 

- eY (0.9738791) cos {nt 4- n'^ + co'— 3g2) 

+ 6y (0.5543914) cos {3nt - 37i'^ +2(0 + (o^- 3Q) 

- 6y (0.6730448) cos {3nt — n'^ + 2(o - (w'- 3^5) 

- e'y {17.779x66* - 0.0730444/*} cos {Znt-n't -2(o- (o'+ ft) 
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— (/y {29.059346* - 1 462206y*} cos (n^ - ZrJi 4- 2co + o)'- Q) "| 
4- e'y {i2.So886e* - 0.62666027*} cos {ni - n't + 2ci> - ai'- ft) 
-e'y {46.61 8 1 56* - 0.5543914}^} cos (3ne - 3n't - 2(0 + a>'+ Q) 

— c^e'y (0.9833290) cos (5ne — n't — 2m — to'— Q) 
+ e*e'y (1.167183) cos (n* + 3n'^ - 2a> - o;'- gi) 
+ e*c'y (7.576562) cos {6nt - 3n'e - 2ft> + a>'- fl) 

— 6*eV (0.581475 1) cos (nb + n't - 2w + «>'- £^) 
+ ey (0.6266602) cos {nt - n't — 2fl) — fi>'+ 3^) 

— e'f (1462206) cos {nt - 3n'^ - 2fi> + «>'+ 3Q) 

— ee'V (27.29044) cos {2nt - 4n'e + ai 4- 2a>'- Q) 

— ee'V (4.906846) cos {^n't — lo — 2io'— ^) 
+ ee'V (9-85701 2) cos (4ne - ^n't — (o + 2(0'- Q>) 
+ ee'^ (5 170972) cos {2nt - ^n't -W'\-2(o'-\-Q>) | 

4.^-?- n/ +7(1.536445) cos(2n<-n'i-a)+y(o.o33409)cos(n'e-bJ) 
/i a' I 
+ y (0.3377653) cos {4nt - Zn't - Q) - 7(1.208748) cos (2rii - 3n'« + Q) 

+ ey (2.497992) cos {Znt — n't — o) — ft) 

— ey (35.26272) cos (n^ — n'^ — tt> + ft) 

— 6y (33-58553) cos {nt + n't — fi> - ft) 
+ ey (36.04926) cos {nt—n't + (o — ft) 

+ ey (1.0479883) cos {5nt — Sn't — ai — ft) 

— ey (2.1 53500) cos {Znt - Zn't — <c; H- ft) 

— ey (2.375963) cos {3nt — Sn't + w — ft) 

— ey (1044434) cos {nt — Zn't + ai + ft) 

+ e'y (4.9554375) cos {2nt — 2n't H- €o'— ft) 

+ e'y (0.1875) cos (a>'- ft) - e'y (0.371479) cos {2n't - to'- ft) 

+ e'y (1 4375) cos (2n« - m'- ft) _ ^ Ai!^^^ cos («„e - ^„) 

+ 6'y (1-73560) cos (4ne - ^n't + a>'— ft) ^* — «//' 

~ e'y (6.688835) cos (2n« - 4n'^ + c«'+ ft) 

— e'y (0.328901 5) cos (4n^ — 2n'e — m'— ft) 
+ e'y (i.i02426)cos(2n^ — 2n'^~co'+ft) I 

(CbnMMMd o» <*« next page.) 
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a r, •/ 

-} - ^ fU + }«• - K -7*} ycoe Q<ft 
a Vi J 



_ J g inr cos Vy 



. (282) 



J 



jyi^ ^Je^ein (2a, - a)(ft + i^^ 5!£A^^ 

This is the whole value of -— arising firom the sun's direct action. 

aJL 

23. We have thus completely developed the perturbations of the moon's co- 
ordinates r, t?, and d, in so far as they depend on the sun's direct action ; and we 
must now develop equations (260), (262), and (264), which give the indirect action 
of the sun on the same co-ordinates. The determination of the indirect effect of 
the sun's action is most readily effected by a series of successive approximations. 
Since equation (260) contains no terms which are independent of ^ it follows that 
there is no indirect perturbation of the radius vector which is independent of the 
eccentricity of the orbit. If we therefore suppose that c = 0, the whole perturba- 
tion of r will be given by the single term in the development of equation (259), 

which is given in equation (274). If we suppose c = and y = 0, in equation 

J* 

(274), we shall obtain the first approximate value of --r^, which is the complete 

ddr 
value of — - to terms of the first order. We shall therefore have 

dt 

^ = a — n (2.382700) sin 2{rU- n't). (283) 

at fi 

This equation gives by integration 

dr^a^ {- [0.1098044] cos 2(fU-n't)+e}. (284) 

A* 

The constant to be added to this int^^ may be determined so as to satisfy any 
required condition. In general the substitution of dr in equation (262) will give 
some terms of perturbation in the longitude which are proportional to the time. 
Now all such terms may be supposed to be included in the moon's mean motion 
as determined by observation ; and we may therefore determine the constant part 
of ^ so as to make the terms of pertxirbation which are proportional to the time 
disappear firom the expression of the moon's longitude. We shall therefore deter- 
mine the constant part of dr so as to satisfy the condition that the elliptical 
motion in the undisturbed orbit shall be equal to the mean motion in the dis- 
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turbed orbit. We may then omit all the terms in the expression of 8v which 
are proportional to the time, and use for n the value of the mean motion of the 
moon derived from observation. 

If we designate by a the distance at which the undisturbed mean motion 
should be equal to the disturbed motion at distance a + c, we shall have the 
following equation to determine c: 



VJI 



«'{-a}' 



HH)\ 



drj) ai' 



(285) 



This equation given 



1 + ^ 
a 



MHYifr 



= a + 



(286) 



Hence we get 



r*7{'^-:}'(fK{'^^}ri)'- 



(287) 



/dB 



If we substitute the constant part of the value of j ^^^ ) in this equation, we 
shall find 



- nr 
a= — la — . 



(288) 



This value of e is correct when we neglect the square of the disturbing force. 
We shall therefore have for the first approximation to the complete value of 3r, 



Sr — a — { --J-— [0.1098044] cos 2 (n« — n'^)}, 
the number in brackets being a logarithm. 

The value of - - is given by the equation 

r^dt 

-^=.-1 1 -^ ^ + e' -{' 3e {1 + m COB (nt- w) 

+ e" {f + 16* + i ^ } cos 2 (n^ - ro) + ^ cos 3 (n< - w) 

H- ^' cos 4(n^ - io) - i^y^ {1 - 3c* - y) cos 2{nt - Q) 
+ \ef cos {nt + re) — 2Q) — J ey* cos {int — a) — 2Q) 
- V^ COS {Ant -2(0- 2a) -iy* cos {2nt + 2(0- 4Q) 



(289) 



(290) 
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The preceding value of dr gives by sabstitution in equation (262), 

^ = ^ni +2.575339 cos 2(n<-n'0 I- 
at ft y ) 



(291) 



But we have from equation (276) 

^J^n / + 0.8 106367 cos 2 (n« - n't) \ 
at fi \ } 

Whence we get by substitution in equation (255) 



(292) 



^'^ni^- {3.385976 . . [0.5296839]} cos 2{nt — n't) \ . 



ddv m 
dt fi 



(293) 



This equation gives, by integration, 



dv = — I + 1.829864 sin 2(n< - n't) \ . 



(294) 



dt 



This value of iv being substituted in equation (260), will give the value of 
correct to terms m*e ; and then by substitution in equation (253) we shall 



ddr 



obtain the value of — correct to terms depending on the first power of e ; and 

dt 

the substitution of this new value of dr in equation (262) will give the value of 

dd^v 

"dT 



to terms of the same order* 



In making these successive substitutions we shall require the following 
equations : 



VTT? 



fie cos 00 cos 01 cos (v^ — ai) 

JL.f^^{l + ^} +e{l-|6*}cos(n«-ft>) 
Va/i l 

+ e* { 1 - 4e*} cos 2 (nt - «>) + 1€* cos 3 {nt - to) 
H- ^e* cos 4(n^ — to) + ^ey* cos {nt + to — 2Q) 
+ ^ey coB2{nt '- Q) - ^cob2{w ^ Si) \ 



K . (295) 



PERTURBATIONS OF THE RADIUS VECTOR. 



169 



vT+7 



lu cos <?o sin 9 1 sin (w, — w) 



Vaft{l-e') 
Va/i ^ 



*\ 



- yr{l -i^ + if } COB {^nt- to - a) + ^C06{nt - Q) 

— e*)' COS (Znt — 2a> —Q) > 



y . (296) 



2^ 
c2^ 



tan di 



= ni 2y{l - ^ + if } Bin {nt- Q) + Aey Bin {2nt -at- Q) 

+ 3^ sin {Znt - 2«» - ^) - Jy{c* + f} sin (»« - 2<«» + Qi) 
+ ifBin(nt + 2a»-ZQ)-iy'BinZ{7U-Q) \ 



} . (297) 



J 



T^dt 



a I 

+ i6y{H-e^-iy*} cos(a> - a) -ix'cos 3(ne- a) 

+ iy* cos (7i< + 2co - 3gJ) + Jy^ cos (3ne - 2<e> - Q) 

+ |y {5e* - y*} cos (n^ - 2f«* + gj) + ^V^T* cos 3 (^o - Q) 

+ i«y{fy* + 5e*} cos (2ne - 3ft> + gS) + ^ cos {2nt + <i> - 3g5) 

- ^6y* cos {Ant - a; - 3Q) + ^j^^e^ cos {Ant - 3a> - Q) | 



(298) 



+ 2ey{l-|e^-|y«}sin(2n«-ft;-Q)-i>^8in3(n<-Q) 

- hW + y*} sin (n« -'2o}^Q)'\-\f sin (n^ + 2<e> - 3Q) I . (299) 

+ ^y^ sin (3n^ - 2ai - Q) - ^ sin (4n^ - lo - 3Q) 

+ J^eV sin (47i< - 3<o - Q) - 6y{^ + Jy*} sin {2nt - 3a> + fl) 

+ ^ sin {2nt + w - 3g2) | 

It is evident that each successive approximation includes terms of an order 
one degree higher than the approximation which precedes it ; and as we have 
retained terms of the order ^, it is plain that five successive approximations will 
be necessary, which will severally include the terms ^, ^, e^, ^, and c* ; but as the 
final approximation includes all that precede it, we may omit these successive 
steps of the work and only give the final approximation. 



160 



THEORY OF THE MOON'S MOTION. 



24. This being supposed, we shall obtain by means of equation (260), 

^f = a ^' n I - e»{| + Je« + Vte" - iy*} sin 2 (n< - «) 
at A* I 

+ ^^ sin {nt -co) — Jfe* sin 3 {nt — lo) 

— 66'{20.i6597 + 2247526^* + 22.68672e'^ 

— 22.7 1 845 y*} sin (nt + 71^1 — 71 — m') 
+ e6'{20.i6597 + 15.827306* 4- 22.68672c'* 

— 22.7i845y*} sin {nt — n*t — <i> + co') 

— ee^ (15.339485) sin {nt -f 2n't — to — 2io') 
+ ^'^ (15-339485) sin {nt - 2n't - w + 2«>') 

— e*e' (30.54686) sin (n'^ - w') -c*e' (53.89648) sin {2nt + n'^ - 2<c; - w') 
4- ^e' (57.3 1426) sin {2nt — Wt — 2<«> + co') 
+ "3*2^ sin {^7it — 10 — 2SJ) + -g^jQ^ sin {nt-\' 10— 2Q) 
4- cV (0.2592593) sin (4ne — 2ro — 20) 
+ cV (0.15 50926) sin 2(ni- fi) + IfeVsin 2(«> - Q) 

— f e^ sin 4 (ni — co) — ee'^ (i 5.54410) sin {nt + Zn't — w — 3<w') 
-f ec'^ (15.54410) sin (n^ — Sn^t—io + 3a>') 

— e*c'* (40.01922) sin (2n^ + 2n't —2 10 — 2(o^) 
+ e^e'^ (45.3385 1) sin {2nt - 2n't - 2w + 2<e>') 

— e^e'* (23.99980) sin 2 (n'^ — w') 

— c^e' (98.87359) sin (3n^ + n^t — 3<e> - <«') 
+ e^e' (105.89675) sin {Snt — n't — 3w + to') 
+ eeY (1.869978) sin {Snt + n'^ -co - w'- 2Q) 

— eey (0.543450) sin {Snt — n't — to -\- co' - 2Q) 

— eeY (8.2 1 300) sin {nt + n't + lo — ct/— 2Q) 
+ eeY (9.53953) sin {nt — n't 4- <e> 4- co'— 2Q) 

+ ^{33-33765 - 650357^ - 83.3439^'* ~ 28.30869^*} sin 2(n« - n't) 
4- 6(0.914932 + 72.244715* — 2.2873306'* 

— i.666988y*} sin {Snt - 2n't - w) 
4- 6(0.914932 — 1.850576* — 2.2873306'* 

- 1.666988^*} sin {nt - 2n't + w) 
4- 6*(2.299648 4- 125.85346* — 5.7491026'* 

— 4.9380 1 ay*} sin(4n^ — 2n't — 2co) 

— 6*(34.69773 — 9.803366* — 86.744I6'* — 30.03864)^} sin 2 (n't — w) 

— 66' (0.3944260 4- 63.418796* — 0.0493036'* 

— 14368117*} sin (3?!^ — n't — 01 — <u') ^ 

{fiofniUwxd on Alt nmipage.) 
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— 66' {0.3944260 — 1.188486^ — 0.0493036'* 

— 1. 4368 1 ly*} sin {nt —n^t + w — a>') 
+ ee'{3-753i6o + 195.07056* - 8.243556'* 

— 4.575672y*}8in {Snt — Sn't—w + co^) 
+ e6'{3.753 160 — 7.09166* — 8.243556'* 

— 4.575672)'*} sin (nt — Sn't + (o-\- cy') 
+ ^ (4-331852) sin {brU - 2n't - 3a>) 

- 6» (59.82891) sin {nt+ 2n't - 3(o) 

+ 66'* (10.82207) ^^^ (3^^ "" 4^'^ — €0 + 2w') 

+ ee^^ (10.82207) sin (n^ — 4n'i + co + 2w') 

- (^e' (28.71029) sin (2n^ — n^t — ri>') 
+ 6*6' (91.8010) sin {2nt - 3n't -h co") 

- e^e' (0.998083) sin (4n^ — n^t — 2(o — co') 
+ 6*6' (9.36834) sin (4n^ - 3n'i - 2w + w') 

- f?e' (974453) sin {Znt — 2co — o)') + ^e' (29.28991) sin {n't — 2co + lo') 
+ 6y* (0.4493 1 3) sin i^nt — 2n't + <i> — 2S2) 

+ 6y* (16.72352) sin (nt — 2n'« — io + 2Q>) 

- 6y* (0.2368861) sin (571^ - 2n't -co- 2Q) 

- ef (16.49478) sin {rit + 2n't — lo — 2^ 

- 6y* (0.2287330) sin (371^ - 2n't - Z(o + 2Q) 
+ 6y* (0.228733) sin {nt - 2n'^ + 3w - 2^) 

+ 6* (7.3i4627)sin(6n^ — 2n'^— 4co)— 6*(94.4050i)sin(2n^ + 2n'^— 4w) 
+ 6e" (0.01*258043) sin (3n^ + n't — w — 3w') 
+ ee'^ (0.01258043) sin {nt + n't + 10 — 3co') 
+ ee'^ (27.0248 1 ) sin {Znt — 6n't — 10 + Zco') 
H- ee'^ (27.0248 i)sin {nt — 5n'^ + ro + 3w') 

- 6*y* (6.37229) sin (4n^ - 27i'^ - 2Q) - 6*y* (i 1.29038) sin 2 {n't - Q) 
+ 6*y* (16.78709) sin (2n^ - 2n't + 2<«* - 2Q) 

+ 6*y* (29.66829) sin (2n^ - 2n't - 2oi + 2Q) 

- 6*y* (1.063 341) sin (6n^ - 2n't - 2f«* - 2^) 

- 6*)'* (30.82726) sin (2n« + 2n't - 2^e> - 2^) 

- 6*y* (0.5749105) sin {^nt — 2n'^ — 4w + 2Q) 

- 6*y* (8.67441) sin {2n't - 4a> + 2Q) 

(Qm^inuefi on the next page,) 
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+ ^e!^ (201.2387) sin (2n« - 4n'^ + 2io') 
+/e'* (26.81485) sin (4n^ - ^n't - 2oi + 2ai') 

— e*e'* (2 1 7.7 1 2 1 ) sin (4n'^ — 2w — 2oi') 

— e^e' (1.8877255) sin (5n^ — n'^ — 3a> — <e>') 
+ e*e' (17.57591) sin i^nt — Zn't — Zio-V it/) 

— e^e' (167.73 1 8) sin {nt + Zn't - 3(o - to') 
+ ^^ (5044729) sin {rit + 2n'< -- 3a* + to') 

— eeV (0.1933645) sin i^nt — n't + lo — 10'— 2Q) 

— ee'f (29.05776) sin (nt — n't — lo — io'+ 2Q) 

+ eey (1.8466 1 7) sin {Znt - 3n't + io + to'- 2Q) 
H- eey (29.95396) sin {nt -3n't — w + w'+ 2Q,) 

— eey (0.968254) sin (5n< — 3n'^ — a* + co'— 2Q) 
+ eeY (o. 1025 1 3 1) sin {5ni — n't — (o — lo'— 2Q) 
+ eey (28.95921) sin {nt + n'< — m 4- co'— 2gJ) 

— eey (29.01 567) sin (n^ + Zn't — co -»• w'— 2Q) 

+ eey (0.9382905) sin {nt - 3n'^ + 3<o + w'- 2Q) 
+ eey (0.9382905) sin {3nt - 3n'^ -3a> +<«*'+ 2Q) 
+ eey (0.0986646) sin (3n^ - n't - Zio - a>'+ 2Q) 

— eey (0.0986646) sin {nt - n't 4 Zw - a;'- 2Q) I 

+ a n{ — e (14.308905) sin (2n^ — n't — oi') 

;/ a' I 

+ e (14.308905) sin {n't — «>) + e (0.2950661) sin {Ant — Zn't — ro) 
+ e (0.2950661) sin (2n^ — Zn't + (o) —^ (25.28781) sin {nt — n'^) 

— e* (4.3 1 8772) sin 3 {nt—n't) — e* (32.24530) sin {Snt — n'< — 2«i) 

+ e^ (50.27814) sin {nt + n'^ — 2w) + 6* (0.848399) sin {5nt—Sn't''2a}) 

— e^ (3.986907) sin {nt - 3n'^ + 2^«>) 

— ee' (24.79800) sin {2nt — 2n't — « + co') 

+ ee' (24.79800) sin (2n7 - lo—io') + ee'(o.28 12500) sin i^nt — oi — o}') 
+ ee' (0.2812500) sin {(o—io') + ee' (1.602496) sin {Ant — An't—io 4- a»') 
+ ee' (1.602496) sin (2n^ — An't + co + a>') 

— ee' (0.2724958) sin {Ant — 2n'^ — oi — ro') 

— ee' (0.2724958) sin {2nt — 2n'f + fi> — co') I 
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do 'I* TTu C 

— ^ = a — n< — \iey^Qm {nt — to)— ^ef sin {nt + w — 
dt fJL \ 



+ ^^ sin (3ne — 10 — 2Q) + ef (1.354629) sin (3ne ■ 

— ef (1.354649) sin {nt — 2n't + to) 

— ef (0.2287330) sin (3n^ - 2n't + a* - 2Q) 

— ef (1.583382) sin (jd - 2n'i - <o + 2Q) 

+ cy^ (0.2287330) sin (5n^ — 2n'^ — w — 2Q) 

— ^ (1-583382) sin (rd + 2n'« - oi-2Q) 

— M^ sin 2 (n« - Q) - ll^Vsin 2(n^ - w) 

+ M^ sin (4n< - 2rii - 2Q) - eV (6. 10863) sin 2 (ni 
+ eV (4. 147520) sin {\nt — 2n'^ — 2r«*) 

— eV (1.961 1 1) sin 2 (n'^ — to) 

^- eV (7. 1 84577) sin (471^ - 2m! t - 2Q) 
+ cV (8.32440) sin 2 (n'^ - Q) 

— eV (8.216965) sin i^nt - 2n'e + 2a> - 2Q) 

— ^ (1.555677) sin (2n« - 2n'i - 2^e> + 2Q) 
4- eV (1.032388) sin (6n< - 2n'^ - 2a> - 2Q) 

— cV (9.88008) sin (2?i< + 2n't - 2ri> - 2Q) 
+ eey (0.281647) sin (rd + 'n/t — i» — to') 

— e^y (1.281647) sin (n^ — ?i'^ — ri> + ai') 

— ee'y* (1.302099) sin (3ni — n'^ — <o — <w') 
+ ee'y (1.302099) sin (n^ — n't + w — 01') 

+ eey (3.294007) sin i^nt — Zn*i — ro H- co') 

— eey (3.294007) sin (nt — 3n7 + ro + to') 

H- eey (1.417084) sin (jit + n7 + <e> — ro'— 2Q) 

— eeV(i.i354375)sin (n^ — n'< + €i> + ri>'~2Q) 
+ eey (0.09864475) sin i^nt — n't + io — to'— 2Q) 
•f eeY (1400744) sin {nt - n't — w — ri>'+ 2Q) 

— €eV (0.938288) sin {Znt - 3n'^ + ro + «>'- 2Q) 

— eey (4.232295) sin (n^ — 3n'^ — co + «>' + 2Q) 

— eey (1.417084) sin {Znt + n7 — <«> — w'— 2Q) 
+ eeV ( 1. 1 354375) sin {Znt — n't — re> + 10'— 2Q) 

— eey (0.09864475) sin {6nt — n'« — 2c«* — lo'- 2Q) 

+ e^y (1.400744) sin {nt 4- 71'^ — ro + co'— 2Q) 
+ eeV (0.938288) sin {5nt - 3n't -10 + w'- 2Q) 

— ee'f (4.232295) sin {nt + Zn't — o> — 10'— 2Q) I 



2Q) 
2n'^ 



-co) 



-n'e) 



^ . (301) 
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If we now take the sum of equations (267), (274), (300), and (301), we shall 

ddr 
obtain the complete value of — , as follows : 

dt 



ddr 
dt 



^a — n{ - e{o.875 — 1-359375^ + 1.31256'^ 

— 0.7708333)^} sin {nt — <o) 

— e' {0.1128333 +o.3ii865e*+o.i26937Se" — 0.169257*} sin (n'^ — a/') 

— e^{i —3.1927086^ + 16'*— o.869792y* + o.234375^} sin2(n^ — rei) 

— e'*{o. 343312 +o.965866*+o.26779826"— 0.5164697*} sin 2(n'<— <«>') 

— 66'{36.53352 + 4.3 19016* + 41. 10022c'* 

— 54.800237*} sin {nt + n^t — <o — w') 
+ 66' {33.89207 —0.015286* + 38.128086'* 

— 50.837937*} sin (nt — n't — €«> + to^ 
+ 7*{i - 1.3891776* + 16'*'- J7*} sin 2(ne - Q) 

— (? (1.57809) sin 3 {nt — co) — 6" (0.782756) sin 3(n'^ — a*') 

— ee'^ (28.65920) sin {nt + 2n't — w — 2fo') 
+ ee'^ (24.62185) sin {nt — 2n't — 10 -h 2a)') 

— ^e' (69.93758) sin {2nt + n't — 2(o — a>') 
+ e^e' (71.47053) sin {2nt — n't — 2io + w') 

+ ^ef sin {Snt-o)- 2Q) - ^ sin {nt + co - 2Si) 
+ 6'7* (1.387 119) sin {2nt + n'e - w'- 2Q) 
+ 6'7* (1.631638) sin {2nt - n'i + w'- 2Q) 

— -^ sin 2 (w - Q) + 6*7* (1.998842) sin (4n^ - 2w - 2f^) 

+ 6*7* (0.0234370) sin {2nt - 4^0 + 2Q) + J7' sin {2nt + 2rc; - 4Q) 

— ee'^ (29.73096) sin (n^ + 5n't — to — 3w') 
+ ee'^ (23.59334) sin {nt — Zn't — io + 3«;') 

— 6^6' (i 16.88282) sin {^nt + n't - 3<o - ^0') 
+ ^e' (i 2 1.87937) sin (3n^ — n't — 3ai + co') 

— (Pe'^ (52.915 1 1) sin {2nt + 2n't - 2ro - 2co') 
+ 6^6'* (55.36150) sin {2nt - 2n'^ - 2<o + 2io') 
+ 6'*7* (1.933957) sin {2nt + 2n'^ - 2w'- 2Q) 
+ 6'*72 (2.680538) sin {2nt - 2n't + 2(o' - 2Q) 

— 6* (2.53125) sin 4(n^ — co)—e'^ (1.581507) sin 4(n'^ — w') 
+ ee'y^ (2.200914) sin {int + n't — w — co'— 2Q>) 

+ ee'y^ (2.83 1 5022) sin (3??^ — n't — €o-\- co'— 2S3) 

(jOtmtinued on the next page,) 



(302) 



r 



PEETUEBATIONS OF THE RADIUS VECTOR. 

— ee!y^ (33-91977) sin {nt + n't + a> — m'— 2S5) 
-f ce'y* (37.3441 1) sin (n^ — n'^ 4- «> + «>'— 2SJ) 

— ee!i^ (0.014105) sin (n^ + n't — Sco — a>'+ 2Q) 
+ ee'y* (0.014105) sin (n^ -^ n'^ — 3fti + 01'+ 2Q) 

+ {2.382700 + 55-75647^ - 5-95675«'* - 0.88194a/ 

- 85.44956* + 3.5 I04ie'* + 0.91 28517* - 143.55706*6'^ 
+ 2.20485 26^ — 53.844846^} sin 2 (n^ — n'i) 

+ 6(3.839622 + 96.750476* — 9.59905 5«'* 

— 1 .370622/} sin (3n^ — 2n*t — a>) 
+ 6(24.69368 — 17.142676* — 61.734226'* 

— 22.768828/} sin {nt - 2n'^ + w) 

— 6'( 1.087759 + 52.559896* - 0.1359696'* 

— 0.4053 18/} sin (2nt — n'^ — a>') 
+ 6'(9.20774 + 140.138806* — 20.224146'* 

— 3.384493/} sin (2n^ — Zn't -I- to') 

+ ^{5-785218+ 154.22746*— 15.4630286'* 

y* 
— 1.979323/ — 0.2094615 ^} sin (4ni — 2n'^ — 2co) 

6* 

— 6*(5.3i456— 10.807756*— 12.28626'* 
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— 8.21729/ — 0.1253682 ^} sin 2(n'^ — a>) 

6* 

+ 6'*(24.93002 + 280.54566* — 56.21 1756'* 

— 9.09681/} sin (2ne - Mt + 2w') 

— 66' ( 1.7427374 + 90.043966* — 0.2178426'* 

+ 0.019255/} sin (3ne — n't — va — to') 
+ 66'(57.05573 -4443996*- 125.31886'* 

— 34.637142/} sin (nt — Sn't + a; + cw') 
+ 66'(i49402S +245.71366* — 32.815216'* 

— 5.042187/} sin {3nt — Sn't — w + to') 

— 66' (24.89540 - 5.93963«* - 3.1 1 19226'* 

— 7.901604/} sin {nt — n't + w — w') 
— /(0.0271238 - 2.8854686* — 0.06780856'* 

+ 0.00966416/} sin {int - 2n't - 2Q) 
-/(0.4983562 -43S539«*- i.2458906'*-o.5942523/} sin 2(n'j5 - Q) 
+ y*{o.59S67S + 7.023126*- 1.4891896'* 

— 0.5083229/} sin {2nt - 2n't + 2fti — 2Q) 

(QmUmied on the next page.) 
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— >^{o.595675 — 29.250686^ — 1.4891896'* 

- o.8o7709y*} sin {2nt — 2n't - 2tt> + 2Q) 
+ e* (8.782085) sin {5nt - 2n't - 3a>) - e» (41 .38248) sin {nt + 2n't - Sco) 
+ e'^ (0.0385 3 108) sin {2nt + n't - So)') 
+ e'^ (58.24657) sin {2nt - 5n't + Sco') 
+ ey^ (i. 1 56170) sin {3nt - 2n't + w- 2Q>) 
+ ef (12.82417) sin {nt - 2n't - w + 2Q) 

— ef (0.9599083) sin {^nt - 2n't - Sco + 2Q) 
+ ey* (6. 1 73419) sin (nt - 2n*t + 3co - 2^) 

— ef (24.79057) sin (n^ + 2n*t — oi — 2S^) 

— ey* (0.0859481) sin (5n^ — 2n't — w — 2Q) 

+ eV (2.301935) sin {2nt - 3n7 + 2eo + w'- 2^) 

— eY (2.301935) sin {2nt - Zn't - 2co + o>'+ 2Q) 
+ eV (0.27 19396) sin (2nt — n't — 2a> — co'^ 2£3) 

— eV (0.2719396) sin {2nt — n't + 2a> — €o'— 2Q,) 

— eV (2.002395) sin {3n't-w'- 2Q>) + 6^(0.2 167634) sin {n't+a}'-2Q) 
+ e'f (0.0 1 301434) sin (4nt — n't — 10'— 2Q>) 

— ^y (0.09901 82) sin {4:7it — Zn't + to'— 2Q) 
+ ee'^ (40.77597) sin {int — 4n'^ — (o'+ 2io') 
+ ee'^ (102.6964) sin (nt — An't + 10 + 2io') 

— e*e' (2.610552) sin (4n^ — n't — 2to — to') 
+ ^e' (22.65 144) sin (4n^ — 3n't — 2w + a;') 

— ^e' (22.4698) sin {3n't — 2ai — (o') + e^e' (2,22209) sin (n'^ — 2tt> + co') 
+ ^ ( 1 2.68360) sin {6nt - 2n'^ - 4ti>) - e^ (76.36348) sin (2nt + 2n7- 4w) 
+ e'* (0.07162802) sin (2n^ + 2n't - 4a;') 

+ e'* (126.1904) sin {2nt - 6n't + 4a»') 

+ f (o. 1764083) sin {2nt - 2n't + 4a> - 4^) 

— y* (0.00205562) sin {2nt — 2n't — 4«> + 4Q) 
H- y* (o.i 139151) sin {2nt + 2n'^ - iQ) 

— / (0.01356185) sin {^nt - 2n'^ + 2w - 4Q) 
+ / (0.00493759) sin {6nt — 2n'^ — 4S3) 

— eV' (1.42456 1 1) sin {^nt — 2n't — iio + 2Q>) 

— 6V (1.41489) sin {2n't - 4fl; + 2^) 

— eV (47.35 141) sin {2nt + 2n't - 2ft; — 2Q) 

— eV (o. 1 87 1 74) sin (6nt - 2n't - 2a; - 2^) 
+ ee'^ (0.061 1 3652) sin {3nt +n't — w — Sio') 

. (OonUfrntd on the nexlpagi,) 
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- te'^ (1.065486) sin (n« + n'^ + co - Sto') 

+ 66'' (83.02541) sin i^ni - bn'i - co + 3ai') 
+ ee'' (167.71 19) sin (2n^ — briH ■\'(a-\' 3ai') 

- e'e' (i 19.1 115) sin (n^+ Zn't — Zoi — w') 
+ e^e' (33.55644) sin {nt + n't — 3a) + oi')- 
-- e^e' (3.843757) sin {5ni — n't — 3a> — a>') 
+ c'e' (39.321 16) sin (5n^ - Sn't - 3ai + fli') 
+ 6*6'* (62.29238) sin {Ant - 4n'^ -2(oi- 2a;') 

- 6*6'* (66.9172) sin (An't -2(0- 2ai') 

+ 6'V (6.232506) sin (2ne - An't + 2<o + 2w'-- 2^) 

- eY (6.232506) sin {2nt - An't - 2(o + 2ai'+ 2^) 

- e'Y (5.595899) sin (4n'^ - 2a>'-- 2^) 

- 6'V (0.25 1066) sin (int - 4n'e + 2£o'- 2Q) 

+ eeY (4445505) sin {Znt — 3n't + w -\r a)'— 2Q) 

- eeY (25.37201) sin {nt — n't — w — ai'+ 2Q) 

- 66'y* (0.5280468) sin {Znt - n't + a> - a;'- 2Q) 
+ 66'y* (18.61989) sin (nt - Sn't - <o 4- ai'-h 2^3) 

- eeY (3-735063) sin (int - Zn't - Zto + €u'+ 2g3) 

- 66'y* (6.224016) sin {nt - n't + 3eu - a>'~ 2f3) 
+ et'f (0.4356306) sin (3ne - n't - 3a> - ai'+ 2Q) 
+ ejt'f (15.675648) sin {nt - Zn't + 3a> + lo'- 2Q) 
+ ee'f (36.58055) sin {nt + n't — co + a>'— 2^) 

- ee'f (45.33064) sin {nt + 3n't -10- w'- 2Q) 
+ ee'f (0.93473 1 ) sin {6nt — n't — a) — a*'— 2Q) 

- ee'f (0.31 1994) sin {6nt — Zn't — a» + w'— 2Q) 



1 



. 
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+ a — — n\ -{1243582 + 35726376* + 24.871646'* 
fi a' I 

- 55-04355)^} sill (^^ "" ^'0 
+ {1.335670 — 21.418496*— 8.014026'*— 1.001752^*} sin 3 (nt — n't) 

— 6 (27.96008) sin {2nt — n't — w) + e (1.22548) sin {n't — €o) 
+ 6 (2480983) sin {4nt -3n't + ai) — 6 (i i.i626i)8in (2nt — Zn't + (o) 

— e' (i 8.49582) sin (nt — 2n't + to') + e' (0.09375) sin {nt — 10') 
4-6'(7.ooi572)sin(3nt-4n't + ^o')-6'(i.276463)sin(3nt-2n't-a;') 

— 6* (47.69566) sin (3nt - n't - 2io) + 6* (5 3. 1 1 098) sin {nt + n't - 2a;) J 

{Omtimted on the ntad page.) 
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+ 6* (3.775487) sin {5nt — Zn't — 2w) — 6* (34.74803) sin {nt — 3n't + 2a)) 
+ e^ (17.35742) sin {nt + n't — 2a;') — e^ (26.97790) sin {nt—in't + 2a*') 
+ e'2 (o. 1 5275 58) sin (3n^~n'^+ 2fi>') + €'^(23.35469) sin (3n^-5n'e+2ft;0 

— ee' (o 937500) sin (a> — a>') + ee' (0.09375) sin (2n^ — a» — ai') 
4- ee' (4.65 1690) sin {2n't — w — w') 

— ee' (47.24880) sin (2n^ — 2n't — ro + w') 
+ ee' (12.983378) sin {Ant — 4n'^ — ai + co') 
4- ee' (lo.i 5500) sin {^nt — 2n't + <o — ai') 

— ee' (2.374966) sin {Ant — 2n't — «> — to') 

— ee' (61.93044) sin {2nt — 4n'^ + a> + a>') 

— f (1.554476) sin {nt — n't + 2(o — 2g3) 
+ f (0.252459) sin {nt — n't — 2fo + 2Q) 

+ y* ( 1 . 102626) sin (3n< - n't - 2^2) + y* (9.874348) sin {nt + n'^ - 2g3) 

— f (5.095 170) sin {nt — 3n'e + 2fJ) 

+ f (0498376) sin (3n^ - Zn't + 2o> - 2fJ) 

— f (0.498376) sin {Znt - Zn't — 2ft; 4- 2^) 

m{^"t-^") I 



4- f^ ^ 'ri, 1 rrr— Sin 



2 _ ^//2 
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This equation will give by integration, the numbers in brackets being 
logarithms, 



dr 



= a^/-4{l4-ie*4-fe'*~|y»4-Y<5''-}^-feV + |y'} 

4- e{ [9.9420081] - [o.i333393]e* 4- [o.ii8o993]e'* 

— [9. 8869605]/'} cos {nt — lo) 
4- e'{ [0.1785 282] 4- [0.62005 76]e' 4- [o.22968o8]e'* 

— [o.3546i96]y'} cos {n't — a>') 
4- e'li - [o.203i29i]e» + |e'^ - [9.6383854])^ 

+ [9.0688814] ^ } COB 2 (ne - oi) 

e^ 

4- e'*{ [0.3607499] 4- [0.809975 i]e* + [o.2528686]e'* 

— [o.538i052]>^} cos 2(n'^ — a>') 
+ ^'{[1.5313633] + [o.6o4056o]e* 4- [1.5825 i59]e'* 

— [ 1 .7074542])^} cos {nt + n't—oi— w') 
-ee'{[ 1.5638631] - [8.2i78884]e* 4- [i.6i50099]e'' 

~" [ I -73995 29]/'} cos (n^ — n'^ — a; 4- fi>') 

(CbnKiMf0tf on the nextpoffeJ) 
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+ e* [9.7210105] COS S{nt — w)-i- e'* [0.5425960] cos 3(n'^ — (o') 
+ ef [9.9208188] cos (ne + 01 - 2Q) 

- ef [9 6867356] COS (3?i^ - a> — 2Q) 

+ cc'* [1.3967 1 62] COS (n^ + %^'t — 01 — 2ai') 

- ee'* [1.4616987] cos (n^- 2n7 - co + 2a;') 
+ e^6' [1.5277342] cos (2n^ + n'^ — 2ft> — <o') 

- c^e' [1.56965 14] cos (2n^ - n'e - 2ft; + o)') 

- e!f [9.825 1 373] cos i^nt + n7 - to'- 2Q) 

- «'y [9.9281482] cos i^ni - n't + ft>'-- 2Q) 

- eV [9.6987184] cos (4ne - 2ai - 2^) 

- 6V [8.0688720] cos (2ni -- 4<o + 2Q) 

- y* [9.0969100] cos (2n^ H- 2co — 4Q) 

+ ee'^ [1.3852842] cos (nt + 3n'^ - 01 - Sfti') 

- ee'* [ 1 .483 1538] cos (ri^ - Zn't - fti + 3ft>0 
+ 6*6' [1.5799336] cos (3n^ + n't — 3ro — o;') 

- e^e' [1.6207748] cos (3n^ — n't — 3a> + «>') 

+ 6*6'^ [1.3912215] cos (271^ + 2n'i - 2w - 2«>0 

- e*e'* [1.4759428] cos (2nt - 2n'^ - 2ft> + 2fc;0 

- e' V [9.9540886] cos (2ne -f "in't - 2ft>'- 2Q) 

- e'V [o. 1 609569] cos (2n^ - 2n'^ + 2co'- 2Q) 

4- e* [9.8012750] cos 4(n^ — <i>) + e'* [0.7231020] cos 4(n'^ — «»') 

- ee!f [9.8547860] cos (3n^ + n'^ - o» - m'- 2gJ) 

- eey [9.985 8616] cos {^nt - n'^ - o> + o>'- 2Q) 
4- eey [14991305] cos (n^ + n'i 4- o» — ft>' — 2Q) 

- eeV [ 1. 6059871] cos (w^ — n'^ + €o + a>'— 2Q) 

+ eeV [8. 1 1 80449] cos {nt -f n't - 3fti - a>'+ 2Q) 

- eeV [8. 1 83 1 381] cos {nt - n'^ - 3ft> 4- «;'+ 2Q) 

- {[0.1098044] + [i.4790302]6* - [o.5077443]e'* - [9.6781740]}^ 

— [i.6644445]e* 4 [o.278o928]e'* + [9.693 I349]y*— [i.889759o]6*6'* 

4- [0.0761 i45]e'V "" [i4638792]eV} cos 2 (n^ — n't) 

- e{[o. 1 293831] 4- [i.S307477]«*-[o-527323i]«'* 

— [9.6820 1 22]>^} cos (3n^ — 2n't — 01) 

- e{[i4629638] — [i.3044564]6* — [i.86o904o]e'* 

- [1.4277188])^} cos {nt-^n't + a>) 

(C bnW i m e tf on lAa wearf p^gw.) 
22 
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-f e'{[9.7S2057i] + [i.436i789]e* - [8.8489643]e'* 

"" [9-3233203]>^} cos {2nt — n't — a>') 

— e'{ [0.7 148090] + [ 1. 8972 I43]e' — [1.0565 261 ]e'* 

- [0.2801495]/*} cos (2n^ — 3 n'i + a>') 

— e^{ [0.1768 1 42] + [i.6o2656i]e*— [0.603789 i]e'* 

y* 

— [9.71 loi i2]f — [8.7355987] ^ } COS (4ne — 2n't — 2co) 

+ €'{[1.5505282] - [i.8587962]e* — [ i. 91 44785 ]e'* 

- [ i.7397895]>^ - [9.9232432] 4 } cos 2 {n't - ai) 

— e'*{[ 1. 1660707] 4- [2.2i735i6]<;'--[i.5i9i752]e^ 

- [0.7282372])^} COS {2nt - 4n'^ + 2<o') 
4- ee'{ [9.7750764] + [i.4882992]6*- [8.87i9862]e'* 

+ [7.8 1 8388 1 y} cos {Snt -n't-w-w') 
-ee' {[1.8666637] - [i.758i375]€« - [2.2o838o6]e'* 

— [1.6499074])^} cos {nt — Zn't + a» + ai') 

— ee' {[0.7310015] 4- [i.9470729]e* - [1.0727 1 89] e'* 

— [0.2592627])^} cos [Znt — 3n't — w + <a') 
+ ee' {[14298841] - [o.8o75244]e*- [0.5267937]^'^ 

— [0.93 14802])^} cos (nt " n't -i- Of — w') 

+ )^{ [7.8478450] - [9.8747105]^* - [8.2457785]<J'' 

4- [7.3996586]/*} cos (int - 2n't - 2Q) 
4- y*{[o.5226oo7] — [i.464o879]6* — [o.92054o6]e'* 

- [0.59903 1 S]f} cos 2 (n't — Q) 
-y'{[9.S077443] + [o.5792652]e»~ [9.9056848]e'* 

- [94388747]>^} cos {2nt- 2n't-{' 2fti- 2Q) 
+ /"{ [9.5077443] - [i.i9887io]6* - [9.9056848]6'* 

- [9.6399900]}^} cos (2/1^- 2n'^- 2^11 + 2Q) 

— 6* [0.2578203] cos {5nt — 2n'^ — 3w) 
4- e* [1.5562687] cos (n^ 4- 2n't - 3ti>) 

— e'^ [8.2688348] cos {2nt 4- n't - Sio') 

— 6" [1.5 541 515] cos {27it — 5n't 4- 3a;') 

— e>^ [9.6081 164] cos (3nt - 2n'^ + (o-2Q) 

— ef [ 1. 1 784073] cos (rit — 2n't — w 4- 2Q) 
+ ^ [9.5273243] cos (3n< — 2n't — 3«> 4- 2Q) 
-V [0.8609037] cos (ne - 2n'^ 4- 3ai - 2^) 
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+ ^ [1-3337387] cos (ne + 2n'^ — oi — 2Q) 
+ ^ [8.2484589] cos (5n^ — 2n'e — o> - 2Q) 

— ef [o. 1 127490] cos (2ri^ — 3n't + 2<tf + <w'— 2ft) 
+ eV [o.i 127490] cos (2nt — 3n'i — 2tti + «>'+ 2Q) 

— eV [9.1499969] cos (2ne — n'i — 2fli — fli'+ 2Q) 
+ ey [9. 1499969] cos (2n^ — n'i + 2a) — a>'— 2ft) 
+ c^y* [0.9505 193] cos (Sn'i - o)'- 2ft) 

— eV [04620768] cos {n't + ai' - 2ft) 

— e'y* [7.5205604] cos (4n^ — n't — u)'-- 2ft) 
+ ef [84187296] cos (4ne - Zn't + <«>'- 2ft) 

— t^ [1.1789127] cos {^nt — 4n'e — <«> + 2^0 

— ee'* [2.1659646] cos i^nJt — 4n'e + co + 2<o') 
+ e^e' [9.8228707] cos (4w^ — n'^ — 2co — ai') 

— e^g' [0.7781 103] cas (4n^ — Zn'i — 2<o + ai') 
+ ee [2.0005688] cos (3n'< - 2a) - o)') 

— 6*e' [1.4728525] cos {n!t — 2a> 4- a>') 

— e* [0.3360572] cos (6ni — 2n'^ - 4a)) 
+ e* [1.5505275] cos (2n^ + 2n'^ -- 4a)) 

— e'* [8.5227247] cos (2n^ + 2n'i - 4a)') 

— e'* [ 1. 9103607] cos (2n^ - 67i.'t + 4a)') 

— f [8.9792540] cos (2ne — 2n'e + 4w — 4ft) 
4- / [7.0456778] cos (2n^ — %i't — 4a) + 4ft) 

— y^ [8.724223 1] cos i^nt -r 2n'e - 4ft) 

+ / [7.5468134] cos (4n< - 2n't + 2a) - 4ft) 

— -^ [96.9263296] cos (6ni — 2n'^ — 4ft) 

+ eV [9.5681756] cos (4ni - 2n't - 4a) + 2ft) 
4- eV [0.9757835] cos (2n'< -4a) + 2ft) 
+ «V [1-3429747] cos (2n^ + 2n'i — 2a) — 2ft) 
+ eV [8.5050601] cos i^nt - 2n't - 2io - 2ft) 

— ee'^ [8.2984836] cos {^nt -hn't-w- 3a)') 
+ ee'^ [9.9962196] cos {nt + n't-\-<o — 3a)') 

— ee'* [14999175] cos (Snt — bn't — lo-V 3a)') 

— ee'^ [2.4279941] cos {nt — 5n'^ 4- co + 3a)') 
+ e'e' [1.9880290] cos {nt 4- 3n'^ - 3w — 10^ 

— e^e' [1.4944477] cos {nt 4- n'^ — 3a) 4- o)') 
4- e'e' [9.8923322] cos {6nt — n'^ — 3o) — o)') 
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- e^e' [0.91 55989] cos (5ne - Zn't - Sco -f a>') 

- A'* [1.2 26 1 400] cos (4ne — An't — 2fl) H- 2ai') 
4- ^e!^ [2.3495687] cos (^n't -2m- 2a)') 

- e'V [0.5640108] cos (2n^ - ^n't 4- 2«i + 2a;'- 2fi3) 
+ e'V [0.5640108] cos (2n^ - 4?i'^ - 2€o + 2<o'+ 2Q) 
+ e'V [1.2719007] cos {^n't - 2a>'- 2Q) 

+ e'V [8.8314929] cos {^.nt - An't + 2a>'- 2Q) 

- e^'T* [0.2045648] cos {3nt- Zn't + w + to'- 2Q) 
+ ee'f [1.438 1 199] cos {nt -n't-w -w'^ 2Q) 
+ ee'f [9.2565 170] cos {Znt -n't-^m- m'- 2Q) 

- ^'f [1.3803415] cos {ni - 3n't -w + €c;'+ 2Q) 
+ eeY [o. 1 289416] cos {3nt - 3n't — 3to + (o'+ 2Q) 
+ eeY [0-8278357] cos (tU - n't + 3a)- to'- 2Q) 

- ee'f [9.1729630] cos {3nt — n't - 3a> — w'+ 2Q) 

- ee'f [1.3055899] cos (nt - 3n't + 3a; -f a;'-2Q) 

- ee'f [1.5319221] cos (nt + n't-w + w'- 2^) 
+ ee'f [1.568467 1 ] cos {nt + 3n't — a> — ai'- 2^3) 

- e^'y* [9.2782629] cos (5n^ - n'^ — ai - a;'- 2ft) 
+ ee'f [8.8 1 5 1 1 88] cos {5nt - 3n't -10 + a,'- 2Q) 
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7^1 +^ti.i284394] + [i.5867539]e« 

+ [ 1 .4294693]^'* - [ 1 .77447 1 5]y«} cos {nt - n'O 

— {[9.6823429] - [o.8874326]e» - [o46o494i]e'» 

- [9-557404o]y*} cos 3 {nt - n't) 
+ e [i. 1620628] cos {2nt — n't — w) - e [1.2143971] cos {n't — ai) 

— e [9.8176384] cos {^nt — 3n't — oi) 
+ e [0.79842 16] cos {2nt — 3n't + w) 

+ «' [1.33745 16] cos {nt -2n't + (o')-e' [8.9719713] cos {nt - ^c*') 

— e' [0.4137039] cos {3nt — in't + a>') 
+ e' [9.65 1 1032] cos {3nt — 2n't — a;') 
+ c* [1.2123235] cos {3nt — n't — 2(o) 

— ^ [1.6938561] cos {nt + n't — 2(o) 

— ^ [9.8979455] cos {^nt — 3n't - 2w) 
i- e^ [1.65 12946] cos {nt — 3n't + 2(o) 

(QmiiHwd on the next page.) 
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— e^ [1.1481570] cos {rti + n't - 2«;') 
+ e'* [1.5413726] cos (nt - Zn't + 2co') 

— e'* [8.7 1 78423] cos (3n^ -- n't - 2rciO 

• 

— e'* [0.9490806] cos (3n« — 5n't + 2ri>') 

— ee' [8.670941 3] cos (2n^ -co — cJ) — ec' [i .49267 1 7] cos (2n'^ — m — <o') 
+ ee' [1.4071258] cos (2n^ — 27i'^ — a> + to*) 

— ee' [0.5450928] cos (4n^ — 4n7 — co + <ci') 

— ee! [0.7394149] cos i^nt — 2n't + eci — cci') 
+ ee' [9.7901 5 19] cos (472^ — 2n'^ — fo — to') 
4- ee' [ 1. 561 2523] cos (2n^ — 47i'^ + <ci + a>') 
+ y^ [0.2253487] cos (nt — n'^+ 2a) - 2Q) 

— y2 [9.4359559] cos {nt — n'^ — 2<o + 2Q) 

— y' [95762728] cos (^nt - n't — 2Q) 

— -f [0.963 1 802] cos {nt + n't — 2Q) 
4- y* [0.8 1 75 231] cos {nt - Sn't + 2Q) 

— y^ [9.2542008] cos {Snt - 3n'^ + 2(o - 2Q) 
+ y* [9.2542008] cos (3ne - 3n'^-- 2(o + 2Q) 

. ,,, .10n + 12»" 

— AA'V- . „ :C08 
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25. The value of 3r given by equation (303) includes the whole perturbation 
of the radius vector arising from the first power of the sun's disturbing force ; and 

if we substitute it in equation (262), we shall obtain the following value of — — : 

dt 



at fi I 

— e' {3.016882 + 3.431606* + 3.3939926'' — 4.5 25 322y*} cos {n't—w') 

--6*{2.i25 + 1.0572576* + 3.18756'* — o.932292y* 

+ 0.192709 ^ } COS 2(n^ — w) 

6^ 

— 6'*{4.5 89654 + 5430966* + 3.5 801 3O6'* — 6.904548y*} cos 2 {n't — 10') 

— 66'{72.50722 + 27.634196* + 81.570656'* 

— io8.76o76y*} cos {nt + n't — lo — €o') 
+ 66'{68.739io + 16.307176* + 77.330416'* 

— i03.io828y*} cos {nt — n'^ — tt> + o)') 
+ >^{f- 0.2983246*+ 1.256'* -fjy*} cos 2 (n^- a) 

{OmHnutd <m ths nexlpagt,) 
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— e* (4.28 1 227) cos 3 {nt — to) — e'* (6.9763 14) cos 3 {n^t — co^) 
- ee'* (56.74380) cos {tU + 2n't -co — 2€o') 

+ ee'* (5 1.02220) cos (n^ — 2n't — ro 4- 2<tf') 

— 6*e' (176.17703) cos {2nt H- n'^ — 2(o — a>') 
+ 6*e' (177.35607) cos (2n< — n't — 2io + lo^ 
+ ef (2.3263889) cos {Znt -co- 2Q) 

+ ef (0.35416667) cos {nt + €0 — 2Q) 
+ eY (2.091 33 1 1) cos {2nt + n't - ai'— 2Q) 
+ e'f (2.449254) cos (2n^ — n't 4- a>'— 2Q) 
+ eV (5.0723376) cos (4?i« — 2«> — 2Q) 
+ cV (0.0234370) cos {2nt — 4ai + 2SS) 

— eV (0.21875) cos 2(oi — Q) + >^ (0.2083333) cos {2nt + 2oi — 4Q) 

— i^y* cos 4 (w^ — ft) — ee'^ (59.02843) cos (nt + Sn't — ai — Bo)') 
+ €6'^ (50.37479) cos {nt — in't — €0 + Zio') 

— e^e' (340.10323) cos {3nt f n'^ — Sco — co') 
+ e^e' (349.74539) cos {Snt — n'^ — Sea 4- <»') 

— e*e'* ( 1 34.348 1 5) cos {2nt + 2n't -2w- 2(o') 
+ e'e'' (136.37073) cos {2nt — 2n'^ — 2io + 2w') 
4- e'V (2.946775 5) cos (271^ + 2n't - 2w'- 2ft) 
+ e'Y (4.044669) cos {2nt - 2n't 4- 2ft;'- 2ft) 

— 6* (7.682257) cos 4 (nt — <u) — c'* (10.571 388) cos 4 {n't — «;') 
4- ee'f (23.072492) cos (3nt 4- n't — to — 10'- 2ft) 

— ee'f (i 1. 197846) cos (3?!^ — n't-'W + w'— 2ft) 

— eey (79.80660) cos {nt 4- nt + <o — «>'— 2ft) 
4- ee'f (99.88761) cos(nt -n't 4- ft> 4- «>'- 2ft) 

— ecy (0.02624672) cos {nt 4- n't — 3«i — <o'-\- 2ft) 
4- ee'y* (0.03049076) cos (nt — n't — 3w 4- «>'+ 2ft) 

+ {2.S7S339 + 153-9942IC* - 64383466'* - 0.9532434)^ 

— 84.29276* 4- 3.7942226'* 4- 2.6557767*— 389488136^6'* 
4- 2.383 1 1 26'V— 140.916976V} cos 2 {nt — n't) 

4- 6(6.557103 4- 298.568186*— 16.3927596'* 

— 2.39I571 ly*} cos (3nt — 2n't — (o) 
4- 6(61.93863 4- 10.055796* — 154.846626'* 

— 54.978557*} cos {nt — 2n't 4- (o) 

— 6'( 1. 1 300226 4- 138.243876*— 0. 141 25 196'* 

— 042lo66o>^} cos (2nt — n't - w') 

{Obmikmed m Ike mttptlfftk) 
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+ e'{io.37i440 + 405.060786* — 22.780126'* 

— 3.8i2234y*} cos {2nt — 3n'i + 01') 

+ 6*{ 12.840652 + 52449266* — 32.621056'* 

— 4.61 547 ly* — o. 1088 ^ } cos {int — 2n't — 2eo) 

+ 6*{2 1.85892 + 107.55656* — 68.018736'* 

y* 
+ 27.13443)^— 1.676016^} cos2(n'^ — a>) 

6* 

+ 6'*{29.3i574+ 844.13696* — 66.100566'* 

— 10.697 1 28y*} cos {2nt - 4?i'^ + 2w') 

— 66'{2.8865679 + 268.800316* — 0.36082O6'* 

— 0.6i8434>^} cos (Snt — n'^ — w — <<;') 
+ ee' {162,68462 + 2.85916*— 357.32506'* 

• — 95.036017*} cos (nt — 3n'^ + «; + <«') 

H- 66'{26.322592 + 783.351016^—57.8x5706'* 

"~ 9-35 1 579?^} COS (3n^ ~ 3n'^ — a> -t- en') 

— 66'{55.5 1137 + 37-500356* - 6.9389146'* 

— 17.7124797*} cos (ri< — n'< + 01 — m^) 

— 7*10.657924 + 59.598056* — 1.6448086'* 

— 0.5552087*} cos (4n< - 2n't - 2Q) 

— 7*{7.3o6235 —22.429896*— 18.265596'*— 8.5046407*} cos 2(n'^— Q) 
4- 7*{o.6438346 4- 56.219976* — 1.6095886'* 

— 0.54942027*} cos {2nt— 2nfi't + 2a) — 2Q) 

— 7*10.6438346 — 59.797196* — 1.6095886'* 

— 0.87 100367*} cos {2nt - 2n'« - 2a> + 2Q) 
+ 6* (22.72 1 202) COS. (but — 2n't — 3oi) 

— «* (39-36698) cos {nt + 2n'^ — Zai) 

-f 6'* (0.037 14 196) cos (2n< 4- n't — 3oi') 
+ 6'* (71.64428) cos {2nt - 5n't + 3€o') 

— ef (i 2.441 1 3) cos {2>nt — 2n't + co — 2Q) 
+ 67* (18.84947) cos (nt - 2n't - a> + 2Q) 

— 67* (69.89484) cos {nt + 2n't — 01 — 2ft) 

— 67* (2.9835 16) cos {6nt — 2n't - a> — 2Q) 

— 67* (1.6392779) cos {Znt — 2n't - 8ai 4- 2Q) 
4- ef ( 1 5.48465) cos {nt - 2n't 4- 3fti - 2ft) 

— t'f (2.645312) cos (4nt - Sn't 4- 01'— 2ft) 

(CbnMitiMd on M« next jMipe.) 
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+ eV (0.2891 368) cos {int - n't - w'- 2Q) 

— eY (20439202) cos {Sn't — a)'" 2Q>) 

— eY (6.078220) cos {n't + to'- 253) 

+ eY (2.592860) cos (2nt - 3n't + 2(o + w'- 2Q) 

— ^Y (2.592860) cos {2nt - 3n't -2af + w'-\- 2Q) 
+ eY (0.2825056) cos {2nt - n't - 2a> — w'+ 2Q) 

— eY (0.2825056) cos {2nt — n't + 2a} — w'— 2Q) 
+ ee'^ (74.16913) cos (Snt— An't — a> + 2€o') 

+ ^'^ (3370592) cos (n^ — ^n't + Q) + 2a}') 
+ 6*e' (5 1.48276) cos (4n« ~ Sn't — 2a} + to') 

— &e' (5.660002) cos (4nt — n't — 2a) — w') 

+ 6*e' (43.7650) cos (3n7 — 2ft; — fl;^ "" ^«' (23.85 392) cos (n'e — 2«> + o)') 
+ e* (37.84601 5) cos (6n^ — 2n't — 4<ii) 

— e* (i 34. 1 3 16) cos i^nt + 2n'^ — 4ai) 

+ 6'* (0.06664302) cos (2n^ + 2n't - Aio') 

+ e'* (162.701 18) cos (2n^ - 6n't + Aw') 

+ / (1-9325457) cos {2nt + 2n'^ ~4Q) 

+ y* (0.1661686) cos (6n^ - ^'t - 453) 

+ y* (o. 19067072) cos (2nt — 2n't + 4fti — 453) 

— y* (0.00222 1 8 14) cos {2nt — 2n't — 4fo + 453) 

— y* (0.3289616) cos (4n<- 2n'^ + 2co -453) 

— «V (3-198873) cos {4:nt - 2n't - 4tio + 253) 
+ eY (4.3 1 1664) cos {2n't - 4a> + 253) 

— eV (161.26623) cos {2nt -f 2n7 - 2a> - 253) 

— «V (8.730023) cos {6nt - 27i'« - 2ft> - 253) 
+ ee'* (o 0954791) cos {3nt -{-n't — a) — Za)') 

— ee'* (1-9269535) cos {nt -\-n't-\- w — Za)') 

+ ee'* (170.69996) cos (3n^ — 5n't — w -f 3a>') 
+ ee'^ (643.2928) cos (n^ — 5n't 4- «; + 3ft>') 

— e^e' (129.56371) cos {nt + 3n'^ — 2>io — to') 
+ e^e' (26.73187) cos {nt -f n't — Z(o + o)') 

— e^e' (9.98022) cos (572^ — n't — 3<o — w') 

+ 6*6' (93.04337) cos {5nt — 3n'^ — 3tc; + to') 

+ e^e'* (144,91804) cos {Ant - An't - 2io + 2ftiO 

+ e*e'* (58.2890) cos {An't -2a)- 2a)') 

+ eV (7.328934) cos (2ne - An't + 2a) + 2a)'- 253) 

(OmHnued on M« ne^paffe,) 



^ 



(304) 



PERTURBATIONS OP THE LONGITUDE. 



177 



- ^V (7-328934) cos {2nt - An't - 2(o + 2w'+ 2£S) 

- e'V (44.73401) cos (4n'e - 2(o'- 2Q>) 

- e'V (7.464617) cos (4nj5 - ^n't -f 2ai'~ 2Q) 

- eey (28.47 1 543) cos i^nt - Sn't + co -I- (o'- 2^) 

- eey (45.57266) cos (nt — n'^ - €o — <«'+ 2Q) 

+ eey (12.537988) cos (3nt - n'e + w - w' - 2Q) 
4- eey (1 5.96067) cos {nt - Sn'^ - <o + w'+ 2^) 
+ eey (91.20586) cos (nt + n'i — ai + tt>'— 2Q) 
-- eey (146.67160) cos (n^ + 3n't — to — w'— 2fi) 
+ eey (1.6562773) cos (5n^ — n't — to — <o'— 2Q) 

- eey ( 1 1.975707) cos {5nt — Sn't — w + ro'— 2Q) 

- eey (6.580650) cos {3nt - Sn't - S(o + (o'+ 20) 

- eey ( 1 3.878202) cos (n^ — n't + 5(o — (o'— 20) 
+ eey (0.7216052) cos (Snt — n't — 3w — w'4- 2Q) 
+ eey (44.31 149) cos (n^ — 3n't + Sco + lo'— 20) 



-2 



n" 



n* - «'* 



A'cos 



(-'^ - ^0 } 



-f — — nj —{26.88248 +98.5 3234e^-t- 53.764965'* 
/^ a' I 

— 1 18.9875472} cos {nt — n't) 
+ {0.9624384 — 31.359725*- 5.774630e'*- 0.72 1 82847*} cos Z{nt - n't) 

— e (69.37016) cos (2ni — n't — co) — e (7.55744) cos {n't — w) 

+ ^(3-757878) cos (4ni{— 3n't— w) — e(ii.i297ii)cos(2?2^ — 3n't+ft>) 

— e' (4349924) cos (nt — 2n't 4- w') + e! (0.18750) cos (nt — w') 
+ e' (5.184824) cos (Snt - 4n't + to') 

—e' (0.8956394) cos (3nt — 2n't — co') 

— e* ( 1 36.66544) cos (3nt — n't — 2(o) + €* (8749324) cos {nt + n't — 2<o) 
+ e* (5.717976) cos (5nt — 3n't — 2io) 

— e* (106.29796) cos {nt — 3n't + 2«) 
+ e'* (28.131 12) cos {nt + n't — 2€<;') 

— e'* (69.56690) cos (nt - 3n't + 2(o') 
+ e'* (o. 10444 1 3) cos (3nt — n't — 2a)') 
+ e'* (17.787326) cos (3nt - 5n't -f 2ft;') 

-f ee' (0.37500) cos (2nt — «i — €i>') — ee' (3.061 56) cos (2n't — a) — to') 

— ee' (i 16.3 1766) cos (2nt — 2n't — to + co') 
+ ee' (9.632561) cos (2nt — 2n't + w — lo') 

(OM Uinmtd on the nnlpafft.) 
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+ ce' (14.793774) cos (int — 4n'i — €o + w') 

— ee' (2.5770805) cos {int ~ 2n't — «> — a>') 

— ee' (65.04810) cos {2nt — in't + w + (o') 

+ ee' (0.28 1 25 ) cos {to — a}') — f (3.360304) cos {nt — n^t + 2io — 2Q) 

+ f (0.545740) cos {nt — n't — 2(0 + 2f2) 

+ f (7.47450) cos {3nt — n't - 2Q) + y* (25.09490) cos (n< + n't — 2gS) 

— y^ (0.2406095) cos {5nt — Sn't — 2Q) 

— }^ (13-379329) cos {nt — 3n't + 2g3) 

+ f (0.3591 1 26) cos (3n^ - Zn't + 2(0- 2Q) 

— y* (0.3591 126) cos {3nt - 3n't - 2(o + 2Q) 

+ M/ V ^^ + 1^^'' cos {^"t - n \ 



(304) 



The value of 3d will give the following value of 



dt 



__2^_ = !!!Lni — }^{o.7o8333 — 1.5416667c* + 1.06256'* 
dt fi { 

— 0.87 1 6397*} cos 2 (n^ — Q) 
■^ ^ (3-9583333) cos {nt — (o) — eY (i. 126580) cos {n't — to') 

— ef (0.9583333) cos {3nt — (o — 20) 

+ e'f (5.668340) cos {2nt + n't - (o'- 2Q) 

— e'f (4.541760) cos {2nt — n't + (o'— 2Q) 

+ y*{ (4.770834)6* + 0.1770833}^} cos 2(n^ — to) 

— eV (0.239583) cos {int — 2(0 ~ 2Q) 

— ey (3.614586) cos 2 {(0 — Q) — y* (0475806) cos 4 {nt — g3) 

— y* (0.1770833) cos (2n^ +2(o — iQ) + c'V (7.992264) cos 2 (n'^— a;') 

— e'V (4.844630) cos {2nt + 2n'« - 2(o'- 2Q) 

— c'V (3.147634) cos {2nt - 2n't + 2w'- 2Q) 
+66'/* (2.07 146) COS {nt + n'^ — (o — (o') 

+ 6c'y* (1.7 1 307) cos {nt — n'< — <o + (o') 
^- eey (5 1 .06368) cos {Znt + n'^ — <o - 01'— 2fJ) 
+ e^y (50.34174) cos {Znt — n'i — w + <o'— 2Q) 
+ ec'y* (28.20847) cos {nt + n'^ + cc; — w'— 2fJ) 

— ee'y* (32.71494) cos {nt — n't-\-(jo-\- (o'— 2Q) 

— y*{5.4i8598 — 16.024036*- 13.550696'*+ 14.57160^*} cos 2 (?i<—n'0 

— y*{o.9i493i7 + 136.154226*- 2.283 1336^* 

- 3-69380^*} cos {int - 2n't - 2Q) 
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+ >^{6.333530+ 17.8563 16*— 15.83382c" — 3.62048>^} cos 2 (n't — Q)'' 
'-ey^(i6,S90ig7)coQ{3nt — 2n't — a}) + ef(j.go62i)coa{nt—2nH-\-(o) 

— ey* (4. 1 295 10) cos {5nt — 2n7 — w — 2Sl) 
+ ^ (3945857) cos (nt -f 2nU — lo — 2Q) 

— ef (32.86786) cos (3n^ - 2n't -\-co- 2^) 
+ ef {6.222786) cos {nt - 2n't - oi + 2£3) 

— e'f (5.208398) cos (2n<-n'^- a>') - ey (i 3. 1 7602) cos {2nt-Zn't-\-io') 
+ «y (0.3945790) cos (4n^ — n't — ft>'— 2Q) 

— «y (3753 162) cos (4n^ - 3n'^ + w'- 2Q) 
4- 6^(16.9291 8) cos (3n'^~<i>'-2Q) -6^(5.602977) cos (n'^+a>'-2Q) 

— y* {46.765026* — 0.976193)^} cos (4ni — 2n'< — 2a)) 
+ 6V (14.10645) cos 2{n't — <o) 

— 6V (12.019134) cos {&nt — 2n'^ — 2cei — 2Q) 
-f 6V (120.00338) cos {2nt + 27i'^ - 2o} - 2g3) 

— 6'V (25.05469) cos {2nt — 4:n't + 2(o') 

— 6'V (10.82207) cos {int - in't + 2<o'- 20) 
+ «'V (35-87676) COS {Wt - 2(0^- 2Q) 
+ y* (0.4614572) cos {6nt — 2n'^ — 4Q) 
+ y* (14.03683) cos (2nt + 2n't - 4Q) 
+ y*{8.7664096* - 1.35464937*} cos {2nt - 2n't + 2(o- 2Q) 
+ y*{ 18.181796* + o.835922iy*} cos {2nt - 2n't - 2ai 4- 2Q) 

— y* (0.4574660) cos (4ni - 2/i'e + 2w - 4gJ) 
H- 66y ( 1 5.769645) cos {3nt — n't — w — w') 

— 66^ (6.39584) cos (nt — n't + (0 — to') 
+ ee'f (22.5 1650) cos {nt — Zn't + co + <ci') 

— ee'f (40.901 57) cos {Znt — Zn't — io + w') 
+ ee'f (1.784628) cos {bnt — n't — lo — lo'— 2Q) 

— ee'f (16.874624) cos {5nt — Zn't — to + w'— 2Q) 

— ee'f (34.10034) cos {nt + n't — w + w'— 2S3) 
+ ee'y^ (108.78710) cos (n« 4- Zn't - w — oi'- 2Q) 

— ee'f (89.93892) cos {ZnZ - Zn't + w + fu'- 2Q) 
+ ee'f (28.50107) cos (3nt — n't + w — w'— 2Q) 

— ee'f (5.561 238) cos {nt — n't — 10 — w'-^ 2Q) 
+ ee'f (16.41 1 5 1) cos {nt — 3?^'^ — <ci + w'4- 2Q) l 

(Cbfi/iMfied on the next page,) 
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+ ~ — 71 i - y* (1.56992) cos {nt - n^t) -h y* (a8709828) cos 3 {nt - n't) 
/£ a' I 



+ f (13.61610) cos [Znt — n't — 2gJ) — )^(i2.046i8)co8 {nt + n't 

— y* (0.2950662) cos {6nt — Zn't — 253) 

- y* (0.5759166) cos (n^ - Zn't + 2Q) i 



-253) 



>. (306) 






rf^ 



If we now take the sum of the partial values of — — , given in equations (276), 

at 

(304), and (305), we shall obtain the following complete value of - - : 

at 

d8v 
dt 






— ^'{3.016882 + 3.431606* + 2.3939926'* — 3.398742)^} cos {n't — (o') 

— 6*{2.I2S + 1.0572576* + 3.18756'*— 5.703126^* 

+ 0.0 1 5626 '- } cos 2 {nt — (o) 

6* 

--6'*{4.5896544- 5430966* + 3.5801306'*— I4.8968i2y*} cos2(n'e — <o') 

— 66'{72.50722 + 27^34196* + 81.570656'* 

— I io.83222y*} cos {nt + n't — <o — a>') 
+ 66' {68.73910 + 16.307176* + 77.330416'* 

— iOi.3952iy*} cos {nt — n't — ro + €o') 
+ y* {0.125 + 1.8399916* + 0.18756'* — o.545028y*} cos2(nt — 53) 

— 6* (4.28 1 227) cos 3 (nt -- co) — e'^ (6.9763 14) cos 3 {n't — to') 
—ee'^ (56.74380) cos {nt + 2n't — w — 2<u') 

+ ee'^ (5 1.02220) cos {nt — 2n't — w + 2a>') 

— 6*6' ( 1 76. 1 7703) cos {2nt + n't — 2io — to') 
+ ^e' (177.35607) cos {2nt — n't — S(o + lo') 

+ ef (1.3680556)003 (37^^-r«>— 253) --6y*(2.64583333)cos (n^+<c;-253) 
+ e'f (7.759671) cos {2nt + n't — w'- 253) 

— e'f (2.092506) cos (2n< — n't + lo'— 253) 
+ e*}'* (4.8327546) cos {int - 2io - 253) 

+ 6*y* (0.0234370) cos (2n^ - 4a> + 253) - ■5^6*y* cos 2 (w - 53) 
+ y* (0.031 25) cos (2n^ + 2to — 453) — y* (0.684139) cos 4(n^ — 53) 

— 66" (59.02843) cos {nt + 3n'^ — tti — Zco') 
+ 66'^ (50-37479) cos {nt — 3n'^ — o; + 3w') 

— e^e' (340. 10323) cos (371^ + n't — Zio — w^ 

(Cbn/inwetf m <A« next pug%,) 
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+ «*«' (349745 39) cos {Snt — n^t — 3a> + a*') 

- e»e'* (134.3481 5) cos {2nt + 2n't - 2<e> - 2a>0 
+ e^e'* (1 36.37073) cos {2nt - 2n'^ - 2io + 2a)') 

- e'V (1.897855) cos (2n^ + 2n't - 2t«>'- 2gJ) 
+ e'Y (0.897035) cos {2nt - 2n't + 2^^'- 2Q) 

- e* (7.682257) cos4(n^ - o) - e'* (10.571388) cos 4(n'^ - aiO 
+ eey (74.1 3617) cos (3n^ + nU —to — a>'— 2Si) 

— eeV (61.53959) cos (Snt - n'^ — <«» + «*'- 2Q) 

— eeV (5 1.598 1 3) cos (nt + nU + io — ca'— 2Q) 
+ ce'f (67.17267) cos {nt — n'^ + <«> + (o'— 2ft) 

— eey (0.02624672) cos {nt + n'^ — 3a> — (o'+ 2Q) 
+ eey (0.03049076) cos {nt — n't — Zco + tti'+ 2Q) 

+ {3.385976+ 147.60754^ -84649386'* -6.i69i82y* 

- 1 14.854436* + 4.4528646'* - 1 1.10299/ - 373S2i4SeV» 

+ I5427i5e'y — i26.4896ieV} cos 2(ne — n't) 

+ 6(7.893982 + 289.632316* - I9.7349S7«" 

— 18.6475487*} cos (3nt — 2n't — oi) 

+ ^{57.45762 - 15.85494^' - 143-644106'* 

— 48.192597*} cos {nt — 2n't + co) 
-6'{ 1.5 186969+ 135.291006* — 0.18983626'* 

+ 4.8845017*} cos (2nt — n't — w') 
+ e'f 1 3.328 194 + 380.731886* - 29.274426'* 

— 16.249067*} cos (2n^ — 3n't + to') 

+ 6* {14.768865 + 5 11.98696* -37.441 5 8«^ 

— 5 1 .862547* + 0.96872 ^ } cos {AM — 2n't — 2io) 

-e*{7.48583 -94.74286* -5.543166'* 

- 3390467* + 1.04936^ } COS 2 {n't - CO) 

6^ 

+ 6'*{36.8i224 + 779.28396* - 83.004426'* 

— 33.877697*} COS {2nt - 4tn't + 2(o') 

-ee'{3.53i635 +264.64486*-044i433«'* 

— 16.2268127*} cos (3nt — n't — w — to') 

+ 66'{i4S.3344i - 58.701686* - 3i9-7564«'* 

— 76.857067*} cos {nt — Zn't + w + <(;') 
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-f €e'{3i.i709i9 + 749.528026* — 68.464606'* 

— 49.041077*} cos {3nt — 3n't — (o + w^) 

— 66' {5 3.468 1 3 + 12.029826* — 6.683 51 O6'* 

— 1 1.82776^} cos (nt — n^t+w — o)') 

— y*{i.8242ii + 189.059066*— 4.5563306'* 

— 4.2578477*} cos (^nt — 2n'i - 2Q) 

— 7*{4.935325 - 39.428676* - 12.338326'*- 5.874817*} cos 2{n't -ft) 
+ 7*10.8464938 + 65.384126* — I.I 162366'* 

— 1.9547347*} cos {2nt — 2n'i + 2a> — 2Q) 

— 7*10.8464938 — 75.589436* - 2.1 162366'* 

— 1.7575907*} cos {2nt — 2n'i — 2io + 2Q) 
+ 6^ (25.40710) cos {5nt — 2n^t — 3a;) 

— 6' (69.35009) cos {nt + 2n'i — Sw) 

+ 6'^ (0.05220364) cos (2nt + n^t — 3a>') 
+ 6'^ (87.88435) cos {2nt - 5n't + 3w') 

— ^ (43- 1 5700) cos (3n^ — 2n'^ + <i> — 2ft) 
+ 67* (21.84219) cos (nt — 2n'^ — ft> -f 2ft) 

— ef (32.99200) cos {nt + 2n't — a; — 2ft) 

— ef (8.017230) cos (5ni — 2n't — (o— 2ft) 

— 67* (1.9734977) cos {Snt — 2n't — Zco + 2ft) 
+ ef (14.36440) cos {nt — 2n't + 3<o — 2ft) 

— e'f (7.3 1 1476) cos {^nt - 3n't + w'- 2ft) 
+ 6'7* (0.8047685) cos {int - n't - w'- 2ft) 

— 6'7* ( 1 3.022452) cos {3nU — io'— 2ft) 
+ e'f (4.332373) cos {nH + w'— 2ft) 

+ «y (3.332049) cos {2nt - Zn't + 2(o + to'- 2ft) 

— e'f (3.332049) cos {2nt - Zn't - 2io + io'+ 2ft) 
+ ^y (0-3798981) cos {2nt - n't - 2(0 - w'+ 2ft) 

— ^Y (0.3798981) cos {^it - n't + 2(0 - (o'- 2ft) 
+ ee'^ (86.38646) cos {Snt - ^n't -(o-h 2(o') 

+ ee'^ (289.9748) cos {nt — ^n't + «i + 2c(i') 
+ ^e' (58.46078) cos (4ni - Zn't - 2a> + (o') 
-~ ^e' (6.5933 1 1) cos (4n< — n't — 2(o — (o') 

— ^e' (31.3343) cos {Zn't — 2(o — co') 

+ e^e' (3.1 5857) cos {n't — 2(o + (o') + e* {41,^707) cos {&rU — 2n't—4:(o) 

— 6* ( 1 7 1 .8999) COS (271^ + 2n't — i(o) 

* 

(Qmtkiued on the next page.) 
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- e'* (0.09571816) cos {2nt + 2n't - 4«>0 
+ e'* (194.9143) cos {2nt — 6n't + 4a>') 
+ y* (16.94367) cos {27U -f 2n'i - 4gJ) 

4- y* (0.6964739) cos {6nt — 2nU — 4Q) 

+ y* (0.241335 s) cos {2nt — 2n't + 4a> — 4S3) 

— y* (0.00222 1 8 14) cos (2n^ — 2n^t — 4a> + 4Q) 

— y* (0.9 1 2 105 3) cos {^nt — 2n't + 2lo — 4S3) 

- cV (3.681 140) cos (4n< - 2n'^ ~ 4a> + 2Q) 

- eV (3.024526) cos (2n'^ - 4<«> + 2£J) 

- «V (36.50003) cos (2ne + 2n't -2m- 2£S) 

- cV (22.93544) cos (6ni - 2n'^ - 2io - 2£3) 

+ e'V (9.203058) cos (2n^ - 4n'^ + 2oi -f 2a>'- 2Q) 

- e'V (9.203058) cos (2n^ - ^n/t - 2a> + 2ai'+ 2gi) 

- e'V (20.59146) cos (4nt - 4fi'i + 2f«>'- 2SJ) 

- e'V (26.7 1 1 2 1) cos (4n'< - 2io'- 2Q) 

4- ee'^ (o. 1 207040) cos (3ni + n'^ — <«> — 3oi') 

— ee'^ (2.0126727) cos (ni -f n'^ + ai ■- 3w') 
+ ee'^ (196.99575) cos (3/1^ — 5n'^ — <o + 3«i') 
+ e«'^ (532.9840) cos (n^ — 5n'^ + cd + 3fe>') 

— 6*6' (207.38035) cos (n^ + 3n'^ — 3<i> — w') 
+ ^^' (53-60305) cos (n^ + 'nit — Zio + a>') 

— e^e' (i 1.28200) cos (5n^ — n't — 3a> — €o') 

+ e^c' (102.74821) cos (Sni — 3n'^ — 3w + w') 
+ &e!'^ (162.4547) cos (4n^ - ^n't - 2io + 2a>') 

- ie!^ (93.4538) cos (4n'^ - 2tf) - 2io') 

— eey (i 10.37307) cos (3n^ — Zn't + w -f <w'— 2Q) 

— eeV (47.61361) cos (ri^ — n'^ — 01 — co'+ 2Q) 
+ ee V (40.03606) cos i^nt — n'^ + w — to'— 2SJ) 
4- eeV (26.02704) cos {nt — Zn't — w 4- «>'4- 2SJ) 
4- eeV (60.28733) cos (nt +n't — a) + lo'— 253) 

— ee'f (39.74047) cos (n^ 4- Zn't — to — to'— 2Q) 
4- eey (4.486610) cos {5nt — n't — w — w'— 2Q) 

- eey (32.126856) cos {5nt- Sn't - (o + to'- 2Q) 

— eey (7.792710) cos (3n< - 3n'^ - 3(o 4- rei'4- 253) 

— eey (13.367617) cos (nt — n't 4- 3tt> — co'— 2Q) 
4- eey (0.8830959) cos {Znt - n'« - 3<i> - <tf'4- 253) 

(OmMiMMd on Iht next page.) 
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+ ceV (39.61 131) cos (n< - 3n't + 3« + at'- 2Q) 

'u'a'^X "^^^•'^7716 + 85.083236* + S2.9S432e'» 

- I I4.98s7y»} cos (nt - n't) 

+ { 1.637969 - 39.082 1 56*- 9.827814c'*- o.oi97282y»} cos 3(n« - n't) 

- e (69.06223) cos {2nt - n't -to) + e (5.38 109) cos {n't - <o) 

+ « (4-178324) cos {^nt - Sn't ~w)-e (15.206107) cos {2nt- 3n't + w) 

- e' (42.17633) cos (nt - 2n't + w') + c' (0.5625) cos {nt - a»') 
+ e' (8.656024) cos {Znt - in't + «>') 

- e' (1.553442) cos {3nt - 2n't - to') 

- e^ ( 1 36.44848) cos (Snt - n't — 2io) 
+ e* (100.05336) cos (nt + n't - 2oi) 
-\- ^ (8.043470) cos {5nt-3n't - 2w) 

- e" (92.98083) cos (nt - 37i't + 2re;) + e'*(28.6io86) cos (n« + n't - 210^) 

- e'' (66.36372) cos (nt - 3n't -H 2io') 
+ 6'* (o. 1 845640) COS (3nt - n't - 2«>Q 

+ e'*(29.i2233) co8(3n^-5n'e + 2a;') + ee'(o.6562S)cos(2ne-€o-ai') 
+ ee'(i7.o6i i6)co8(2n'^ -co- w') + h" {j^~ + f } cos («"^- j9'0 

- ee' (i 1 5.29874) cos (27ii - 2n't — w + o)') 
+ ^' (13-53459) cos (2nt - 2n't + ai - oiQ 
+ ee' (22.064834) cos {int — An't - <w + «>') 

- ee' (3.965327) cos (Ant - 2n't -io-w') 

- ee' (86.38 149) cos {2nt - An't + w + €o') + ee' (0.65625) cos (w -^ o)') 

- f (3-309639) cos (nt - n't + 2(0 - 2Q) 
+ f (0.5964048) cos {nt - n't - 2co + 2Q) 
+ y* (2149121) cos {Znt - n'e - 2Q) 

+ f{\ 1.871 18) cos {nt + n't - 2Q) 

- y" (0-5356757) cos {5nt - Zn't + 2Q) 

- y* (12.142125) cos {nt - 3n't + 2Q) 

+ f (0.6124366) cos {Znt - Zn't + 2a)- 2Q) 

- f (0.6124366) cos {Znt - Zn't -2w + 2Q) \ 
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This equation will give by integration 

<Jv = — / -6{[9.875o6i3] + [o.5242338]6» 

+ [0.05 1 1 S2S]6'* — y*} sin {nt — o>) 
-e'{ [1.6056492] + [i.66is876]6» + [i. 656801 7]e'« 

— [1.6574090]/*} sin {n^t — w') 

— e*{ [0.0263289] + [9.723i5o6]6* -I- [o.2024202]e'* 

- [0.4550830]}^ -f [7.8928178] ^} sin 2{nt — to) 

— e''{[i48684o8] + [i.S59937SF + [i-3789597>" 

— [1.9981542]/*} sin 2 (n'e — (o^) 
-6e'{ [1.82905 30] + [i4ioii86]6' + [ 1. 880205 8]6'* 

— [2.0133378]}^} sin {tU + n't '— to — w') 
+ ee'{ [1.8709688] + [i.246i436]6' + [1.922 115 3]6'* 

— [2.0397824]/*} sin {nt — n't — <o + lo') 

+ /{[8.78588oo] +[9.9637857F-+- [8.97197 13>" 

— [94353888]/*} sin 2(n^ - Q) 

— e* [o. 1 544469] sin 3 {nt — w) — e'* [ i .4925956] sin 3 {n't — cd') 

— ee'* [ 1 .6933706] sin (ri^ + 2n't — «i — 2io') 
+ 66'* [i .778 1 372] sin {nt — 2n't — lo-^ 2(o') 

— e*e' [1.9289728] sin {2nt + n't — 2(o — w') 
+ 6*e' [1.9643703] sin (2?ii — n't — 2io + to') 
+ 6/* [9.6589823] sin {3nt -10- 2Q) 

— c/* [0.4225625] sin {nt + a}-- 2Q) 

+ e'f [0.5728669] sin {2nt + n't - 01'- 2Q) 

— e'f [0.036191 1] sin {2nt — n't + w'-~ 2SS) 
+ e*/* [0.082 1 248] sin {4:nt — 2io - 2fJ) 

+ c*/* [8.0688720] sin {2nt - 4ai + 2Q) 

— 6^ [0.2834288] sin 4 {nt - to) - e'* [1.548 1629] sin 4 (n'^ - cuO 

+ /^ [8.1938200] sin (2n^ + 2io — 4Q) — /^ [9.2330844] sin 4 (n^ — Q) 

— 66'* [ 1 .683 1 366] sin {nt + 3m'« ~ ch - Zio') 
+ ee'^ [1.8125777] sin {nt — Zn't - ^n + Zio') 

— 6*6' [2.0437936] sin {Znt + n'^ — Zco — w') . 
+ ^e' [2.0775966] sin (371^ — n't — 3o; 4- to') 

— ^e'^ [1.7958732] sin {2nt + 2m.'t - 2io - 2^0 
+ ^e'^ [ 1. 8674561] sin {2nt - 2n't - 2o^ + 2o>') 

(CbnMiiKMl <m ike ntwl pope.) 
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- e'V [9.9459047] sin {2nt + 2n^t - 2o>'- 2Si) 
+ e'V [9.6»5S444] sin {2nt - 2n't + 2co'- 2Q) 

4- eeY [1.1822131] sin {3nt + 71^1 — to — w'— 2SJ) 

- ee'-f [1.3229992] sin {^nt — v/t— to + oi'— 2Q) 

- eeY [1.68 1 305 8] sin {nt -i-n't + o}- w'- 2gJ) 
+ eeY [1.8609576] sin {nt-n't + w + w'- 2^) 

- eeY [8.3877468] sin {nt + n't - 3a* - ai'+ 2^) 
+ eeY [8.5 179333] sin {nt - ri't — 3w 4- <o'4- 2^2) 
+ {[0.2624189] 4- [i.90i8i4o]e' - [0.6603 5 88]e'* 

- [0.5229625])^ - [i.7928827]e^ + [o.38i374s]e'* 

— [0.7781749]/*— [2.30505o6]62e'* + [o.92i0207]e'y 

- [i.8347898]eV) sin 2{nt'-n't) 
+ €{[04423907] + [2.006941 5]6*- [0.8403 307]^'^ 

— [0.81 571 65]y*} sin {Znt - 2n't - ai) 
•4- e{[i.8297256] — [i.2705426]6* — [2.2276657]e'* 

" [i7533583]y'} sin {nt - 2n't + ai) 

- €'{[9.8969955] + [i.8467933]e"- [8.9939034]c'* 

+ [04043446])^} sin {2nt — n't — w') 
+ €'{[0.8754272] + [2.33i2752]e* - [i.2i7i442]6'* 

— [0.96 1 484 1 ]y2} sin {2nt - Zn't + ca') 
+ €^{[0.5838415] + [2.i237534]e» - [o.9878486]e'* 

y* 

— [1.1293483])^ + [9.4006928] -^ }sin {^nt -2n't—2w) 

- 6»{[ 1.6993008] - [2.8oi6o7i]e» - [i.552859i]e'^ 

- [2.3353194])^ + [0.8458856] ^ } sin 2 {n't - w) 

+ ^"{[1.3553403] + [2.6610437]^ - [i.6884493]e'« 

— [i.29926i9]>^} sin (2n^-4n'^ + 2a>0 

- ec'{[o.o8i8204] 4- [i.9565o8o]6' - [9.1787192]^'* 

— [0.7440777])^} sin (Sni — n't — to-— w') 
4- ee'{ [2.2727329] -[ 1. 87901 5o]e'- [2.61 5 1 836]^'* 

— [1.9960481]}^} sin {nt — Zn't + to '+ w') 
+ ee'{ [1.0503933] 4- [243i43i6j6» - [ 1.392 I098]e'* 

— [1.2472036]}^} sin {3nt — Sn't — lo + w') 
-ee'{[i.76i8599] 4- [i.ii4024i]e*- [o.8587696]e'* 

— [1.1066675]}^} sin(n^— n'^ + w — w') 

(Qmtkuttd on the next page,) 
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— y*{[9.6755696] -f [i.69i092i]e'— [0.073 lop/Je'* 

- [0.0436846]}^} sin {Ant - 2n't - 2Q) 
-y*{[i.5i83767] -[2.42o873i]e»- [i.9i63i7o]e'* 

— [ 1.5940547]}^} sin 2(n'e - Q) 
+ f{[9'66o3S8S] + [i.S482073]6» - [0.05 8299 i]e'* 

- [0.0238227]^*} sin {2nt-2n't+ 2(o - -2^) 
- /{[9.6603s 88] - [1.61 1 I96i]6* - [0.05 8299 1 Je'* 

-[9-9776S2S]y*}8in (2n^-2n'^-2a> +2Q) 
+ ^ [0.7 191 777] sin {5nt — 2n't — 3^^) 

— 6* [1.7804993] sin (nt + 2n't — Zai) 
+ e'^ [8.4007244] sin (2nt + n'^ - So;') 
+ e'* [1.7327927] sin (2n< — 5n'^ + 3a>') 

— ef [1.1801458] sin {Snt - 2n't +io-2Si) 
+ ey* [1.4096742] sin {nt — 2n'i — <i> + 2Q) 

— ey* [1.4578608] sin {nt + 27i'^ - w - 2Q) 

— ef [0.2 1 82469] sin {5nt — 2n't — to — 2Q) 

— 6y* [9.8403312] sin {Snt - 2n'^ - 3ri> + 2Q) 
+ ef [1.2276654] sin {nt — 2n't + 3(o - 2^) 

— ey [0.2870196] sin {Ant - 3n't + ci>'- 2Q) 
+ ey [9.3 1 1 8093] sin {Ant — n't — 01'— 2Q) 

— ey [1.7636623] sin.(3n'e - w'- 2^3) 
+ ey [1.7628 1 67] sin {n't + co'- 2Q) 

+ ey [0.2733674] sin {2nt - 3n'« + 2<«> + <o'- 2Q) 
~ ey [0.2733674] sin {2nt - 3n'^ -2(o + w'+ 2Sl) 
+ ey [9.295 191 5] sin {2nt — n't — 2(o — (o'-\- 2Q) 

— ey [9.295 191 5] sin {2nt — n'^ -f 2o> — a>'— 2g3) 
+ ee'* [1.5049540] sin {3nt — 4n'^ — (o -h 2a}') 

+ ee'* [2.6167694] sin {nt — 4n'^ + 01 + 2io') 
+ e*e' [1.1898791] sin {4tnt — Sn'^ - 2a> + a>') 

— e*e' [0.2252418] sin {Ant — n't — 2r«> — a»') 

— e*e' [2.1449896] sin {3n't — 2<«> — o;') 
+ e'e' [1.6255814] sin {n't — 2(o + a>') 
+ e* [0.85 1 2504] sin (671^ — 2n't — 4^;) 

— e* [1.9029 1 74] sin {2nt + 2n't ~ 4ai) 
+ e'" [8.6457562] sin {2nt + 2n't - Aw') 
+ e'* [2.0994009] sin {2nt — 671'^ -f Aw') 

(QntUnmed on the n«wlp&§$,) 
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-2 



(n«-«'^«' 



sin 



+ y' [0.8937693] sin(2n<-f-2n7-74ft) +y^ [9.07 57 195] 8in(6ni-2n'^-4Q) ^ 
+ y* [o. 1 1 53561] sin {2nt - 2n'^ + 4w - 4Q) 

- / [7.0794428] sin (2n^ - 2n't - 4a> + 4Q) 

- / [9-3745395] sin {int - 2n't + 2a> - 4Q) 

- «V [978o<768] sin {int - 27i'e - 4ai + 2Q) 
-eV [1.3057 183] sin (2n't~4<o + 2Q) 

- eV [1.227055 1] sin {2nt + 2n'e - 2f«> - 2Q) 

- eV [0.5933216] sin {6nt - 27i'^ - 2ai - 2^) 
+ e'V[o.73328o3] sin (2n^ - 4n'^ + 2to + 2ti>'- 2Q) 

- e'V [0.7332803] sin {2nt - 4/1'^ - 2(o -h 2o;'+ 2Q) 

- e'V [0.8453921] sin (4n^ - ^n't + 2<i>'- 2g2) 

- «'y [1-9507244] sin (47i'e - 2(0^- 2Q) 
+ ee'^ [8.5939046] sin {3nt + n't-(a- Sw') 

— ee'^ [0.2724450] sin {nt + n't + w - Sen') 
+ 66'^ [1.873 1633] sin {3nt - 5n'^ - €o + Zw') 
+ ce'^ [2.9301443] sin {nt — 5n't + c i> + 3o>') 

— e*e' [2.2288429] sin {nt 4- 3n'^ — 3<tf — <»') 
+ e^e' [1.69786 1 3] sin {nt -f n'^ - 3w + a>') 

— e*e' [0.3599623] sin (5n^ — n't — Sro — cei') 
H- e*e' [ 1 .3327466] sin (5n^ — 3n'^ — 3rc; -h a>0 
+ 6*e'* [1.6434373] sin (471^ — 4n'e - 2fei + 2(o') 

— e^e'* [2.4946379] sin {4n't — 2co— 2w') 

- eey [1.5995068] sin {Snt - 3n't + €i> + rei'- 2Q) 

— eeY [1.71 14961] sin {nt — n't — w — w'+ 2Q) 
+ e^y [ 1 . 1 362960] sin {Snt—n't + w — w'— 2ft) 
+ ee'f [1.5257892] sin {nt-Znt — ia-\- «'+ 2ft) 
+ eeV [1.7488979] sin {nt -Vn't — io^ lo'- 2ft) 

— ee'f [ 1 . 5 1 1 3083] sin {nt + 3n'i — ^n — lo'- 2ft) 
+ eey [9.9596880] sin {5nt — n't --€o — 10'— 2ft) 

— eey [0.8278408] sin {5nt — 3n't — ro + a>'- 2ft) 

— eey [0.4483323] sin (3n^ - 3n't - 3fo + co'-h 2ft) 

— eey [ 1. 1 598 190] sin {nt ~ n't + Z(o — m'— 2ft) 
+ eey [9.4798545] sin (3n^ - n't - 3a> - rei' + 2ft) 
+ eey [1.708 1 836] sin (ri^ - 3n't + 3tc; + w'- 2ft) 

(CbnMiMMtf on (A« MHc< }MV«.) 
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+ 



^ ± ( -{[1.4566364] + [i.9636090]e* + [i.757^746]e'* 

— [2.0944o88]y'} sin {nt — n't) 

+ {[9.770949s] - [i.i486222]6» - [o.S49ioo6]e" 

— [7.85 1 73 1 2]f} sin 3 {nt — n't) 

- e [1.5547650] sin {2nt - n't - (o) + e [1.8569612] sin {n't - w) 

+ e [0.0440 1 66] sin {int - Sn't -(o)-e [0.93 26740] si n {2nt - Sn't + tc;) 

- e' [1.6954468] sin {tU - 2/i'^ + to') -f e' [9.7501 225] sin {nt - w') 
+ e' [0.5058268] sin {int - 4n't + w') 

- e' [9.7363897] sin {Snt - 2n'« - w') 

- e^ [1.6688133] sin {Snt - n'e - 2ai) 
+ 6* [1.9689036] sin {nt + n'^ - 2a;) 
+ 6* [0.2264160] sin (5n^ — Sn't — 2(o) 
-6» [2.0787578] sin {nt - Sn't + 2(o) 
+ e'^ [1.4252027] sin {nt + n't — 2o>') 

- e'* [1.9322952] sin {nt — Sn't + 2io') 
-f e'^ [8.7999916] sin {Snt — n't — 2w') 
+ e'* [1.0449325] sin {Snt - 5n'^ + 2(o^) 

H- ee' [9.5 160393] sin {2nt -co- w') -f ee' [2.0570694] sin {2n't -w-o)') 

- ee' [1.7945594] sin {2nt — 2n't — (o -\- lo') 
4- ee' [0.864 1 801] sin {2nt - 2n't + a) — (o') 
+ ee' [0.7754056] sin {4nt — An't — (o + o)') 

- ee' [0.0127735] sin {int — 2n't — oi — a>') 

- ee' [1.7057688] sin {2nt-^'t -\' w + w') 
"~ f [o-5 5 35456] sin {nt — n't + 2io — 2Q) 
+ y" [9.8093061] sin {nt - n'^ - 2io'+ 2Q) 
+ y* [0.8661055] sin {Snt — n't — 2Q) 

+ y* [1.043 1657] sin {nt + n't — 2^) 

- y* [9.0498744] sin {6nt — 3n'< — 2Q) 

- y* [1.1946591] sin {rU — 3n'^ + 2Q) 

+ f [9.3437048] sin (3ne - Sn't f 2«) - 2Q) 

- y« [9.3437048] sin {Snt - 3n'« - 2a> + 2Q) 
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26. The value of dr being substituted in the first of equations (264), will 



give the following value of 



dd,e ^ 
dt 



rrv 



^{+y{i-M^ + i^'-Mco8(n<-Q) 



dd,d^ 

dt [X 

— y {}|e» + ^i^] cos {nt - 2w + Q) 

— ey {0.0416667 + 3.1979176* + 0.06256'* 

— 0.2725694)^} cos {2nt — o> — Q) 

— cy {0.708333 + 0.18756* + 1.06256'* — fy*} cos {(o — Q) 

— 6'y{i.5o84ii —70.41586*4- 1.6969966'* 

— 3.49688^*} cos {nt + n't - «i'- a) 
--6'y{ 1. 508441 + 70.83056' + 1.6969966'* 

■" 3-675 843^*} cos {nt — n't + a}'— £l) 

— 6*y (1.0625) cos (3?!^ — 2^i> — Q) 

— 6'*y (2.294827) cos {nt + 2n't - 2re>'- SJ) 

— 6'*y (2.294827) cos (nt — 2n't + 2w'— Q) 

+ y* (0.4586666) cos 3 (nt - 63) + ^y* cos {nt -f 2«tf - 3Q) 

— ee'y (37.76205) cos {2nt -f n't — <i> — ai'— SS) 
+ ee'y (32.861 1 1) cos (2nt — n't — oi + w'— Q) 

— ee'y (34.745 17) cos {n't — w~ w'^- Q) 
+ ee'y (35.87799) cos {n't -f a> — w'— Q) 

— 6"^ (3. 1 80544) cos (4nt — Zco — fj) 

— 6y{i. 1 145756* — 0.i7i875y*} cos (2nt — Srn + S5) 
-f 6y* (1.657986) cos (4nt - lo - 3g3) 

— ef (0.4166667) cos (2nt + w — 3Q) — H^ cos 3 (cw -^ gj) 

— 66'*y (30.66673) cos (2nt + 2n't - «i - 2<c;'-Q) 
-f 66'*y (23.21627) cos (2nt - 2n't - w + 2<ii'- a) 
-f 66'*y (27.80593) cos (2n't + fi> - 2ai'- gj) 

— ee'^ (26.07707) cos (2n't - to - 2fci'-f 63) 

— 6'V (3.4881 57) cos {nt + Sn't - 3w'- 63) 

— 6'V (3.4881 57) cos {nt - 3n't + 3to'- Q) 

— e*6'y ( 1 26.0391) cos (3nt + n't — 2(o — w'— 63) 
4- ^e'y (121.3506) cos (3nt — n't — 2(o + m'— 63) 

— 6'y {5 1.646356* — o.i88555y*} cos {nt + n't - 2t«> - ro'-f 63) 
+ 6'y{ 54.497046* 4- 0.i88S55y*} cos (nt — n't — 2rc; 4- €«'+ 63) 
-6'y* (0.188555) cos {nt 4- n't 4- 2ai - «i^- 363) 
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— ey (0.188555) cos {nt - n't + 2(0 + w'- 3Q) 
+ eV (0.8571 104) cos {Snt + n't - co'— 3Q) 

+ ey [1.0360718) cos {Snt - n't + lo'- 3Q) 
+ 7(1.287669 + 103400176* — 3.2191736'* 

— 0.9665417*} cos(3?i^— 2n'^— Q) 
+ 7(1.287669 + 48.018676*- 3.2191736'* 

— 4.2906977*} cos {nt — 2n't + Q) 
+ 67(4.566218 + 249.813I6*— 11.415556'* 

— 3.405987*} cos {4tnt — 2n't — o> — Q) 
+ 67(1.990883 +71.557626^ — 4.9772066'* 

— 1495787*} cos {2nt — 2n't — a> + Q) 
+ 67(29.68164 —92.417886* — 74.204146'* 

— 37.762687*} cos (2n^ - 2n't + o> - Q) 
+ 67(32.25698 + 42.20606* — 80.642486'* 

— 63.292327*} cos i^n't — cii — Q) 

— 6'7(2.5650i 13 +94.869326* — 0.070625956'* 

— 0.42572787*} cos {^nt — n't — w'— Q) 

— 6'7 (0.56501 13 + 42.244526*- 0.070625956'* 

— 3.3202697*} cos {nt — n't — fti'+ S3) 
+ 6'7(5. 185720 + 265.525636* — 1 1.390066'* 

- 3.8769887*} cos (3n« - Zn't + w'- ^) 
+ 6'7(5. 185720+ 129.163606*— n.390066'* 

— 12.7739337*} cos {nt — 3n'« + ru'+ Q) 

— 7* (0.1680028) cos {5nt - 2n'^ - 3Q) 

— y* (3492 1 58) cos (ni + 2n't - 3Q) 

+ 6*7 (i 1. 1475 cos {bnt — 2n't — 2(o — Q) 

+ e^ (43.3474) cos {nt + 2n't — 2rci — g3) 

+ 7(2.9808156* -0.48287577*} cos {Snt - 2n'« — 2tt) + gj) 

— 7(20.200826* - 0.16095877*} cos {nt — 2n't + 2ro — Q) 
+ e'^ (14.65787) cos {Snt-An't+2(o'- Q) 

+ e'Y (14.65787) cos {nt-4n't + 2^ii'+ Q) 
+ 7* (0.4828757) cos (3n^ - 2n't + 2fi> - 3^) 

— 7* (0.1609589) cos {nt - 2n'^ — 2w + 3Q) 

— 66';^ (2.008295) cos {4:nt — n'^ — fo — a)'— Q) 
+ 66'7 (86.52803) cos {Sn't — w — ^u'— gj) 

— ee'y (0.8782726) cos (271^ — n't — o) - ai'+ S3) 

(CbfiMtNteti en A^ neKlpage,) 
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+ ee'y (76.1 5659) cos {2nt — Sn't + <o + w'— Q) 
+ ee'y (18.34702) cos {^nt — Zn't — o> + a>'— Q) 
+ ee'y (7.975576) cos {^nt — Zn't — a) — w'+ Q) 

— ee'y (27.19068) cos {2nt — n't + co — to'— Q) 

— ee'y (28.32070) cos {n't — <a + lo'— Q) 

+ e>'{4.2o853862 — 1.068500}^} cos (47i^ — 2n't — 3^0 + Q) 

— ey {34.806026* — 4.67595/*} cos (2n'i — 3<o + S5) 
-f eV (23.18619) cos {&nt - 2n't - 3w - Q) 

+ eV (27.80334) cos (27ti + 2n't - 3ai — Q) 

— ey^ (0.928026) cos {6nt — 2n't — (o — BQ) 

— ey^ (26.98704) cos {2nt + 2n'e — «> — 3Q) 

— 6/ (1.6 1063) cos (4ri^ — 2n't + (o — 3Q) 
H- ef (16.72500) cos (2n'^. + 01 — SQ) 

+ ey^ (i 1.050135) cos (2n« — 2n't + 3ft> ~ 3Q) 

— ey^ (0.392341) cos {2nt — 2n'e — 3oi -f 3ft) 

+ e'y { 1 1.9318686* - 1.944645/*} cos (Snt - 3n7 - 2^0 + w'+^) 
+ e'y { 1 5.899366* — o.O706264y*} cos {nt — n't -h 2(o — <o'— Q) 

— e'y{ 1.3 1609056* — 0.21 18792/*} cos {Znt — n'< — 2ai — w'+ Q) 

— 6'y {60.10806* — 0.64821 5y*} cos {nt — 3n'e + 2o> -f o;'— Q) 
+ 6'*y (0.0 1 857 1) cos {3nt + n't - 3ai'- Q) 

+ 6'V (0.01857 1) cos (rU + n't - 3<ii'4- Q) 
+ 6'V (35.82214) cos {3nt - 5n'« + 3fe^'- ft) 
-h 6'*y (35.82214) cos (n^ - 6n't + 3^e*'+ ft) 
4- 6V ( 1 .944645) cos {Znt - 3n't + 2(o + w' - 3ft) 

— e'f (0.64821 5) cos {nt - Sn't - 2(o + w'+ 3ft) 
+ e'y^ (0.0706264) cos {nt — n'^ — 2w — w'-h 3 ft) 

— 6y (0.21 18792) cos {3nt — n7 + 2o; — a)'— 3ft) 

— 6'y* (9.57 1 386) cos {nt 4- 3n'i - «i'- 3ft) 
+ 6y (2.968483) cos {nt + n'^ + (o'- 3ft) 

+ 6y (0^0739423) COS {5nt — n'< — o)'— 3ft) 

— 6y (0.674441) cos {5nt.— Sn't + (o'— 3ft) 

+ 66'*y (5 1.74244) cos (4ni — 4n'^ — <o + 2(o'— ft) 
-f 66'*y (22.42669) cos {2nt — 4n'^ - o) + 2<o'+ ft) 
+ 66'*y (i 5 3.87 1 7) cos (2n^ - 4n'^ -ha> + 2w'- ft) 
4- 66'*y (183.1875) cos {4n't -co- 2io'- ft) 

— 6*6'y (4.908923) cos ipnt — n't — 2«i — w'— ft) 
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+ e*e'y (44.73660) cos {5nt - 3n't - 2(o + m^- Q) 
+ 6*6'/ (109.0587) cos (ini + 3n'« — 2io — io*- Q) 

— e^e'y (40.31828) cos (?i^ + n't - 2o> + w'~ Q) I 



-h 



~ -^n I --y (13.44124) cos (271^— n'^— Q) —y (1344124) cos (n'^ — Q) 
ys£ a' I 

+ y (0.48 1 2 192) cos {^.nt — Zn't — Q) 
+ y (0.48 1 2 192) cos (2n^ — 3n't + £J) 

— ey (48. 1 2632) cos (3n^ — n't - w — Q) 

— 6y (21.24384) cos {rit — n'^ — w + Q) 

— 6y (17.2 1996) cos (n^ + n'^ — fo — Q) 

+ ey (9.66252) cos (n^ — n't^-io—^ L /3O8) 

+ ey (1.8601 58) cos i^nt — Zn't — io — £i) 
+ ey (0.8977201) cos (3n^ — 3n7 - <ei + gj) 

— ey (6.04607s) cos (3?i^ — 2>n't -Y io — £S) 

— ey (5.083637) cos {nt — 3n'^ 4- «i + SJ) 

— e'y (21.74962) cos i^nt — 2n't -f €o'— f<j) 

— e'y (2 1.74962) cos (2n'^ — a>' — S5) 

+ e'y (0.09375) cos {2nt—a}' — Q,) + e'y (0.09375) cos {(o'— Q) 
+ e'y (2.592412) cos {int — ^n't + (o'— Q) 
+ e'y (2.592412) cos {2nt—4:n't + a}'+ Si) 

— e'y (0.4478197) cos {^nt — 2/1'^ — ai'— Q) 

— e'y (0.4478197) cos {2nt - 2n't — a>'+ Q) I 

The value of 8v being substituted in the second of equations (264), will give 

the following value of — *- : 

at 

—r- = — ni —ey {0.375 + 0.03 i2Se' + o.562Se'* 
at A« t 

— o.5o6366y*} cos {2nt — €o — Q) 



+ 6y {0.375 + 2.3i25e' + o.5625e'* — i.02o833y^} cos {(o — Q) 

— e'y {20. 16597 + 77.o6599e* -f 22.68672e'* 

-- 33.45 220y*} cos {nt + n't — 10'— Si) 
+ e'y {20. 16597 + 70.23043e* + 22.68672e'* 

■~34-77873y*} cos (n^ — n't + (o'— Q) 

— eV(i.28i25) cos {3nt — 2r(; — Q) + e^ (0.53125) cos {nt — 2^; + SJ) 

(QmfMnMtf om tke ntxlpagt,) 
25 
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-f f (0.03125) cos 3 {nt - Q) + y{o.7S^ "" 0.03125/*} cos {nt- Si) 
"■ «'V (15-33948) cos {nt + 2n't - 2(0^- Q) 
+ «'V (i 5-33948) cos {nt - 2n't + 2oi'- gj) 

— ee'y (74.06245) cos {2nt + n't -co — oi'— Q) 
+ ee'y (77.48024) cos (2?ii — n't — w-{- a>'— Q) 

— ee'y (37.14830) cos {n't + 10 — w'— Q) 
+ ^y (337305 cos {n't - w — (0'+ Q) 

+ ^{0.7604136* + o.046875y*} cos {2nt - 3a> + Q) 

— e^ (3.041663) cos {int — 3fi> — Q) 

— «'V (15-54410) cos {nt + 3n7 - Sw'— Q) 
4- e'V (15.54410) cos {nt - 3n't + 3fi>'— Q) 

- 6e'V (5 5-3587 cos {2nt + 2n't -w- 2«i'~ Q) 
W- ee'V (60.67800) cos {2nt — 27i'^ — rn + 2w— Q) 

— ce'*y (29.99903) cos {2n't + w — 2oi'— Q) 
+ ee'y (24.67974) cos (2n'^ — o> — 2(o'+ Si) 

— e*e'y ( 1 77-9775 3) cos {Znt + n't - 2rci - lo'- Si) 
+ e'e'y (188.41847) cos (Znt - n7 - 2(o + w'- Si) 

+ 6X44.9771 1 6» + 2.520746)^} COS (n^ + n't - 2w - €o'+ Si) 

— 6'y{48.582496* + 2.520746)^} cos {nt — n't — 2ai + ai'+ Q) 
+ 6^(4.390724) COS {Znt + n'^ — w'— ZSi) 

— 6y (3.064196) cos {Znt — n'^ + w'— ZSi) 
+ 6y* (0.3373842) cos (4tnt — a> — 3S2) 

+ 3^r«y*cos (2n^ + ^i> - 3Q) + ^e/ cos 3 (^e^ - Si) 

— ey (2.520746) cos {nt + n'^ + 2w — w'— ZSi) 
+ 6y (2.520746) cos {nt — n't + 2io + ri>'— 3g3) 
+ 7(0.914932 + 106.536026* — 2.287336'* 

— 2.001935^*} cos {Znt - 2n't — Si) 

— y{o.9i4932 + 41.739846* - 2.287336'* 

- 1 8.73 36 1 y*} cos {nt - 2n't + Si) 
+ 6y{3.2i458i + 240.92206* — 8.036436'* 

- 7.67276/*} cos {^nt - 2n't — w-Si) 

— ey {35.61 266 + 38.875 156* — 89.03156'* 

— 68.29602/*} cos (2n'< -€o — Si) 

— 6y{i.3847i6 + 5748076* - 34617726'* 

- 45.230527*} cos {2nt - 2n't -w + Si) 

iCbnttmud <m the neadpagti) 
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+ ey {33.78280 + 6.925076* — 844568^'* 

— 4i.44o88y*} cos {2nt - 2n't + a> — gj) 

— e'y {0.3944260 + 92.533816* - 0.0493035'* 

— 1. 5 808 1 5y*} cos (3n^ — n'^ — ft)'— £J) 
+ e'y {0.3944260 + 35.950156* — 0.0493036'* 

— 30.642547*} cos {nt — n't — ft)'-l- Q) 
+ «V{3-7S3i6o + 290.83936* - 8.243556'* 

~ 5 -55079?^} cos {Znt - Zn't + 10'— Q) 
~«'y {3-753 160 + 1 14.68546* -8.2435 56'* 

— 35.6634i>^} cos {nt — Zn't + w'+ gj) 
+ 6*y (7.77s 169) cos {5nt — 2n'i — 2ai — Q) 

— 6*y (95.6703 1) cos {nt + 2n,'^ — 2io — ft) 

— y* (0.35 12527) cos {6nt — 2n't — 3Q) 

— y* (16.38042) cos {nt + 2n't - 3Q) 

— y {2.0322056* + 0.343 looy*} cos {Znt — 2n'i — 2fti + Q) 
+ y{25.i3i 186* — 0.1 I43667y*} cos {nt — 2m,'t 4- 2ft> — Q) 
4- y* (0.343 100) cos {Znt — 2n'^ + 2w — 3Q) 

+ y* (o. 1 143667) cos {nt - 2n't - 2«> + 3Q) 
+ 6'*y (10.82207) cos (3n^ - 47i'^ -f 2io'- ft) 

— 6'*y (10.82207) cos (ni — 4n'^ -f 2«>'+ ft) 

— 66'y (1.392509) cos (^nt — n't — lo — lo'— ft) 
+ ee'y (13.12149) cos (4ni — Zn't — a; + 10'— ft) 

— 66'y (10 1. 1984) cos (3n'i — €<; — €i>'— ft) 
+ ee'y (29.68433) cos {n't — f<i -f lo'— ft) 

+ ^«'y (93-692 1 ) cos {^nt — Zn't + €0 + w'— ft) 
4- ee'y (0.603657) cos {2nt — n't — lo — lo'^- ft) 

— ee'y (5.61 5 1 7) cos {2nt - Zn't — o) + fo'-h ft) 

— ee'y (28.89548) cos (2nt - n't -{-to- ro'— ft) 

— 6y {2.9141 536* 4- i.2054662y*} cos {^nt - 2n't - 3^0 4- ft) 
+ ey {34656596* -4.4s 1 57y*} cos {2n't - 3a; 4- ft) 

4- 6^ (i S-977308) cos {&nt - 2n't - 3ro — ft) 

— e^ (199.2 1 146) cos {2nt 4- 2n't — 3fo — ft) 

— ey^ (10.53298) cos {^nt — 2n't 4- w - 3ft) 

— ef (1649 1 98) cos {2n't 4- w — 3ft) 

— ef (1.930783) cos {&nt — 2n't — 10 — 3ft) 

— e;f (42.64173) cos {2nt 4- 2n't — lo — 3ft) 

{Qmttmwd en the next page.) 
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+ ef (i 2.66853) cos i^nt - 2n'^ + Ico - 3Q) 
+ ey" (0.1730879) cos (2n< - 2n'i - 3w + SSJ) 
+ e'^ (0.01258043) cos (3n^ + n'^ — 3<o'— Q) 

— e'V (0.01258043) cos (jit -t- n'^ - 3fo'+ Q) 
+ 6'V (27.02481) cos (371^ - bn't -h 3ar'~ Q) 

— e'^ (27.02481) cos (ni - 6n'i + 3co'+ gj) 

— ey (1.566093) cos {bnt - 3n'^ + w'— 3^) 
+ ey (o 151816) cos {but- n't- o)'- ZQ) 

— eY (28.54653) cos {nt + Sn't - to'- 3gJ) 
+ ey (28.90991) cos (rii + vft + ft»'— 3Q) 

+ ey (1407435) cos (3n^ — Zn't -f 2w + <o'— 3ft) 
+ ey (0.469145) cos {nt — Zn't — 2« -f a*'+ 3ft) 

— ey (0.1479678) cos {Znt — n'^ + 2co — ai'— 3ft) 

— e'f (0.0493614) cos {nt — n't — 2io — w'i- 3ft) 

+ e'y {0.889 1726^ + 0.1479678}^} cos {Snt - n'^ — 2ro— a;'-h ft) 
+ e'y {70.28656* - 0.469145^*} cos {nt — 3n't + 2(0 + w'— ft) 

— e'y { i6.820Oie* - o.0493634y*} cos {nt — n't + 2io - oi'— ft) 

— 6'y{8.2ioi662 + i.407435y*} cos {Znt - 3n'^ — 2«> 4- oi'-f- ft) 
+ cc'V (37-63692) cos (4n^ — 4n'^ — cd + 2a>'— ft) 

— C6'7 (i 5.99278) cos {2nt - 4n'^ — o; -f 2a»'+ ft) 
+ ee'^ (206.8900) cos {2nt - 4n'^ -f fti + 2a>'- ft) 

— 6e'^ (228.5341) cos {An't — (o — 2io'— ft) 

— ^e'y (3.385371) cos {6nt — n't — 2a} — lo'— ft) 
+ ^e'y (21.63828) cos {6nt - Zn't- 2io + (a'- ft) 

— ^e!y (269.8685) cos {nt + %n't — 2io - to'-Si) 

+ e^e'y (75.89287) cos {nt + n't -2w + w'- ft) I 

71% CL ( 

+ — n\—y (14.30890) cos {^nt — n'i — ft) + y (14.30890) cos {n't 
I* a I 

+ y (0.2950661) cos (4n^ - Zn't — ft) 

— y (0.2950661) cos (2n^ — Zn't + ft) 

— ey (46.5 5420) cos (371^ — n't — (o — Q,) 
4- ey (17.93639) cos {nt — n't — co + Q) 
+ ey (64.58704) cos {nt +n't — w — Q) 
~ ^ (35-96923) cos {nt — n't + ro — ft) 
+ ey (i. 143465) cos {5nt — Zn't — w — ft) 

(CMinmtd OH the next pa§t^ 
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— cy (0.553333) cos {3nt — Sn't — to + Q) 

— ey (4,2819735) cos {Znt — Zn't + a> — Q) 
4- ey (3.6918412) cos {nt — Sn^t + ft> + Q) 

— ey (24.79800) cos {2nt -• 2n^t + w'— Q) 
+ e'y (24.79800) cos {2n't — w'— Q) 

+ e'y (0.28 1 25CX)) cos {2nt — o)'— gj) — e'y (0.28 1 2500) cos (a>'— ^) ^ . (309) 
+ e'y (1.6024955) cos (Ant — 4n'^ + «o'— Q) 

— e'y (1.6024955) cos (2?ii ^ An't + 0) + ^) 

— e'y (0.2724958) cos {Ant — 2n'< — (o'— Q) 

+ e'y (0.2724958) cos {2nt — 2n'< — w'+ ^) > 

If we now take the sum of equations (282), (308), and (309), we shall obtain 

the following complete value of -— : 

at 

at fi V 
~ «y (H ^^ + ^'^ - 1-528936)^} cos {2nt-w- O) 
-ey {{i- 3.468756* + f6'* + 0.09895 8>^} cos {w - Q) 

— e'y {6.09234 — 9.92666^* + 6.85 389^'* 

— 20.362877*} cos {nt + n't — tt>'— ^) 
+ c'y {4-20203 - 14.53046* + 4.737296'* 

— 14.6891 ly*} cos {nt — n't + a>'— Si) 

— y {3.5260426* + 0.08854177*} cos {nt — 2(0 + Q) 

— 6*y (3.703125) cos {3nt — 2(o — Q) 

4- / (0.630542) cos 3 (ni — Q) + / (0.088541 7) cos (nt + 2fti — 3SJ) 
+ e'*y (5.56940) cos (n^ + 2n't - 2w'- Q) f • (310) 

+ 6'*y (2.67674) cos {nt - 2n'^ + 2o;'- g3) 

— 66'y (2. 1 1003) cos (n'^ + io — to'— Q) 

— ea'y (2447 1 2) cos (n'i — a> — ft>'+ ^) 

— 66'y (82.42563) cos (2n^ + n't — w — a>'— Q) 
4- 66'y (79.43028) cos (2nt — n't — €0 4- a>'— Q) 

— 6y{5.6o4i626* — o.28i25y*} cos (2nt — 3fo 4- S3) 

— eV (8.722210) cos (4nt — 3^0 — gj) 

— ef (1.3 17708) cos (2nt 4- ro — 3Q) 
4- 6y^ (2.46412) cos (4nt — ft> — 3Q) — e^ (0.135417) cos 3 (a; — Q) 

— 6'V (6.64438) cos (nt 4- 3n't - 3o;'- Q) 



+ 3-^C08(«,<-/9,) 
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+ e'^ (2.18412) cos {nt - Zn't + 3«>'- Q) 

— ee'^ (3.04237) cos (2n'< -{■ to — 2(o'— Q) 

— ee'V (4.05860) cos {2n't -w- 2a}'+ Q) 

— ee'V (64.39779) cos {2nt + 2n't -- a> — 2a>'— gj) • 
+ ee'V (59-94217) cos {2nt — 2n't — a> -f 2w'— Q) 

— €^e'y (255.1422)008 {3nt + n'< — 2a> — ai'— ^) 
+ e^e'y (256.7913) cos {Snt ~ n'^ — 2a> -h a;'— Q) 

— 6'x{ 5 1. 607936* — 9.761 542y*} cos (nt + n't — 2a»*— o^'H- ^) 
+ e'y {40.797836* — 0.525254)^} cos (nt — n't — 2a> + 0)'+ fi) 
+ eV (3.571 186) cos (3nt + n't - a>'- 3Q) 

+ 6'y* (0.070936) cos (3nt — n't + a;'— 3Q) 

— 6'y* (0.761 542) cos (nt + n't + 2(o — ai'— 3SS) 
+ «y (0.525254) cos (nt — n't + 2fe> + ft;'— 3Q) 
+ 7(2.607919 + 203.328596* - 6.5078366'* 

— 44222477*} cos (3nt — 2n't — Q) 
+ 7(5.386019 + 9.9873O6* - 13.465046'* 

+ 10496287*} cos {nt — 2n't 4- Q) 
-f 67(8.854557 + 478.62066*— 22.136376'* 

— 1 5.146567*} cos (4nt — 2n't — co — Q) 
+ 67(60.81862 - 107.803176* - 155.02296'* 

— 74.565347*} cos (2nt — 2n't + to — S2) 
- 67(4.00808 - 3.67446* - 6.71726'* - 4.960287*} cos (2n't -w-Q) 
+ ey{ 1 1.5 14634 + 19.06426* — 28.7866016'* 

— 38.886917*} cos (2nt - 2n't - ft> + ^) 

— ey{ 1.1542224 + 184.386876* - o.i44277«" 

— 2.74276967*} cos (3nt — n't — w'— Q) 

~6'7{5.i83867 + 10.509856* -0.6479836'* 

4- 3 1456437*} cos {nt — n't — a)'-\- Q) 
-r 6'7{ 10417257 + 531.62286* — 22.880766'* 

- 1 1-85 i93y*} cos (3nt - 3n't + o)'- Q) 
+ 6'7{i3.i302i + 2 1.88806*- 28.839566'* 

-f 13.847137*} cos {nt — 3n't + ft>'+ Si) 
+ (^ (21.01 166) cos (5nt — 2n't — 2(o — Q) 

— ^ (S 17835) cos {nt 4- 2n't -2a) — Q) 

+ 7{ 19.7336486* — 0.97797017*} cos (3nt — 2n't — 2<o + Q>) 

— 7(7.552196* — 0.67325227*} cos {nt — 2n't + 2ft> — SJ) 

(OmMiMMi on the nmtpage.) 
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+ e'V (29.22819) cos {5nt - An't + 2«>'— Q) 
+ ef^y (25.14225) cos {nt — 4n't + 2a>'+ Q) 
-y(o.574o82i)co8(5ne-27i'e~3Q)-y*(i8.867i7)cos(ni+2n'^ 
+ y' (0.9779701) cos {Znt — 2n't + 2a> ~ 3^) 

— f (0.6732524) cos {nt — 2n't — 2a* + 3Q) 

— ee'y (3.91557O cos (4n^ — n*t — a> — a>'— Q) 
-f eey (i S9.6952) cos (2ni — 3nU + w + o)'— SJ) 

— ee'y (16.8143) cos {Sn't — (o — co'— Q) 

+ ee'y (35.37091) cos (4?it — Zn't — .ci -f a>'— Q) 

— ee'y (54.8702 1 ) cos i^nt — n'^ + <i> — ft>'— SJ) 
+ ee'y (1.71253) cos {n't — a; + £ci'— Q) 

~ ee'y (10.70649) cos {2nt — n'i ~ £ci — £ci'H- Q) 
+ ee'y (29.14020) cos (2n^ — 3?i'i — w + co'-f Q^) 
+ e^ (42.76387) cos {Qnt — 2n'^ - 3«> - Q) 

— eV'( 1 70.68389) cos {2nt -f 27i'i - 3«> - Q) 

+ ey{3i.243988e* — 2.676625 2y*} cos {^nt — 2n't — 3a*'+ Q) 

— ey{o.22232e' -f 0.14283)^} cos {^n't — Z<a + Q) 
+ e'V (0.0386649) cos (3ni + n'< - 3w'- ft) 

— e'^ (0.2029001) cos {nt + n'^ — 3fi>'-f Q) 
+ e'V (70.96699) cos (3ne — 5n'e + 3ai'— Q) 
+ e'^ (44.09920) cos {nt — 5n'^ + 3fti'+ Q) 

— ey* (i 1.22763) cos {^nt — 2n't ^ to — 3Q) 

— ef (0.38286) cos {2n't + io - 3Q) 

— ey* (3. 1 1 3586) cos {&nt — 2/1'^ — «> - 3g^) 

— ey* (67.82647) cos {2nt -f 2n'e - £o - 3Q) 
+ ef (22.72663) cos (271^ - 2n'i + 3^<i - 3g3) 
-ey* (1.5 198 16) cos (2n« - 2n't - 3o> + 3gJ) 
+ e'y* (0.252122) cos {5nt — n'i — a>'— 3Q) 

— «y (3570334) cos {nt + Zn't — €«>'- 3Q) 

— eV (2440378) cos {5nt - 3n'^ + w'- 3Q) 
+ «y (30.9045 1) cos {nt -f n'^ + ft)'— 3Si) 

+ e'y» (3.906471) cos {Znt - 3n'« + 2«> + <ci'- 3Q) 

(CbnMmiarf on <A« next /Nye) 
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- t'f (0432891 8) cos (Sni - n't + 2a> - to'- 3£^) 
+ 6y (0.6479252) cos {nt - n't — 2tt> - ai'4- 3Q) 

- e'f ( 1 .641 276) COB {nt ~ 3n'^ - 2fo + <o'-f 3Q) 

- e^e'y (9.277623) cos {6nt - n'^ - 2o} - <i>'~ Q) 
+ ^e'y (73.9s 144) cos {5nt - 3n'^ - 2<i> + «>'- Q) 

- e*eV ( 1 596426) cos {nt + 3n'i - 2a» — o)'— g3) 
+ e*c> (34-993 1 1) cos {nt + n'^ - 2co + <o'— Q) 

+ ^'V (3334713) cos (2n^ - in't + £o + 2co'- Q) 

- ee'V (50.2534) cos (4n'e - w - 2ft;'- Q) 

+ ce'V (99-23637) cos {^nt - An't - w -f 2w'~ fj) 
+ ee'" y (58.14363) cos (2nt - in't ~ w + 2io'+ Si) 

- e'y { i8.2o6o8e* - 0.4328914)^} cos (3n^ - n't - 2fti - ^0'+ gj) 

- 6^1 i8.88o8e* - 1. 64 1 276}^} cos {nt - 3n'^ -f 2«; + to'- Q) 
+ e'y{ 1 1.588216^ - 0.5066704}^} cos {7it - n't + 2io - €«;'- Q) 

+ «'y {50.339866^ - 3-9064717*} cos {Znt - 3n'< - 2fo + «>'+ ft) | 

+ — ~ n I — y (26.2 1 370) cos {2nt — n'< — Q) + y (0.90107) cos {n't — Q) 

+ y (i. 1 140506) COS (4n^— 3n'e- Q) - y (i.022595)cos(2n^~-3n'e + fi) 

- 6y (92.18253) cos (3n^ — n't — io — Q) 

- ey (38-5701 7) cos {nt -n't-€o + Q;)_ h,,M„ ^^^ (« ,^ - i9 ) 
-h 6y (13.78155) cos (n^ + n'^- ft) -^) ^'~*// 

+ ey (9.74255) cos (ni — n't + (o — Sl) 

+ 6y (4.05 1 591) cos {5nt — 3n'^ — <e> — Q) 

- ey (1.8091 13) cas {Snt — 3n'^ — <i; + Q) 

- ey (12.70401 1) cos (3ne — 3n't + ro — Q) 

- ey (i 1.83614) cos {nt — 3n't -\- <o + ^) 

- e'y (41.59218) cos {2nt — 2n't + fo'— Q) 

+ e'y (2.67690) cos (2n'e — to'— Q) + e'y (1.81250) cos {2n't — w'- Q) 
+ e'y (5.930507) cos {Ant — An't + lo'— Q) 

- e'y (5.698918) cos {2nt - An't + <«;'+ Q) 

- e'y (1.0482 17) cos {Ant — 2n't — to'— gj) 

-h e'y (0.927102) cos {2nt — 2n't — fo'+ Q) I 
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This equation gives by integration, 

= ^'/ + y{[9.8so2376] - [9.92o8i87]6* + [o.0263289]e'^ 

A* ^ 

- [9.685 iSiyy} sin {nt - Q) 

-6y{[9.66ii8i4] + [9.6305 I26]c* -f [9.8372727>'' 

— [9-8833593F} sin (2n^ - €o - Q) 

— «'y{[o.7534S59] + [o.96S4749]^ + [0.08046090] e'» 

— [1.2775 109])^} sin {nt + n't — (o^— Q,) 

+ ^^{[0.6572241] - [i.i960426]e* + [o.709295o]6'' 

— [1. 2007605 ]>^} sin {nt — n't + w'— Q,) 

— y{[o.5472874]e* + [8.947 I477]x*} sin {nt - 2co + Q>) 

-eV [0.0914471] sin {Snt - 2ce) ~ Q) -f y* [9.3225927] sin 3 (n^ - Q) 

+ y^ [8.9471477] sin {nt + 2ci> — 3Q) 

+ e'V [0.6852606] sin {nt + 2yi'i - 2fti'- Q) 

+ e'^ [0.4979842] sin {nt — 2n'^ + 2a)'- Q) 

— ee'y [ 1 4503796] sin {n't + to — a>'— ft) 

— ee'y [1.5 147461] sin {n't — ro ~ a>'+ ft) 

— ^V [ 1-5990859] sin {2nt + n'^ — lo — to'— ft) 
+ ee'y [1.6155105] sin {2nt-'n't — w + ^o'— ft) 

— ^ [0.3385665] sin {^nt — Zco — ft) 

— 6y{[o.44748o7]e* — [9.1480625])^} sin {2nt — 3fo + ft) 

— ef [9.8 1 87891] sin {2nt + «> — 3ft) + [3A, sin »,t ~ j9,) 

+ ey* [9.7896018] sin {Ant -io- 3ft) = 3ey sin (ai - ft)] ''^'^' 

— e'V [07345293] sin {nt + 3n'^ - 3(o'- ft) 
+ e'V [0.4496409] sin {nt — 3n'^ + 8(o'— ft) 

— ee'V [1.3082728] sin {2n't + 10- 2io'- ft) 

— ee'V [14334372] sin (2?i'^ — €<; — 2^«>'+ ft) 

— ee'V [ ^ 4765 1 28] sin (2ni + 2n't - a; - 2ai' - ft) 
+ ^'V [1.5 104674] sin (271^ - 2m; t - €o + 2ai'- ft) 

— it'y [1.9 1 8965 3] sin (3n^ + n't - 2to - 10'- ft) 
4- e*6'y [ 1 .9434249] sin {Snt — n't — 2(o 4- (o'— ft) 

— 6'y{[i.68i3882]e* - [9.8503657>']2} sin {nt + n'^ - 2(o - ^.>'+ ft) 
+ e'y {[i -644402 1]6' — [9.7541344])^} sin {nt - n't — 2ro 4- lo'-^- ft) 
+ ey [0.0649954] sin (3n^ + n't — «i'— 3ft) 

+ e'f [8.38471 13] sin {3nt - n't + co'- 3ft) 

— ey [9.8503657] sin {nt + n'« + 2(o - oi'- 3ft) 

(CbfiMMiad on 1^ MMEf p«^) 
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+ ey [9.7541344] sin (nt - n't + 2a> + w'- 3^) 
+ y{[9.96i3887] + [i.8s3293i]e* - [o.3S8S3i2]e'» 

- [o.i907376]y*} sin {Bnt - 2n't - Q) 
+ y {[0.8016458] + [i.o69826i]c*~[i.i99s857]6'* 

+ [i.09i4i34]y*} sin {nt-2n't + Q) 
-h ey{[o.36i66i3] + [2.09448s8]e* - [o.7596oo9]e^ 

- [o.5948o85]y*} sin {4nt - 2n't -to-Q) 
+ ey{[i.5i677is]-[i.76s3668]c'-[i.923i3o8]c'* 

- [ 1 .605 2720])^} sin (2nt - 2n7 -\-w-Q) 

— ey {[1,4279972] - [1.3902473]^ - [i.6522492]e'» 

- [i.520567o]y'} sin {2n't -w-Q). 
+ e>'{[o.793985o] + [i.oi29S36]e» - [i.i9i9253]e'^ 

- [1.3225 384])^} sin {2nt-2n't'-'0} + Q) 

— e'y{[9.S96i340] + [1.7995747]^" - [8.69304 I7]e'» 

~ [9.9720339])^} sin (Znt - n't — w'— Q) 

— ^^{[0.7484189] + [i-05536is]e2 - [9.845 3286]e'« 

+ [1.5314744])^} sin (nt - n't - «>'+ Q) 
+ ^^{[0.5743973] + [2.2»i7073]c' - [0.9161 i42]e'^ 

- [0.6304327]^*} sin (3nt - Sn't + <o'-Si) }. . (311) 
+ e'y{[i.228636o] + [i.4505705]«'- [ 1.5703 5 30]^'* 

+ [1.2517241])^} sin {nt-'3n't + w'+ Q) 
+eV [0.6366830] sin {5nt — 2n't - 2m — Q) 
-eV [ 1 .65 36436] sin {nt + 2n'^ - 2io - gj) 
+ e'V [1.0343 103] sin (3n^ - 4^'t + 2a>'- ^) 
+ e'^ [1.5548132] sin {nt -An't + 2a}'+ Q) 

— >^ [9.073 1966] sin {5nt — 2n'^ -- 3£S) 

— y' [1.2 J5 1 589] sin (nt + 2n't - SgJ) 
+ >^ [9.5354201] sin {Snt-2n't + 2ro - 3Q) 

— f [9.8985559] sin (n^ - 2n't - 2<o + 3Q) 

— ee'y [9.9989333] sin {Ant — n't — w — w'— ^) 
+ ee'y [1.9539477] sin {2nt — Zn't + to + w'— Q) 

— ee'y [1.8746483] sin {3n't -co — w'— Q,) 
+ ee'y [0.9716607] sin {Ant — Zn't — ft> + w'— Q) 

— ee'y [1454861 1] sin {2nt — n't + io — to'— Q) 
+ €«'y [1.359729 1 ] sin {n't — (o-\- o)'— Q) 

— ee'y [0.745 17 14] sin {2nt —n't — w —m' + Q) 

{OmtimMd om the nsxipaffe,) 
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+ eely [1.215 1484] sin i^nt - In't - co + a*'+ SS) 

+ y{[i.240362i]e»- [9.9354201])^} 8in(3n«-2ri'^-2c«i + ft) 

— y {[0.9484509]^ - [9.898s 5 5817*} sin (^^ - 2n'^ + 2a> - Q) 
H- ey {[o.90926o9]e* - [9.8420821]}^} sin (4n^ - 2n'e - 3ai + ft) 

— ey{[o.i720394]«' + [9.97988o3]y*} sin (2n'« - 3co + ft) 
+ eV [0.8638916] sin (6n^ - 2n'i - 3a; - ft) 

— eV [1.8998342] sin (2ri^ + 2n'< - 3a> - ft) 
+ e'V [8.0994998] sin (3n^ + n't - Soi'- ft) 

— e'»y [9.2759540] sin (n« + n't - 3a>'+ ft) 

+ e'^ [1.43 1 7627] sin (3nt — 5n'^ + 3iii'— ft) 
+ e'V [1-9031277] sin {nt — 5n't + 3a>'+ ft) 

— ef [04647826] sin {4tnt - 2n't + tt> - 3ft) 

— e^ [04081009] sin {2n't + (o — 3ft) 

— ^ [97260753] sin {6nt — 2n't -co— 3ft) 

— ey* [14990409] sin (2ne + 2n't — lo — 3ft) 
+ ey* [1.0892701] sin (2nt — 27i'« -f 3ai — 3ft) 

— ey» [9.9145260] sin {2nt — 2n't — Za) + 3ft) 

— e'f [8.7091869] sin {6nt — n't — to'— 3ft) 

— e'y* [ 1. 4647841] sin (nt + Sn't — ft>'-- 3ft) 

— e'f [9.7084296] sin {5nt — 3n't + w'— 3ft) 
+ e'y* [14586936] sin {nt + n'^ + «>'— 3ft) 

+ «y [0.1484283] sin (Znt - 3n'^ + 2ai + w'- 3ft) 

— cY [9.1702240] sin {3nt — n't + 2a> — a>'— 3ft) 
+ ^f [9.8452898] sin {nt — n't - 2a; — a>'+ 3ft) 

— ^f [0.3255461] sin {nt — Sn't — 2^0 + (o'-\- 3ft) 

— c'e'y [0.2750129] sin {5nt — n't — 2a; — to'— ft) 
+ e*e'y [1.1899191] sin (6ne— 3n'^ — 2o; + w'— ft) 

— ^e'y [2. II 52240] sin {nt + Zn't - 2a; — a;'— ft) 
+ e*e'y [2.5 126544] sin {nt + n't - 2a; + to'— ft) 

+ ee^ [2.2924066] sin {2nt - 4n'e + <c; + 2f«;'- ft) 

— ee'V [2.225 1963] sin {Wt — lo — 2co'— ft) 

+ ee'^ [14283759] sin (4n^ — ^n't — a; + 2^i;'- ft) 

(Cbfi^iyMiMi on <A« next page,) 
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+ ^'^ [1-5338502] Bin i^nt - ^n't - a; 4- 2<d'+ SS) 

—e'y {[0.79406 1 o]e* — [9. 1702 2 36]^*} sin (3n< — n*t — 2a* — a>'+ Q) 

— e'y {[i.3863848]e* - [0.325 546o]7»} sin {yd - Z-nH + 2a> + a>'- Q) 
+ e'y {[1.09778 1 4]e* — [9.7384905])^} sin (n< — n't + 2ft> — a;'— Q) 

+ «'y{[i.258S557]e*- [0.1484283])^} sin (3nt - Sn't - 2co + «>'+ Q) I 

— H r^ cos (a> — ^) ndt 

^m a f __y 1^1 i24Qj27]Bin(2nt — n't— gj) 
/t£ a' I 

+ y [1.0808494] sin (n't — S3) + [9.4699194] sin (4nt — 3n't — Q) 

— y [9.7603596] sin (2nt - 3n't + Q) - [f|A„ sin («„t - ^9,,) 

— ey [1.4984933] sin (3nt - n't - a* - fl) = fl^'y sin (ai'- Q)] 

— ey [1.6200165] sin (?it — n't — ft> + Q) \ • (311) 
4- ey [i. 1079699] sin {^t + n't — tt> — Q) 
+ ey [ 1 .0224376] sin (nt — n't + o) — Q) 
+ ey [9.9285981] sin (5nt — 3n't — a* — Q) 

— ey [9.8 1 4 1094] sin (3?it — 3n't — to + ^) 

— ^ [0.6605846] sin (3?it — 3n't + a* — Q) 

— ey [i. 1835746] sin (jd — 3n't + a> + Q) 

— e'y [1.35 17467] sin (2nt — 2n't + co'— Q) 

+ e'y [ 1 .2 5 26930] sin (2n't — w'— Q) + e'y [9.95 72480] sin (2?it — oi'— Q) 
+ e'y [0.2048 1 1 5] sin (4nt — 4n't + to*— ZS) 

— e'y [0.525 1405] sin (2nt — 4n't + <o'+ ^) 

— e'y [9.4349458] sin (4nt — 2n't — co'— gj) 
+ e'y [9.6998625] sin (2nt - 2n't - ^0'+ Q) | 

We have thus completely developed the perturbations of the moon's co- 
ordinates, in so far as they depend on the first power of the sun's disturbing 
force; and if we substitute the numerical values of the elements of the orbits 
of the sun and moon, in equations (303), (307), and (311), we shall obtain 
the corrections to the elliptical values of these co-ordinates. By means of this 
first approximation we shall now develop the perturbations arising from the 
square of the disturbing force. 



CHAPTER IV. 



PERTUKBATIONS ARISING FROM THE SQUARE OF THE DISTURBING FORCR 



27. We shall now consider the eflfect of the square of the disturbing force on 
the moon's co-ordinates r, v, and d. For this purpose we must first determine 

the variations of the forces j — - j, j — — j, and I — - j. If we put for a moment, 

for brevity, t^ = ( — ), and use the value of j — — j given by equation (163), the 

partial diflferentials of u, with respect to r, v, and 0, being substituted in equation 
(157), will give 

(j/^\=:^/l-^cos»<?-fcos^<?co32(t;-vO \dr 



m/r 



+ 3 -^ cos^^ sin 2 (v - vO ^ 



+ 3—^ sin^co3<?{l +co82(t; — v')} 



+ 9 ___ costf (1 -|co8*^} COS (t) - V') dr 



- f -^ COS ^ {1 - 1 cos* <?} sin (t> - «') ^ 
"—■^ — — cos* <? 008 3 (t; ~ tJO Hr 



+ 4A — — - cos^ 9 sin 3 (v — v') dv 



► . (313) 
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In like manner we- shall obtain the values of sl — \ and ^( — V as follows- 

\dv J \dO J 

^/^Ws— ^coe<?sin2(i.-i>')^r + 3^coe^coe2(i;-v')^ 

— f ^ sin d sin 2(v - v*) 80 

— f — ;;- COS {6 sin*^ — 1} sin {v—v')9t 

— I —- cos {6 sin* ^ — 1} cos (v — v') ^ 
+ V ^ cos'^sin 3(t> - wO 8r 
H- V — -• cos* /? cos 8 (v — v') dw 



► . (314) 



<f)= 



3 -^ sin <? cos ^ {1 + cos 2 (»-■»')} *• 
— 3 — — - sin cos sin 2(v — v') dv 

+ *^ {l-28in*/?}{l+co82(v-v')}*<? 



. (315) 



We also get for the variations of c^ cos /9, c, cos ^, c^ cos fi, and c^ cos j8 given 
by equations (248-251) : 



d (c, cos 9) = — ^ ( — sin ^ cos vd^ q: cos /? sin vdv} 

3 (c^cos fi) = 2r{d/? sin ^ sin v :? dv cos cos v} if 
4- r*{c?v cos ^ sin v ± d0 sin tf cos v} ^ 
+ 7^{d0 cos tf sin V ± di^ sin cos t?} ^<? 
=P r* cos <? cos V dSv + r* sin /? sin v dS0 



} . (316) 



. (317) 



3 (c, cos j9) = 2dv cos ^ cos vSr + {dr — - ^ 2rdv cos <? sin t)} 5tJ 

cos V 

— {2rciv sin /? cos v hP r— — dr} ^^ ±: dSr +2rcos0 cos v d3v 



• (318) 



cos^ff 



cos(? 



5(c^cos)9) = 2d(? cos /? cos t)^r:p{2rcW cos <? + c?r sin ^} sini?^ 

+ {dr cos /? — 2rd/? sin tf } cos v30 + 2r cos tf cos vdd0 H- sin cos vd^ 



I . (319) 
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If we substitute the elliptical values of r, v, and tf, and of their differentials in 



a' 



equations (313-319), putting also m* = m'—^y they will become 



i5(^^W^"{-i{l+K--M--|^'cos(n'<~cc,0 

- fe'* cos 2 {n't ~ to') - ^f cos 2{nt - Q) 

- f {1 - 4e* -^'* ~iy*} cos 2(n< - n't) - 3ecos (3ne - 2n'^ - w) 

4- 3e cos {nt - 2n'^ + <o) + |e' cos {2nt - n'^ - w') 

- ^' cos (2n^ - Zn't -f <o') - ^ cos (4n^ - 2n'e - 2co) 
-|^cos2(n'^-«>)-^'*cos(2n<-4n'^ + 2fD0-|y'cos2(n'^-Q) 
-|}^cos(27ie-2n'^ + 2cci-2Q)+|y*cos(2ne-2n'^+2fi>-2Q) 

-f ^ee' cos (3n< — n'^ — a* — €o') + ^^' cos (n^ — Zn't -\- io-\- eo') 

- -^ee' cos (^nt — 3n'^ — a* + a>') — ^e^' cos (?i^ — n'i + ft> — a>') I dr 

■^-A 3{1 - ie» -fe'* - M sin 2(n< -n'^) 

+ fe sin (37ie - 2n'^ - a>) - Y« sin (n^ - 2n'^ + w) 

- !«' sin {2nt - n'i - to') + ^' sin (2n^ - in't + o^') 
+ 6e* sin {^nt - 2/i'^ - 2(o) - f 6*sin 2 (n'^ - lo) 

+ A^e'* sin {2nt - 4n'^ + 2<.>') - if sin 2 (n'^ - Q) 

+ }y» sin {2nt - 2n't + 2co - 2Q) - 1/ sin (2n^ - 2n'^ - 2ro + 2gJ) 

- f€«' sin (3n^ - n'^ - «> - co') — J^^eej' sin {nt - 3n'^ + cci 4- to') 

+ ^ee' cos (3ne - Zn't -w + a)') + ^e' sin {nt -n't + w- a>') \ dv 

+ ~ I Sysin{nt-Q) +|ysin (3ne - 2n'e - tt) 

- f y sin (nt - 2n't + ^)\d0 

+ ~i-icoB(nt-n't) - i^ cos S{nt- n't) Xdr 
+ ^( i&in (nt- n't) +*i-amZ{nt- n't) Xsv 



>. (320) 
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d 



) = ^' j 3{1 -ie»-f6'»-i)^} sin 2{nt -n't) 



IdR 

\dv 
4- f€ sin i^nt — 2n't — lo)-- ^e sin {nt — 2n'i + (o) 

- f c' sin {2nt - n't - ea') + ^e' sin {2nt - 3n'^ + to') 
+ 6e* sin (4ne - 2n'^ - 2io) - fe* sin 2 (n'^ - «>) 

-I- A^e'* sin (2n^ - 4?i'« + 2^1)') - fy* sin {int - 2n'< - 2Q) 

- if sin 2 (n7 - Q) i- if sin (2ni - 2n'^ 4- 2(o - 2Q) 

- if sin (2n^ - 27i'^ - 2co + 2Q) - fee' sin (3n< - n'^ - lo - c./) 

- i|^e6' sin (n^ - 3n'^ + a> + to') + ^ee' sin (Snt - 3n'« - o; + <i>') 

+ J^^' sin (?2^ — n'^ 4- a> — a;') I dr 

+ — / 3{1 -f6* -f6'^-:^y*} cos 2{nt-'n't) + 3eco8(3n^ - 2n'e - (o) 
a { 

- 9e cos (?2^ — 2n'^ + ft>) — |e' cos (2w^ — n'i — (o') 

+ ^' cos (2n^ - 3n'^ + <e/) + 3e* cos (4n^ - 2n't - 2tti) 
+ -^^6* cos 2 (n'^ - w) + Aji^'« cos (2ne - 47i'^ 4- 2ri;') 

- |y* cos (4n« - 2n'^ - 2£S) + f y* cos 2 {n't - Q) 

+ if cos {2nt - 2n'^ 4- 2ft> - 2Q) - |y* cos (2n^ - 2n'^ - 2(o 4- 2gi) 

- fee' cos (3n^ — n'^ — w — a;') — 4^6' cos {nt — Zn't 4- w 4- to') 

+ — I - fy cos {nt-2n't 4- Q) 4-|y cos {Znt-2n't - Q) | 



4- ^^' cos (3n^ — 3n'^ — a> 4- a>') 4- fee' cos (n^ — n't + to — (o') v ov 



H 



- 1 1 sin {nt - Ti'O + ^ sin 3(n^ - n't) \ dr 
- — / 1 cos {nt - Ti'O + V- cos 3 (n^ - n'O | Sv 



aa 
:2 



(321) 



J dR\7i^f 3y g.^ ^^^ - ^) 4- fey sin {2nt - «> - Q) 
\ a/7 / or { 

- fey sin (w — Q) + f e'y sin (n^ 4- n't — w'— Q) 

4- f e'y sin {nt - n'e 4- (o'- Si) + f y sin {3nt - 2n't - Q) 

- f y sin (n^ - 2n't 4- Q) 4- J^ sin (4n^ - 2n'« - «> - Q) 

- fey sin {2nt - 2n'^ -(o + Q>)- ^ sin (2n^ - 2n't f <o 

- fey sin {2n't — f«i — Q) — fe'y sin {Znt — n'^ — ft>'— Q) 
4- fe'y sin (n^ - n't - (o'+ Q) 4- ^e'y sin (3ne - Zn't 4- cu' 

- V^'y sin {nt - 3n^4- a>'4- Q) l «r 

(CbnMntied on the neet pagt*) 
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+ —Iiy cos (Snt - 2n't - Q) - f y cos {nt - 2n't + Q) 
a I 

+ 3ey cos {Ant — 2n't — w — Q!) —6ey cos {2nt — 2n't + oi — ft) 

+ Zey cos {^n't — (o — Q,) — fe'y cos (3n^ — n't — ro'— ft) 

+ ie'y cos (ri^ - n't - €o'+ ft) + ^e'y cos (3n^ - 3n'^ + a>'~ ft) 



- ^V cos {nt - 3n'^ + a>'+ ft) I ^v 



+ — < f — 3ecos {nt-'(o) + ^e' coa {n't — (o') + ^ cos 2 {nt 
a I 

-f |e cos {3nt — 2n'i — lo) — f e cos (n^ — 2n't + <o) 

- !«' cos (2n^ - n'^ - lo') + ^' cos {2nt - 37i'e + oi') | 



-n't) 



. (322) 



i(c,cos^ = =H I {1 —\^ + iy^} sin 71^ + esin (2n^ — a>) — esino^ 
+ 1^ sin (3n< - 2<o) ± |€* sin (n^ - 2co) =p Jy* sin {nt - 2ft) 
+ •Jy' sin {nt + 2(0 - 2ft) - \/ sin (n^ - 2(o + 2ft) | dv 
:=f {^y sin (2rfc^ — ft) — -^y sin ft} ^/? 



. . (323) 



d (Cj cos fi) = arwi^ {:^ 2{1 — f^* — Jy*} cos nt q: 3e cos {2nt — w) 

± e cos ^0 zp -1^ cos (3rii — 2w) + j^* cos (n^ — 2w) + -J-y* cos (n^ — 2ft) 
qp Jy^ cos (n< + 2n't - 2ft) ± Jy* cos (n< - 2«i + 2ft) } ^ 

+ a*ndt I {1 — fe* — Jy^} sin ni + 6 sin {2nt — lo) —e sin co 
+ 1^ sin (3n^ - 2co) ± \^ sin (n^ - 2(o) ±: Jy^ sin {nt - 2ft) 
+ iy* sin {nt + 2w- 2ft) - \f sin (n^ - 2w+ 2ft) } *i; 

+ a^ndt {y sin (2n^ — ft) + 2ey sin {Znt — fo — ft) 

~2eysin(n^ + ro-ft)} 5^ 

+ a*{T{l + i6'-Jy'} cosn«± 2e cos CO ± |e« cos (3ne - 2w) 

- Ic* cos (n^ - 2^i>) - :l-y* cos (n« - 2ft) =p ly* cos (ne + 2ft> - 2ft) 
± \f cos (n^ - 2^0 + 2ft)} ddv 

+ a* { ± |y cos ft qi ^y cos {2nt — ft) :;: ^co? (3n^ — ^o — ft) 
± fey cos (ti^ + cu — ft) qr ^6y cos (n^ — w + ft) 

— -^ cos (?2rt — 01 — ft)} d^tf 

27 



(324) 
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d (CjCos )9) = ndt {2{1 — e* — ^f] cos nt + 4ecos (^nt — lo) 
+ ^ cos (3n^ - 2<ci) ± ^ cos (n^ - 2a;) - ^y* cos {Znt 
+ \f cos (n^ + 2a> - 2g3)- |y* cos (n^ - 2<d + 2Si)]dr 



-2Q) 



+ a?id^ {=p2{l--6*-- ^-f] sin n^ q= 4^ sin (2n^ — w) ± ^ sin a> 
ip l^e* sin {Znt - 2co) - \^ sin {rd - 2co) ± y sin (3n^ - 2Q) 
T iy^sin (ni + 2a> - 2gS) ± \f sin (ne - 2«> + 2ft)} <Jt; 

+ andt {± y sin ft rp y sin {^nt —^)±i\ey sin {nt 4- «i — *ft) 
ip iO' sin (3n^ — ft> — ft) — Jey sin (n^ — oi — ft) 

T cy sin (n^ — ro + ft)} <J/? 

± I {1 - 6* + Jy*} sin nt + esin (2n^ — lo) — csin re; 

+ \^ sin (3n^ - 2«;) ± |e* sin {nt - 2io) - |y« sin {Znt - 2ft) 
+ iy*sin {nt + 2«> - 2ft) -^y* sin (n^ - 2co + 2ft)} ci^r 

+ a {2{1 — J^ — ^y*} cos n^ + e cas (2n^ — w) — Ze cos «; 
+ \^ cos (3n^ - 2r«i) ± Je* cos (n^ - 2co) ± ^y* cos (n^ - 2ft) 
+ \f cos {nt + 2<o- 2ft) - |y^ cos {nt-co^ 2ft)} d<Jv 



^ . (325) 



'd{c^cosP) = ndt {y COG {2nt — Q) + yco8ft + 3ey cos (3n^ — «i — ft) 
+ ey cos (n^ — re; + ft) — ey cos (n< + re; — ft) 

± ey cos (n^ — a; -- ft)} 8r 

:q: andt {y sin {2nt — ft) + y sin ft + f^y sin {Znt - ro — ft) 
+ fey sin {nt — ru + ft) — |«y sin {nt -f re; — ft) 

q: Jey sin (n^ — re; — ft)} ^ 

4- andt {± ^ sin (2n^ — re;) =p ^ sin ri;}^^ 

+ a{2co8 nt + e cos (2n^ — r«;) — Ze cos re;} d^d 

+ {± ^y sin (2n^ - ft) ::p ^y sin ft dz ey sin (3n< — re; — ft) 

q= ey sin (n^ + re; — ft)}d^r 



^ . (326) 



J 



The lower signs in equations (323-326) are to be used in finding ^(c, sin^, 
^(CjSin/9), 5(CjSin^), and ^(c^sinj^), in which case we must change sin to €09 
and the reverse, in the second members of these equations. 
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28, We must now substitute the values of ^r, Sv, and 80, which are given by 
means of equations (303), (308), and (312) ; and also the values of their differ- 
entials, which are given by equations (302), (307), and (311). The necessary 
substitutions being made, we shall obtain the following values : 



\dr] a'fiX 



+ {3793882 - 159.85706* + 34.390146'* 

— 10.473727*} -f e (125.1089) cos {nt — 10) 
+ e' (24.16916) cos {n^t — io') + e* (25 1.6873) cos 2(nt — w) 
-f e'* (59.89643) cos 2 {n't — 10') + ee' (267.5236) cos {nt + n't — to — (o') 
4- ee' (347.0538) cos {nt — n't — lo-h w') + y* (5 1.75 1 76) cos 2 {nt — Q) 
+ {0.893835 4-9.6910756*4-241.169366'*— 9.2069607*} cos 2 (n^—n'^) 

— {1.779044+ 191.40636*— 15.238536'*— 14605107*} cos 4 (n^ — n'^) 
+ 6 (1.642274) cos (3n^ — 2n't — to) 

+ 6 (12.23765) cos {nt — 2n't + 10) 

— e (5.329553) cos {5nt — ^n't — to) —6 (74.63955) cos {Znt — ^n't + w) 
4- 6' (59.92482) COS {2nt — n't — lo') 

— e' (57.19563) COS {2nt — Zn't 4- lo') 
4- e' (1.649042) cos {\nt — Sn't — (o') 

— 6' ( 1 3.59685) cos {int — bn't 4- (o') 
+ ^' (3-157500) cos {hit — 2n't — 2io) 

— 6* (1 5.418506) cos 2(/i'^ - w) - 6* (i 1.188188) cos {&nt - 4n'^ - 2w) 
4- 6' (104.72245) cos {2nt — 4n't 4- 2(o) 

— 6'* (248.65007) cos (2/1^ - in't 4- 2^0') 

4- 6'* (i 5.63891) cos 2 (?^^ - co') - 6'* (62.39036) cos (4n< - 6n'^ 4- 2(o') 



— ^'2 



6'* (0.3797598) COS {Ant - 2n't - 2<o') 
4- 6c' (164.4105) COS {3nt - n't - <«i — to') 
4- ee' (77-39854) cos {nt - 3n't 4- ro 4- w') 

- ee' (169.88794) cos {Snt - 3n't - ro + (o') 

- 66' (0.59817) cos (nt - n't ^(0 - w') 

4- ee' (4.956323) cos (5nt - 3n't - (o - to') 

- ee' (40.57257) cos {5nt - 5n't - ro 4- rci') 
-66' (466.7718) COS (3?!^ - 5n't 4- w 4- ro') 
+ ee' (101.71433) COS {3nt - 3n't 4- rr> - w') 

- 7* (1 . 1430438) COS (4n^ - 2n't - 2.^) 4- 7* (8.880071) cos 2 (n'^ - Q) 
+ 7^ (0.2234586) cos {2nt - 2n't -h 2(o - 2Q) 

- 7* (0.2234586) cos {2nt - 2n't - 2(o 4- 2Q) 

(Qmtlnued <m the nextpoffe,) 
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-f f (0.0191767) cos (6n^ — 4n7 — 2Q) 

- f (47.872 1 3) cos (271^ - 4n'e + 2^) 

- y2 (0.889522) cos (4n^ - 47i'^ + 2ft> - 2Q) 

+ f (0.889522) cos (4n^ - ^n*t - 2a> + 2«) l 



\ . (327) 



^ !?_ ^ / — (48.06837) cos i^t—n'i) + (34.13074) cos 3 (n^ — n7) 



— (3.256396) cos 6 {jit — n't) \ 



dR 



m* 



, . I - e (i 57-4356) sin {nt — m)—e' (2.36365) sin {n't - lo') 

dv J afJL K 

— e* (194.8090) sin 2{nt — ai) — e'* (12.29321) sin 2 {n't — wQ 

— ee' (360.22 1 1) sin (n^ + n't — w — w') 

— ee' (422.2729) sin (71^ — n't — (o + w')—/ (45.58880) sin 2 {nt — Q>) 
~{^ — 4.68750c* + 234.703656^* — 1.218757*} sin 2{nt — n't) 

+ {0.813293 + 102.950316* — 6.984076'* — 2.4573827*} sin 4 (ni — Ti'i) 

— 6 (0.5625) sin {Snt — 2n't — to)-^e (3.6875) sin {nt — 2n't + lo) 

— e' (57.98525) sin (2nt — n't — w') H- e' (61.01057) sin {2nt — Zn't + to') 
+ 6 (1.981 1 19) sin {^nt — ^n't — o>) + 6 (54.38606) sin (3n< — 4n'< + 10) 

— e' (0.742407) sin (4ni - 3n'^ — o>') + e' (6.32743) sin {int - bn't + ro') 

— 6* (i.oooooo) sin (4n^ — 2n't — 2a;') + 6* (5.06350) sin 2 (n'^ — w) 
+ 6* (3.504843) sin {Qnt -- An't — 2w) 

— 6* (62.8448) sin (27ii - 4kn't -h 2a>) 

+ 6'* (o. 167880) sin (4n^ - 2n't - 2(o') 

+ 6'* (29.57555) sin (4n^ - 6n't + 2fc;') 

+ 6'* (264.8727) sin {2nt - in't + 2w'>- 6'* (13.45859) sin 2{nt - (o') 

— 66' (107.02778) sin {3nt — n't — to —to') 

— ee' (22.06616) sin {nt — 3n'^ + f + (o') 
+ 66' (l 1 841973) sin {3nt — 3n'^ — ro + 10') 
+ 66' (7.6001 3) sin {nt — n'^ + fo — <o') 

— ee' (1.8 19882) sin {5nt — Syi't — r«i — w') 
+ ee' (346.7500) sin {3nt — 5n't + to + lo') 
-I ee' (i 5.29698) sin (5nt — 5n't — «> + w') 

— 66' (82.08619) sin {Snt - 37i'^ + a; — w') 

— y* (0.328125) sin {4:nt - 2n't - 2Q) -f y* (0.765625) sin 2 (n'^ - Q) 
-y* (0.458653) sin (6n^ - 47i'^- 2£^ 

{ComtbMt/td on ikt mextpoffe,) 



^ 



(328) 
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+ f (5241 108) sin (2ne - ^rdt + 2Q) 

+ -f (0.406646) sin (4ne - 4n'^ + 2w - 2Q) 

- 7» (0.406646) sin (4n^ - 4n'< - 2^d + 2gJ) 

- 7* (o. 1 25) sin (2n^ - 2n'^ + 2^o -- 255) 

+ y* (0.125) sin (27ie - 2n'^ - 2^0 + 2Q) I 






^, (328) 



+ 



iv} 



afi 



^ I + (56.80747) sin {nt - n'O ~ (24.08358) sin 3 {nt - n't) 
a' I 

+ (1.688293) sin 5 {nt - n'^) l 



I --y (8.177748) sin (ne — Q) 



— y (0.277856) sin (3n^ - 2n't - S3) + y (i 1.15055) sin (n^ - 2n't + Q) 
H- y (1.092845) sin {6nt — 4tn't — S3) 

+ y (4.343501) sin i^nt — 4nr'^ + S3) 

— ey (102.37081) sin {2nt - a> — S3) - ey (31.23263) sin (ft> - S3) 
-- 6y (1.253002) sin {int —2n't — ft> — S3) 

— ey (1.542799) sin (2n^ — 2n't - ro + S3) 
+ ey (7.76993) sin {2nt — 2n't + fo — S3) 

— ey (75.55318) sin {2n't — co — £i) 

+ e;y (3 808140) sin {Qnt — 4tn't — ro — S3) 
+ ey (49.37869) sin (ird — ^n't + ^u — S3) 
+ ey (8.83333) sin (4n« — 47i'^ - ft> + S3) 

— ey (21.75649) sin {^nt — 4n'^ + ro + S3) 

— e'y (29.13023) sin {nt + n't — to'— S3) 

— «'y (15-55053) siDi N - ^'^ + ^'- S3) 

— e'y (34.0935 1) sin {Snt — n't — €o'— S3) 

+ e'y (34.74764) sin {nt — n't — a)'+ S3) 
+ e'y (22.20663) sin {nt — 3n't + w'+ S3) 
+ e'y (32.783489) sin {Snt - 3n'^ + (o'- S3) 

— e'y ( 1. 010262) sin {5nt — Zn't — w'— S3) 
+ e'y (8.38028) sin {6nt - 5n'^ + cw'- S3) 

— e'y (6.206083) sin {Znt - 37i'e - w'^ S3) 

+ e'y (26.158691) sin {Znt - 5n'^ + (o'+ S3) | 



V . (329) 
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o (Ci cos )9) = — < — fe cos {2nt — a>) + |e cos w 

— e' (20.16597) cos {nt + n't — w') + e' (20.16597) cos {nt — n't + w') 

— e^ (0.90625) cos {Znt — 2io) ± ^ (0.16525) cos {nt — 2w) 
+ {|^ ~ Ht*} cos nt - e'^ (i 5.339485) cos {nt + 2n't - 2a>') 
+ «'^ (15-339485) cos {nt - 2n't + 2ai') 

— ee' (53.89648) cos {2nt + n't — to— w') 
+ ee' (57.31426) cos {2nt — n't — w^- to') 

± ee' (13.56454) cos {n't — to — w') — ee' (16.98232) cos {n't + co — w') 

4- ^f cos (Snt - 26^) zb -J^f cos (n^ - 2^) 

+ {0.91493212 +71.823266* — 2.2873306'*- 0.08 3607^*} cos (3n^ ~ 2yi'e) 

qp {0.914932 1 2 + 7.027106*- 2.2873306'* — 2.792905^*} cos{nt-2n't) 

+ 6 (2.299649) cos (4?i^ — 27l'^ — (O) 

qp 6 (0.469784) cos {2nt — 2n't •— w) 

4- 6 (32.86787) cos {2nt - 2n'^ + w) - 6 (34.69773) cos {2n't — ro) 

— e' (0.3944260) cos {3nt — n't — co') 
±: e' (0.3944260) COS {nt — n't — w') 

+ «' (3.753 160) cos {3nt - 3n'< + w') qi 6' (3.75 3 160) cos {nt - Sn't + to') 
+ 6* (4.331852) cos {5nt — 2n't — 2w) 
T 6* (0418755) cos {Znt — 2n'^ — 2io) 

— 6* (59.83 1 1 5) COS (n^ H- 2n't - 2fc;) - 6* (8.878 1 2) cos (n^ - 2n't + 2(o) 
+ 6'* (10.82207) COS (3?it - 4n7 + 2^0') 

^ 6^* (10.82207) cos {nt — 4n'i + 2(o') 

— 66' (0.998083) cos {int — n't - (0 — w') 
±: ee' (0.20923 1) cos {2nt — n't — (o— w^ 
+ ee' (89.93894) cos {2nt — Sn't + w + w') 

— ee' (974453) cos {Sn't — 10 — 10') 

+ ee' (9.368335) cos {^nt — Zn't — m + w') 
qi ee' ( 1. 86201 5) cos {2nt — Bn't — w + w') 

— ee' (28.500959) cos {2nt — n't + lo — lo') 
+ ee' (29.28991 1) cos {n't — io-\- w^ 

— f (0.008 1532) cos {5nt — 2n't — 2£5) 
± f (0.2268861) cos {Snt - 2n't - 2Q) 

— f (18.078167) cos {nt + 2n't - 2Q) 
+ y* (15.14014) cos {nt — 2n'« + 2£3) 

+ y* (0.3430995) cos {Snt - 2n'^ + 2ft> — 2Si) 

{QmUnued en the nej^page,) 
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q= y* (o. 1 143665) cos (nt - 2n^t -f 2(o — 2Q) 
— y^ (0.3430995) C03 {Snt — 2n't — 2a> + 2Q) 

±f{OA 143665) cos (nt - 2n't - 2a; H- 2Q) I 






+ 



m' 



— I — (14.308899) cos {2nt — n'^) + (14.308899) cos n't 
a' I 

+ (0.2950661) cos {int — 3n't) t (0.2950661) cos {2nt — 3n't) I 



8 (cj cos ^) = a* — ?id^ «{ ± { J — 2.70833336* + Je'* — 0.22916677*} cos nt 

e (0.375) cos {2nt -lo) =f e (i. 0416667) cos (o 

c' (20. 16597) cos (nt + n't — w') ip e' (20.16597) cos (n^ — n'^ + w') 

^ (0.8645833) cos {^nt — 2(o) + 6* (0.0520833) cos (nt — 2<o) 

«'' (15-339485) cos (nt + 2n'^ - 2(o') 

e'* (15.339485) cos (nt-2n't 4- 2<o') 

^7* cos (Snt - 2gS) + ^y* cos {nt - 2Q) 

ee' (53.89648) cos {2)it + n'^ — ^e; — w') 

ee' (57.31426) cos {2nt — n't — io -\- to') 

ee' (16.98232) cos {n't + lo — w') — ee' (13.56454) cos {n't — w — ta') 

{1.3202505 +66.580776*— 3.3006266'*— 0.7437297*} cos {^nt—2n't) 
+ {0.5096137 + 4.621856* — 1.2740346'* + 1.9655687*} cos {nt — 2n't) 
=F 6 (2.968087) cos {int — 2n't — a})-{-e (0.6 1 1983) cos {2nt — 2n't — <o) 
ip 6 (29.81672) cos (2n^ — 2n'^ + «i) ± 6 (36.93823) cos {2n't — <ci) 
d: e' (0.5887632) cos {Znt - n't - w') — 6'(o.200o888)cos (n« — n't — w') 
q: e' (5.23 1537) cos {Snt - Sn't + ro') 
+ 6' (2.294783) cos {nt — 3n'^ + (o') 
H= 6* (5.245293) cos {5nt — 2n't — 2(o) 
+ 6* (0.538204) cos {Snt — 2n'^ — 2<c;) 
db 6* (74.55418) cos (?i^ + 2n't — 2a;) 
d: 6* (18.81616) cos (n^ - 2n't + 2tc;) 
=P 6'* (14.57032) cos {3nt — 4n'^ + 2<o') 
+ 6'* (7.07382) COS {nt — ^n't + 2a>') * 

ee' (1.320617) cos {4:nt — n't — ru — a;') 

ee' (o 275371) cos (2n^ — n't — lo — to') 

^' (78.30708) cos {2nt - 3n'^ + co + a}') 

ee' (106.12037) cos (3n'^ —io — w') J 

(CbndiNiarf on thtnntpogB.) 
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+ 



+ 



+ 



t^ (i 1.792498) cos (4n^ — Zn^i — a> + a>') 

6e' (2.394606) cos (2n^ — Zn't — oi + cw') 

66' (27.09015) cos (2n^ — 7i'^ -f a> — fii') 

^' (30.3 1 1 54) cos (n^^ — <«> + o;Q 

^y* cos (nt + 2«> - 2Q) ip ^i^y* cos {nt - 2co + 2S3) 

f (0.0332834) cos (^nt — 2n't - 2gJ) 

}^ (0.3462578) cos (3n^ - 2n'e - 2^) 

f (17.45 1 507) cos {rii + 2n'^ - 2Q) 

y* (16.52825) cos (n^ - 2n'e + 2Q) 

y^ (0.4950940) cos i^nt — 2n'^ + 2«> — 2Q) 

y* (04950940) cos {^nt — 2n't — 2a; + 2Q) 

y^ (0.0637018) cos {nt — 2n'^ + 2a> — 2Q) 

f (0.0637018) cos (ne — 2n't — 2a; 4- 2Q) \ 



I . (331) 



+ a* ,ndtl ± (14.10625) cos {2nt — n't) :+• (14.5 1155) cos n't 

f* CL i. 

T (0.6328315) COS {int - Sn't) - (0.0426992) coe (2nt - 3n't) \ ^ 







(63sini9)=a-ndJ-{^-ff6» + ^'* + iy«}sinne 

— J^ siu {2nt — (o) + -^ 6in to — e! (41.78596) sin (n^ + n't — o)') 
+ 6' (38.76708) sin (n^ — n7 + fciO "" ^ (24375) sin (3n^ — 2a;) 

=P 6^ (0.2708333) sin (rit — 2io) — ef* (32.80214) sin {nt + 2m/ 1 — 2^0') 
+ e'^ (28.21249) sin {nt - 2m! t + 2io') 

— 66' (136.5606) sin (2n^ + n'^ — a> — «>') 
+ ee! (141.3244) sin (2n< — n't — ^e; + r*;') 

— te! (10.69179) sin {n't + «; — to') ip 66' (5.17676) sin (n^ — «; — a;') 

— f y* sin (3n« - 2Q) ip ^y* sin {nt - 2Q) - -^f sin (ri^ + 2«; - 2Q) 
+ ^f sin (ne - 2io + 2gS) 

+ {2.7368203 + 210486466*— 6.842066'* ~7.i56i49y*} sin(3nf — 27i'e) 
q: {14597925 — 16. 109456* — 3.649486'* + 0,i40473y*} sin {jit — 2n't) 
+ 6 (7.610186) sin (4n^ — 2n'^ — to) ±^ (o.i 15536) sin {2nt — 2n't — w) 
+ 6 (79.29330) sin {2nt — 2n't + io) — e (28.77728) sin (2n'^ — (o) 

— 6' (i. 198668) sin {3nt — n'^ — w') ± e' (0.708703 1) sin {nt—n't —at') 
-f 6' ( 1 1.044924) sin {3nt — 3n'^ + to') 

T 6' (5.240024) sin {nt — Sn't + to') 

((hntimud m the Mart jMfe.) 
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•f e* (15.561424) sin {5nt — 2n'^-~2ai) 
± ^ (0.081 105) sin {3nt - 2n't - 2aji) 

— e* (i 25.5085) sin {nt + 2n'^ — 2a;) 

— 6* (15. 1 2901) sin (nt ~ 2n'^ + 2w) 
+ «'* (3 1-33350) sin (3nt - 4n'^ + 2o>') 
q:: c'* (i 2.97524) sin (n^ — 4n'i + 2<«>') 

— ee' (3. 1 56742) sin (int — n't — w — w') 
± ee' (o. 16 1 794) sin {2nt — n't — w — cw') 
-f ec' (2 1 3.3620) sin (2n^ — 3n't + (o + w') 

— ee' (95.5720) sin (37^'^— oi — ai') 
-f ee' (30.62012) sin {^nt — 3n't — a> + a;') 
± ee' (0.69161) sin {2nt — Bn't — «; + a;') 

— ce' (69.97 1 85) sin {2nt — n't -h to — w') 
+ ec' (19.59616) sin {n't — a> + «;') 
~ f (1.657622) sin (5rie - 2n't - 2S3) 
di f (0.052996) sin (3ne - 2n't - 2^) 

— y* (37.02972) sin {nt + 2n't — 2Q) 
+ f (28.81600) sin {nt - 2n't + 2f3) 
+ y* (1.026307) sin i^nt - 2n'e + 2^«> - 2Q) 
q: y* (0.1824736) sin (n< - 2n7 + 2ft; - 2ft) 

— y* (1.026307) sin (3m^ - 2n'^ - 2f«; + 2Q) 
± y* (0.1824736) sin (n^ - 27i'e - 2a; + 2Q) I 

+ a nc?^ { — (35.435807) sin (2n^ — n'i) + (9.363977) sin n't 

fi a' I 

+ (1.0790470) sin {Ant — Zn'£) qp (1.2344524) sin (2n^ — 3n7 I 



. (332) 



^(c^sin)?) =a— nd^-^ +y (0.5416667) sin (2n^ — ft) 

-f y (0.5416667) sin ft + y (2.283342) sin {Ani — 2n't 
+ y (4.422928) sin {2n't — ft) + y (6.252792) sin (2n^ 

q: y (0.453478) sin (27i^ — 2n't — ft) > 



ft) 

2n't + ft) 



> , (333) 
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29, We have thus developed the variation of all the factors which enter into 

CIO X 

the formation of — ^, given by equation (259). It is evident that the whole 

dt 

variation of — ^ will be given, to terms of the order of the square of the dis- 
ci^ 

turbing force, by simply taking the diflferential of equation (259) relative to the 
functions and forces, and substituting their variations, which we have just com- 
puted, instead of the differentials of these quantities. We shall therefore have, 



+ 



Vaji 



— — izT^sin^ r 'I CjSin^^l — j + ^(c2sin^)j — j + CjCos/S^j — | 



+ a(c3C0S^)/— j + c,cos^<j/-^ + a(c,cos^ 




We shall now develop this equation. 

If we multiply equation (327) by equation (228), we shall obtain, 



c, cos ^ 5 
— ndt\ 




=P {3.7938818 — 165.54786* + 34.39014c'*— 1 142219^*} cos nt 



« (66.35333) cos {2nt — €o)::fe (58.76557) cos €o 
q: e' (12.08458) COS {nt + n't — «;') ip e' (12.08458) cos {nt — n't + to') 
qp 6* (192.67122) cos {Znt — 2(o) — e* (62.80997) cos {nt - 2co) 
— e'* (29.94821 5) cos {nt + 2n't — 2o>') 

e'^ (29.9482 1 5) cos (n^ — 2n't + 2<o') 

ee' (145.8464) cos {2nt + n't — a>-' ft>') 

ee' (185.61 15) cos {2nt — n't — w-^r w') 

ee' (1614423) cos (n't + ai — o>') — ee' (121.6772) cos {n't— lo — a>') 

{QmHrnmed on the next pagt.) 
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qi y* (25.87588) cos {3nt — 2Q) — f (24.92741) cos {nt — 2Q>) 

qp f (0.474235) cos {nt + 2(0 — 2Q) ± 7^(0474235) cos {nt — 2n't + 2Q) 

q: {0.4469 1 74+ 9.4728496^-1- 1 20.5 84686'*— 4.7 1 5 2097*} cos {3nt — 2n't) 

— {04469174 — 1.1225276*+ 120.584686'*— 4.7152097*} cos(n^ — 2n^t) 
±{0.8895220+ 129.028866*— 7.619266'*— 0.9526367*} cos(5n^— 4n'^) 
+ {0.8895220+ 59.708886*— 7.619266'*— 0.9526367*} cos {Znt — ^nH) 
:f 6 (1.268054) cos (4n^ — 2n^t — o>) — 6(0.374220) cos (2/1^ — 2n't — 10) 
T 6 (5.671908) cos (2?i^ — 2n'e + a;) =p e (6.565742)003 {2n't — w) 

± 6 (3.554298) cos {&nt — 4n'^ — a))+e (1.775254) cos (4n^ — 4n'^ — (o) 
=t « (3643525) cos (4n^ — 4n'e + ai) + 6(38.21429)003(2?!^ — 4n'^ + <c;) 
T e' (29.96241) cos i^nt — n't — ^o') — 6' (29.96241) cos (?i^ — n't — o>') 
It 6' (28.59782) cos {Znt - 3/i'< + 10^) 
+ 6' (28.59782)003 {nt - 3n,'^ + w') 
:^ 6' (0.824521) cos (5?!^ — Zn't — o;') 

— e' (0.82452 1) cos {int — Zn't — o>') 
±: 6' (6.798425) cos (6nt — 5n'^ + «;') 
+ 6' (6.798425) cos {Znt — 5n'^ + a>') 
q: 6* (2.902669) cos {bnt — 2n't — 2a>) 

— 6* (0.701748) cos (3n^ — 2n't — 2a>) 
± 6* (1.087646) cos {nt + 2n'^ - 2co) 
± 6* (13.883943) COS {nt - 2n'^ + 2(o) 
=h 6* (9.259582) COS {7nt — 4n'^ - 2w) 
+ 6* (2.8 18 1 28) cos (5n^ -4n'^ - 2io) 
q= 6* (89.797 1 8) cos {3nt - 4n'^ + 2a>) 

— 6* (14.03574) cos (n^ — 4n'^ + 2«;) 

± 6'* (124.32503) cos (3n^ — An't + 2re;') 

+ 6'* (124.32503) cos {nt — 4n'e + 2w') 

T 6^* (7.8 1945 5) cos {3nt - 2t«>') -6'* (7.819455) cos (n^ - 2a}') 

± 6'* (3 1. 195 18) cas {5nt - 6n'^ + 2c«>') 

+ 6'* (31.195 18) COS {37it - 6n'e + 2€o') 

± 6'* (0.1898799) COS {5nt - 2n'« - 2«>') 

+ 6'* (0.1898799) COS {3nt - 2n'e - 2w') 

:f 66' (i 1 2. 16766) COS {^nt — n't—o) — co') 

— ee' (52.24284) cos {2nt — n't — w — w^ 
T ee' (67.29708) cos {2nt — 3n'^ + w + to') 
q: 66' (10.10146) cos (3n'^ — o> — w) 
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± ee' (i 13.54178) cos (4nt ~ Sn't — ai + a*') 
+ ee' (56.34616) cos {2nt — Sn't — «i + oi') 
± ee' (30.26149) cos {2nt — n'< + cw — o)') 
q: ee' (29.66333) cos {n't — (o-^w^ 
T ee' (3.302682) cos {6nt — 3n'^ — o> — ft>') 

— ee' (1.653640) cos (4ne — 3n't — w — w') 
di ee' (27.08471) cos {Qnt — 5n'^ — <ii + ftiQ 
+ ee' (1348786) cos {^nt — bn't — w+w') 
±i ee' (226.5877) cos {^nt — 6n't + w + ^d') 
+ ee' (240. 1 843) cos (2ni — 6n't + cw + oi') 
qi ee' (50.032644) cos (4ne — 3n'e + ft> — «;') 

— ee' (5 1 .68 1686) cos {2nt - 3n'^ + « - a>') 
± y^ (0.5715219) cos (6n^ - 2n't - 2£3) 

)^ (0.68325 1 3) cos {Znt - 2n't ~ 2£3) 
y* (4.440036) cos {nt + 2n'e - 2Q) 
: y^ (4.328307) cos {nt - 2n't + 2Si) 
f (0.1675940) cos {Snt — 2n't + 2io — 2gJ) 
y* (0.0558646) cos (ne - 2n't + 2co — 2Q) 
f (0.1675940) cos {Snt — 2n't — 2ft> + 2Q) 
y^ (0.0558646) cos {nt - 2?i'e ~ 2a> + 2^) 
y* (0.00958835) cos {7nt - ^'t — 2Q) 
y' (0.23 1968) cos (5n^ — ^n't — 2£3) 
y* (23.71368) cos (3n« - 4n'^ + 2g3) 
y* (23.93606) cos {nt — 4n'^ + 2Q) 
f (0.55595 cos (5^ ■" 4n'^ + 2ro — 2gJ) 
y^ (0.333571) cos (3n^ — 4?i'^ + 2io — 20) 
f (0.55595 1) cos {5nt — 4n't — 2<o + 2Q) 
f (0.333571) cos {3nt - 4n'e - 2ft> + 2ft) I 



-f 



+ 



+ 
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+ -ndt^ ± (24.034165) cos {2nt — nU) ± (24.034165) cos n't 

H= (17.06536) cos (^nt - 3n't) - (17.06536) cos {2nt - 3n'0 
d: (1.628 1 983) cos {6nt + 5n't) + (1.628 1983) cos {int - 5n't) \ 
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In the same manner equations (234) and (328) will give 



m* ( 

~ndt< ± « (1574356) cos (2711 — io) q: ^ (l 5743 j6) cog at 

1^ ^ 
± e' (2.36365) cos {nt + n't — co') ^: e' (2.36365) cos {nt — n't + ta') 

± 6* (391.60355) cos {i'nt — 2^0) — ^ (i S54SOI 5) cos {nt — 2a>) 

H= ^ (236.J534) cos nt ± e'^ (12.29321) cos {nt -h 2n't — 2a>') 

q: e'* (12.29321) cos {nt — 2n'^ + 2<«i') 

± ee' (363.1757) cos {2nt + n'^ — re; — w') 

± ee' (419.3 1 83) cos (2?!^ — n't — «> + w') 

T ««' (422.8638) cos {n't + <«i — fo') — ee' (359.6302) cos {n't — w — w') 

± f (45.58880) cos (371^ - 2Q) - y* (45.58880) cos {nt - 2^) 

±{\- 9-932506* -h 234.70365^'* - i.34375y*} cos (3ni - 2n't) 

-{^ - 3-5575oe* + 234.703656'* - i. 34375)^} cos (n^ - 2n't) 

qi{o.8i329i9+ 169.624316*— 6.984076'*— 2.660705^*} cos(5n^— 4n'^) 

+ {0.8132919 + 91.016916* — 6.984076'*— 2.6607057*} cos {int —^tn'Cj 

± 6 ( 1 . 1 875) cos {^nt — 2n't — €o)—e (0.4375) cos {2nt — 2n't — w) 

q: 6 (3.8125) cos {2nt — 2n'e + w) ± 6 (3.0625) cos {2n't — w) 

=F 6 (2.997735) cos (6ri^ — in't — co) + 6(1.777796) cos (4n^ — 4n'^— w) 

q= 6 (54. 1 8274) cos {int - 4:n't + <o) + 6 (5 5 .40268) cos (2n« — An't + w) 

± e' (57-98525) cos {5nt — n't — ^d') - 6' (57.98525)003 {nt - n't — w') 

H= 6' (61.01057) cos {3nt — 3n't + w') 

+ e' (61.01057) cos (ni — Sn't + w') 

± e' (0.742407) cos (5/1^ — Sn't — w') 

— 6' (0.742407) cos {3nt — 3n't — to') 

^ e' (6.32743) cos {5nt - 5n't+ w') +€'(6.32743) cos (3nt— Sn't + ai') 
± 6* (2.5 15625) COS (5nt — 2n't — 2fi;) 

— 6* (0.796875) cos (3nt — 2n't — 2ro) 
qp 6* (10.485375) cos {nt + 2n't — 2(o) 
± 6* (5.922875) COS {nt - 2n't + 2(o) 
=H 6^ (7.302843) COS {7nt — 4n't — 2^^) 
+ 6* (2.907901) cos (5nt — 4:n't + 2w) 

± 6* (76.5430) cos (37it - ^n't + 2w) + 6* (6.4594) cos {nt - 4n't + 2(o) 
q: 6'* (o. 167880) cos {5nt - 27i't - 2(o') 
+ 6'* ( 0.167880) cos {Snt - 2n't - 2r«>') 

(CbfiliftifMl on (A« ntstpage,) 
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ip e'* (29.57555) cos {5nt — 6n't + 2(o') 

+ e'* (29.57555) cos {3nt — 6n't + 2(o^) 

q= c'* (264.8727) cos {3nt - 4n't + 2a}') 

-i- e'^ (264.8727) cos {nt - 4ai't + 2io') 

±1 e'^ (1345859) cos {Znt - 2io') - e'' (1345859) cos {nt - 2co') 

dz ee' (179.50934) cos (4nt — n't — 10 — to') 

- €e' (92.53 147) cos i^nt — n't — to — to') 
± «^' (37-31880) cos {2nt - 3n'^ -f fci + to') 
± ee' (54.19705) cos {Sn't -co — 10') 

q: ee' (194.68294) cos {int — 3n't — co + to') 
H- ee' (103.16709) cos {2nt — Zn't — lo + io') 
:+: ee' (22.09644) cos {2nt — n't + (o — 10') 
q: ee' (64 88 143) cos {n't — 10 ■{• co') 
dz ee' (2.747891) cos {&nt — Zn't — to — co') 
q: ee' (1.634280) cos (4n^ — Zn't — to — to') 
=F ee' (345.1681) cos {int — bn't -f cd + a*') 
+ ee' (354.6593) cos {2nt — bn't + <ci + w') 
q: ee' (23.20627) cos {6nt — bn't — <o H- ^d') 
4- ee' (i 3.7 1 5 1 2) cos {int — 6n'i — fo + 10') 
± ee' (81.90059) cos {int — Zn't -\- to — w') 

- ee' (83.01420) cos {2nt — Zn't + w — ^e;') 
± f (0.203 1 25) cos {5nt — 2n't — 2Q>) 

- f (0.328125) cos {Znt - 2n't - 2^) 

q= f (0.640625) cos {nt + 2n't -2Q)±f (0.765625) cos {nt- 2n't + 2Q) 
± f (0.661976) cos {7nt - in't - 2Q) 

- >^ (0.45865 3) cos {5nt - 4n'^ - 2Q) 

ip y^ (52.41 108) cos (371^- in't-\- 253) 4- y* (5 2.20776) cos {nt-in't-\- 2Q) 
rp f (0.508308) cos {5nt ~ in't + 2io - 2Q) 
-f- f (0.304984) cos {Znt - in't + 2(o - 2g3) 
± }^ (0.508308) cos {5nt - 4n'^ - 2fD + 2Q) 

- >^ (0.304984) cos {Znt — in't - 2<o 4- 2Q) 

± >' (0.1875) cos {Znt - 2n'^ H- 2tD - 2Q) 
qr y^ (0.1875) cos (371^ - 2n't - 2tu 4- 2Q) 

- f (0.0625) cos {nt - 27i't 4- 2r£; - 2^) 
+ y* (0.0625) cos {nt - 2n'^ - 2cu 4- 2Q) \ 

(CbM/foved of» the next page,) 
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+ ^ fL^^ / qp (56.80747) COS {2nt - n't) ± (56.80747) cos n't 
fi a' i 

± (24.08356) cos {int — Sn't) - (24.08356) cos {2nt — Zn't) 
zp (1.688292) cos {6nt - bn't) + (1.688292) cos X^nt — 5n't) I 



\ . (33G) 



Equations (239) and (329) will give 



e.,iM*(^i) = 



m* 



ndt[±f (4.088874) cos {Znt - 2^) - y* (4.088874) cos (n^ - 2Q) 

T f (5.436346) cos (3n^ — 2n't) + y* (5.436346) cos {nt — 2n't) 

q: y* (2.7 18 172) cos {6nt - 4n'0 + f (2.7 18 172) cos (3ni — 4tn't) 

±i f (0.1 38928) cos {5nt - 2n'^ - 2Q) 

- f (0.138928) cos {3nt - 2n't - 2Q) 

± y* (5.5752745) cos {nt + 2n'^ - 2Q) 

=P 7* (S.5752745) cos {nt - 2n'^ + 2Q) 

=H y* (0.5464225) cos {7nt — 4in't — 2Q) 

+ f (0.5464225) cos {bnt — 4n'^ — 2Q) 

q: f (2.17 1750) cos (3m^ - 4n'e + 2£3) 

H-y* (2.171750) cos (n^-4n'« + 2Q) I 

Equations (218) and (331) will give 
d{c,cos^)(^y 

-ndti ±{0.4413109 + 6144888^+4.3673456'*— i.97i38oy*}cosn< 

q: e (28.63056) COS {2nt — io)±e (24.94852) cos 10 

q: e' (8.823881) cos {nt + n't — lo') ± e' (12.072877) cos {nt — n't + lo') 

=P 6* (98.67835) cos {Znt — 2fu) + e* (21.33779) cos {nt — 2fti) 
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m 



-r» y.1 



e'* (20.75045) cos (ni + 2n't — 2re;') 
± e'* (28.661 58) cos (nt - 2n't + 2ft>') 
q:: ee' (9O.83653) cos {2nt + n't — ro — fci') 
^ ^' (5 3-39 ^ 37) cos (2nt — n't — ru + co') 

± 6€' (62.16500) cos {n't + 0) — <tf') + g^' (56.90816) cos {n't — cd^-io) 
q: f (12.68 100) cos (3nt — 2Q) + y* (i I.43920) cos {nt — 2Q) 

(Qmlifuierf on the next page,) 
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± f (0.05 5 165) cos {nt + 2(0 — 2Q) ^ f (0.05 5 165) cos (nt — 2(o + 2^) "^ 
±{0.4101252 -I- 30.205496*— 57.425956"— 1. 098 1 637*} cos (Snt — 2n'e) 

— {0.5048068 — 7480496* — 59446696" 4- 0.3366857*} cos {nt — 2n't) 
± {0.9901 879 4- 74.448576*— 8.4582686"— 1.0528917*} cos {5nt - 4n'0 

— {0.3822103 +42.536696*+ 3.2893286"+ 1.2830727*} cos (3n^ — 4n'«) 
dz 6 (0.4977308) cos {int — 2n't — w) 
+ 6 (0.2276617) cos (2nt — 2n/t — co) 

± 6 (15.98455) COS {^nt — 2n'^ 4- to) =;: 6 (17.997962) cos {2n't — o^) 
± 6 (3.7 1 1 347) cos i&nt — 4n7 — w) — 6 ( i .032302) cos {^nt — 4n'^ — w) 
±6(1 9.88707) cos {4M — 4n'^ + w) — 6 (26.748 1 5 ) cos (2n^ — in't + w) 
q: 6' (14.30367) cos (3nt — n't — «;') + 6' (14.9673 1) cos {nt — n'^ — w') 
±: 6' (17.85544) cos {Znt — 3n'i + w') 

— 6' (17.5 1908) COS {nt — 3n7 + to') 
T «' (0.936666) cos {bnt — 3n7 — w') 
+ e' (0.341 1 7 16) cos {Znt — 3n'i — o>') 
± 6' (7.38931 1) cos {5nt — 5n'^ + <d') 

— 6' (3.043821) cos (3nf — 6n't + cd') 
ih 6* (0.145281) cos (6n^ — 2n't — 2ctf) 
+ 6* (0.580409) cos {Znt — 2n'^ — 2io) 
H= 6* (28.29915) cos {nt + 2n'^ - 2io) 
qi 6* (19.39447) cos (n^ — 2n't + 2w) 
di 6* (9.253444) cos (7n^ — 4n'i — 2fc;) 

— 6* (1.856554) cos {5nt — 4n'^ — 2io) 
=P ^ (68.53319) cos {Znt - 4n7 + 2co) 
+ 6* (12.77023) cas (n^ — ^n't + 2tc;) 
± 6" (75.00937) cos (3n^ — 4n'< + 2w') 

— 6" (72.381 59) cos {nt — 4n'^ + 2(0^) 
^ 6" (2.89867) cos {Znt - 2te;0 + 6" (3.5 1913) cos (n< - 2io') 
± 6' (33.07712) COS (571^ — 6n'^ + 2io') 

— 6" (14.52545) cos {Znt - 6n7 + 2c«>0 
± 6" (0.2207862) cos (5ne — 2n't — 2^1)') 

— 6" (0.0750333) cos (3?i^ — 2n't — 2cei') 
q: 66' (61.5631 1) cos {^nt — n7 — «i — w') 
+ 66' (32.47678) cos {2nt — n't — a) — w') 
.± ee' (36.99719) cos {2nt — Zn't + «> + w') 

q: 66' (81.41209) COS {Z7l't — iO — w') 

(OontinMMd on tAe nextpoffe,) 
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± ee' (69.69489) cos {^nt — Zn't — co + lo') 

— ee' (34.89808) cos {^nt - ^n't — to + o}') 
± ee' (32.841 10) cos {^nt — n*t-\- (a — a>') 
=F ee' (7.40419) cos {n't — 0} + at') 

^ ee' (3.508496) cos i&nt — Sn't — to — lo^ 
+ ee' (0.947779) cos {^nt — Sn't — a> — f«>') 
zt ee' (l 18.52592) cos {^nt — 5n't -^ w + a)') 

— ee' (168.94258) cos (2nt - 5n't + a)+w') 
± ee' (27.72057) cos {6nt — 5n't — (o + a>') 

— ee' (7.968 1 32) cos {4nt — bn't — w + a>') 
T «6' (29.15722) COS (4n^ — 3n'^ + <o — w') 
+ ee' (35.73257) cos (2n^ — Zn't -\- io — <o') 
± f (0.5065773) cos (5n^ - 27i'^ - 2^) 

— f (0.7579837) cos {Znt - 2n't - 2g3) 
q: y* (9.041858) cos (71^ + 2n't - 2£3) 

± f (8.2123435) cos {nt - 2n't + 2^3) 

± f (o. 1 537970) cos {Snt — 27i'i + 2co — 2Q) 

^fip.is 37970) cos {3nt — 2?i'e — 2co + 2Q) 

— y^ (0.063 1009) cos (?i^ — 2n't + 2(o — 2Si) 
+ f (0.963 1009) cos {tU - 2n't - 2f(i + 2Q>) 
=F y* (0.0249626) cos {7nt — 4n'^ — 2Q) 

— y* (0.2596934) cos (5n^ — ^n't — 2Q) 
±f{i 2.445696) cos {Snt - 4:n't + 2Q) 

— f (13.279735) cos {nt — 4n'^ + 2gJ) 

± y* (0.6188675) cos {5nt — in't + 2^0 -20) 
^ f (0.6188675) cos {5nt — in't - 2fo + 2g3) 

— y* (o. 1433288) cos {Snt — in't + 2(o — 2gJ) 
+ f (0.1433288) cos {Snt - in't - 2(o + 2Q) \ 
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+ -ndt i ± (4.38255 1) cos {2nt — n't) nP (2.527300) cos n't 

fJL of I 

=P (9.833124) cos {^nt — Sn't) + (10.305861) cos {2nt — 3n7) 
it (1.7133584) cos {6nt — 5n't) — (04457384) cos (4ne — 57i't) I 
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Equations (219) and (332) will give 
5(c,8in^)(^U 

— ndt\ ±{0.9577708 — 69.82556* - 10.632746'*'^ 5.71 i9ioy*} cosnt 

±{0.25 — 1.218756* + 123.97586'* +0.03125)^} cos (3ni — 2n'^) 

—{0.25 — 1.187506* — 1 17.683326'* H- 0.031257*} cos (yd — 2n'i) 

qr {2.0526152 + 195.066876*— 17.55 1446'*— 5.8802667*} cos (571^— 4n'^ 

+ {1.0948444— 36.142206*— 9.299586'* -0.1683567*} coe(37i^ — 4n'<) 

± 6 (20.03791) cos (2ni — ft>) db 6 (64.89378) cos <to 

zh 6 (0.890625) cos (4n^ — 2n*t — «i) 4- 6 (a 109375) cos (2n'^ — tw) 

qi 6 (1.078125) cos (2ni — 2n'i + oi) +6(0.078125) cos (2w< — jLn'i —<o) 

q= 6 (7.76026) cos (6?!^ — 4n'^ — ft>) + € ( 1 .008 1 93) cos {Ant — 4n'^ — lo) 

qi 6 (5 3.3 1 2 1 3) cos {int — 4i7iU + rci) 

— 6 (24.86749) cos (2n^ — 4n'^ + a>) 

± 6' (2.902557) cos {nt + n'i — a>') ± 6' (3.956956) cos {nt — n'^ + cei') 
di 6' (3 1.2 1447) cos {Snt — n'^ — <«>') — 6' (32.2 1447) cos (n^ — ZnH + ft>') 
T 6' (28.2003 1) cos (3n^ — Zn't -^ w^-^e' (29.2003 1) cos (nt — n't — «>') 
d: 6' (1.925309) cos {5nt — 3n'^ — 4uQ 

— 6' (1.0789493) cos {Snt — 3n't — a>') 
q:: e' (i 5.467847) cos {5nt — 6n't + to') 
+ 6' (7.761974) cos {Znt — 6n't + <u') 

zh 6* (i 14.19919) cos {Znt — 2rci) + 6* (47.23960) cos (nt — 2ft>) 

±: 6* (2.718750) cos (5nt — 2n't — 2co) 

+ 6* (0.28125) cos (3nt - 2n't - 2io) 

'^ 6* (0.53 1 25) COS (nt + 2n't - 2w) ± 6* (1.40625) cos {nt — 2n't + 2w) 

ip 6* (19.43 1 324) COS (7nt — 4n't — 2io) 

+ 6* (0.947364) cos (5nt — 4n't — 2ft>) 

.± 6* ( 1 84.625 14) cos (3nt - 4n't + 2w) 

— 6* (26.64539) cos {nt — An't + 2fi>) 

dz 6'* (8.93 1 86) cos (3nt - 2w') + 6'* (6.62 1 7 1 ) cos (nt - 2io') 
±: 6'* (6.53431) cos (nt + 2n't -2io') 
d: 6'* (l 1. 9 1 245) cos {nt — 2n't + 2a>') 



6'* (120.79795) cos (3nt -An't + 2f«>') 



^n 



6'* (136.41474) COS (nt — 4n't + 2o>') 
=P 6'* (69.94028) cos (5nt - 6n't + 2co') 



>■ . (339) 



+ 



+ 



+ 



+ 



+ 



+ 
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e'* (32.79267) cos {Snt — 6n't + 2(o^ 

e'^ (0449500) cos {5nt — 2nU — 2w') 

e!^ (0.2657637) cos (3ne - 2n'e - %o') 

ee' (56.2585) cos (2n^ + n't— m — w') 

ee' (55.88192) cos {2nt—n't — io + to') 

ee' (172.5752) cos {n't + a> — a;') + ^^' (147.8698) cos {n't — a) ^- to') 

ee' (i 33.3 146) cos (4n^ — n't — nif lo') 

ee' (32.91882) cos i2nt — n't — w — w') 

ee' (79.56992) cos {2nt — Sn't + cei + to') 

ee' (8.01923) cos {Sn't — 10 — w') 

e€' (13 1.95 141) cos {int — Sn't — (o-\- to'} 

ee' (39.08487) cos {2nt - Sn't — (o-\- lo') 

ee' (85.4595 1) cos {2nt — n't + (o — to') 

ee' (18.71 267) cos {n't — to -\- to') 

ee' (7.146685) cos {&nt — Sn't — to — to') 

ee' {lA 56969) cos {int — Sn't — a* — to') 

ee' (321.7638) cos {int — 5n't + <o + to') 

ee' (170.5054) cos {2nt - 5n't + to + to') 

ee' (58.40968) cos {6nt — 5n't — w + to') 

ee' (6.94009) cos {int — bn't — to '\- to') 

ee' (76.43796) cos {^nt ■— Sn't + to — to') 

ee' (28.72545) cos {2nt — Sn't -\- to— to') 

f (27.43566) cos {Snt -2Q)-hf (20.98460) cos {nt -2Q) 

f (o. 1 197206) cos (nt + 2to — 2Q) 

f (o.i 197206) cos (n^ — 2io 4- 2Q) 

y' (0.25) cos {^nt - 2n't ~ 2Q) + / (0.34375) cos {^nt - 2n't- 2^) 

y* (0-37S) cos {nt + 2n't - 2Q) rp >^(o.2i875) cos {nt - 2n't 4- 2S^) 

f (0.09375) cos {Snt - 2n't -f 2io - 2Q) 

y^ (0.09375) cos {Snt - 2n't - 2(o + 2Q) 

y' (0.03 1 25) cos {nt — 2n't + 2(o — 2Q) 

f (0.03 1 25) cos {nt — 2n't ~ 2(o + 2Si) 

y' (1.499793) cos {7nt — 4:n't — 2Q) 

f (0.176603) cos {5nt — in't — 2^) 

f (22.38173) cos {Snt - hh't 4- 2^) 

>^ (27.36172) cos (n^ —4n'^ + 2^) 

y' (1.282885) cos {5nt - Wt + 2to - 2Q) 

{Omiinued on the meM pag«,) 
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± XM I -282885) cos (5ne- 
+ -f (04105664) cos (3n< 

— y* (04105664) cos (3ni - 



^n't - 2io + 2Q) 
- 4n't + 2ai - 2Q) 

4n'e - 2a) + 2Q) I 



+ ndt { =p (7.006599) cos {^nt — n'<) =p (25.273136) cos n't 

± (26.376201) cos (4n^ — Zn't) + (6.984194) cos (2n^ -- 3n'<) 
T (3.3750543) cos {&nt — 5n'^) + (2.2943948) cos (4ne — 5n'0 V 

Lastly, equations (220) and (333) will give 
*(«.»in«(^f)= 



> . (339) 



w, 
/* 



71* r 

— ndt {±f (0.3960945) cos {^nt — 2Q) + f (2.92 1 loi) cos {nt — 2Q>) 

:+: y^ (2.977087) cos {Znt — 2n't) + y* (2.977087) cos (n< — 2n'<) 

T y^ (1.488544) cos {bnt - An't) + f (1.488544) cos {Snt - in't ) 

zf f (1.915632) cos {5nt — 2n't — 2Q>) 

+ f (0.543234) cos {Snt — 2n't - 2Q) 

ip / (3.520321) cos {nt -f 2n't — 2Q) 

± y* (4.8927 19) cos {nt - 2n't 4- 2Q) 

q: y* (0.8562535) cos {Int - An't ~ 2Q) 

+ y* (0.1700545) cos {5nt — in't — 2Q) 

± f (2.344797) cos {'6nt - in't + 2Q) 

" f (1-658598) cos {nt - 4:71' t + 2Q) I 
If we now take the sum of equations (335-340), we obtain 
{„oo,#a(^f)+.fecos«(f)+„si„^.(f)+*fe™«(f) 



+ .,^„^.(^)+*tosi„«(f)} = 



m* 



Jt } =p {2.3948001 + 78.98226* + 19.390066'* — 3.73890^} cos nt 

± e (82.48962) cos {2nt — 10) qz e (126.35887) cos lo 

=P e' (15.64225) cos {nt + n't — to') ± e' (1.58 161) cos {nt - n't + w') 

±^{2 14.4532) cos {Snt — 2(o) — 6* (149.68273) cos {nt — 2w) 

(Cbnti$iMed on the next page,) 
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IF e'* (31.871 14) cos (nt + 2n't - 2o>') 

q= e'' (1.66740) cos {nt - 2n't + 2a>') 

dz ee'(i82.75i3) cos(2?i^ + n'^ — a* — a;') 

± ee' (236.1973) cos (2n^ — n'^ — a> + a>') 

qi e€' (349.5634) cos (?i7 + o> — tt>') - ee' (276.5294) cos (n'^ — <o — at') 

± f (38.95254) cos (3?!^ — 2Si)—f (39.26018) cos (nt — 2Q) 

=p y^ (0.299349) cos (n^ + 2oi — 2f3) 

±: y* (0.299349) cos {7U — 2(o-}- 20,) 

± {0.7 1 32078+9.58 1 39c* + 1 80.66882^'*- 6.1088877*} cos {iint-2n't) 

—{1.7017242 — 13.348026*+ 178.158326'*— 14.1044577*} cos (n^—2n'^) 

qi {0.9861972 + 161.213756*— 8.457986'*— 2.3287287*} cos(57ie — 4n'^) 

+ {2.4154480 + 72.046906*— 20.613586'* — 0.8580537*} cos (3/1^- 4n'e) 

±6(1 .307802) cos {^nt — 2n't —io)'-e (0.505933) cos {2nt — 2n't — co) 

± e (5.42202) cos {2nt — 2n't + 10)^ e (21.391829) cos {2n^t — 10) 

qi 6 (3.49235) COS {6nt — 4n'i — ft>) + 6(3.528941) cos (4n^ — 4n'^ — a;) 

qp 6 (5 1.17255)003 (4n^ — 4n'^ + to) + 6(42.00133)003 {2nt — 4n'i + 10) 

± e' (44.93364) cos {3nt — n't — a>') — e' (43.78004) cos {nt — n't — a>') 

q: 6' (42.75762) cos {Snt — 3n'e + lo') 

+ 6' (39.87484) cos {nt - 3n'i + co') 

db 6' (0.906529) cos (571^ — 3n't — co') 

— 6' (2.304705) cos (371^ — 3n't — a>') 
q: 6' (7.60754) cos {5nt — 5n'e + co') 
+ 6' (17.84401) cos {Snt — 6n.'e + w') 
± 6* (2.476987) COS (5nt — 2n'i — 2co) 

— 6* (0.636964) COS (3n^ — 2n't — 2co) 

q: 6* (38.22813) cos (n^ + 2n'i - 2co) ± 6*(i.8i86o) cos {nt-2n't + 2co) 
q: 6* (8.221 141) COS f^ni — 4n'^ — 2co) 
+ 6* (4.816839) cos (5n« - 4n'^ — 2co) 

± 6*(i02.8378)cos(3n^-4n'e + 2co) -6*(2i45i5)cos(n<-4n'^ + 2co) 

q: 6'* (186.33625) COS (3n« - 4n'e + 2co') 

+ 6'* (180.40140) cos (?i^ — 4n'i + 2co') 

±. 6'* (i 1.67233) COS (3n^ -2co') - 6'* (i 1. 13720) cos {nt - 2co') 

qp 6'* (35.24353) COS {^nt — 6n'i + 2co') 

+ 6'* (79.03795) cos (3?i^ - 6n'e + 2co') 



— ^1 



6'* (0.2067 144) COS (5ne — 2n'e — 2co') 
+ 6^* (0.5484903) COS (3n^ - 2n't - 2co') 

(CbuMwdd on IA« next page,) 
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+ 



+ 



€6' (139.19318) COS {^nt — n't—w — w') 

ee' (79.3787 1 ) cos {2nt — n't — a> — a>') 

ee' (86.58883) cos {2nt - Sn't + a> + «*') 

^' (45-33573) cos {3n't -to- a>') 

ee' (143.39768) cos (4nt — 3n't — a> + a»') 

^' (85.53030) cos {2nt — 3n't — to + o}') 

ee' (44.45336) cos {2nt — n't + (o — w') 

ee' (83.23628) cos {n't — w-^- to') 

ee' (3.083398) cos {Qnt — in'i — 10 — ^) 

ee' (3.497 1 10) cos {^nt — 3n't — &) — ta') 

ee' (26.81067) cos {Qnt — bn't — o) + «') 

ee' (26. 1 7494) cos {^nt — ?m't — (o -^ u/) 

ee' (321.8183) cos (4n< — &n't + «> + «/) 

^' (255.3926) cos (2ni — &n't + « + «/) 

ee' (79.14869) cos {int — 3n'< + iw — a/) 

ee' (70.23787) cos (2n^ — Sn't + « ~ «') 

y^ (0.345480) 00s {5nt — 2n'^ - 2Q) 

j^ (0.345 199) cos {3nt — 2n't — 2Q) 

f ( 1 2.442566) cos (nt + 2n't- 2Q) ± f (3.748356) cos (n^- 2^^'^+ 2Q) 

y* (0.26745 30) cos (3n^ — 2n'^ + 2tt> — 2£S) 

•f (0.2127255) cos (n^ — 2n't + 2tt> — 2^) 

y* (0.2674530) cos (3n^ — 2n'^ — 2io -f 2Q) 

>^ (0.2127255) cos {nt — 2n7 — 2a; + 2f3) 

y^ (0.724543) cos (7n^ — ^n't — 2Q) 

y* (0.410439) cos {^nt — in't — 2Q>) 

f (38.46038) cos {3nt - Wt + 2Q>) 

f (36.01 552) cos {nt — 4n't + 2Q) 

f (0.616375) cos {5nt — 4:n't + 2(o - 2Q) 

y* (0.905792) cos (3n^ — 4n'e -f 2w — 2Q) 

; y* (0.616375) cos {5nt — 4n'^ - 2fo -f 2fi) 

y* (0.905792) cos {3nt — 47i'e - 2ft> + 2fi) I 



771 CL ( 

f -ndtl^ (35-39736) cos {2nt — n't) ± (53.04120) cos n^t 

±: (32.56128) COS {^nt — 3n't) — (23.85887) cos {2nt - Sn% 
q: (1.721789) COS (6n^ - 5n't) + (5.165 146) cos {int-Sn'f) \ 



+ 



+ 



+ 
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Taking the integral of equation (341), We obtain 






+ c^ sin 



{2.3948001 + 78.98226* + 19.390066"— 3.73890)^} sin nt 



+ 6 (41.24481) {2nt — lo) — 6' (14.55362) sin {jit + n't — a>') 

+ 6' (1.709482) sin (ni — n'^ + ft^O + ^ (7148439) sin (3n^ — 2ai) 



6* (149.68273) sin (n^ — 2«*) — e'* (27.72361) sin (n^ + 2n't — 2w') 



_ V3 



6'* (1.960730) sin (n^ — 2n't + 2w') 
+ 66' (88.08138) sin {27U -^n't-w-w") 
+ ee' (122.6872) sin (2?i^ — n't — <«> + <«/) 

— 66' (4673.226) sin {n't + w — to') q: ee' (3696.854) sin {n't — €» — «/) 
+ f (12.98418) sin (371^ - 2Q) q: y* (39.26018) sin (n^-2G) 

— y* (0.299349) sin (n^ -h 2io — 2Q) + y* (0.299349) sin (n^ — 2<# + 2iJ) 
+ {0.2502135 + 3.3614236* f63.38372e"-- 2. 143 1707*} sin (3»l —n'^) 
q:: {2.001093— 15.6962I6* + 209.500O6'* — 16.58572)^} sin (n< — 2?i'i) 
—{0.2097937 + 34.295006*— 1.7992676'*— 04953902)^} sin {bnt—An't) 
± {0.8943470 + 26.676 1 86*— 7.63 24 1 26'*— 0.3 1 77040^*} sin {ZM — Afn/t) 
+ 6 (0.3639456) sin {4int — 2n't — «>) 

rp 6 (0.2734186) sin (2n^ — 2n't — fi>) 

+ 6 (2.930145) sin (2n< — 2n'i + w) — e (142.991 1) sin (2n'^ — m) 

— 6 (0.61 26074) sin (6n^ — ^n't —w ) 
ih 6 (0.9535630) sin (4n^ — ^n't - a>) 

— 6 (13.82745) sin {^nt — 4n'^ - w) 
± 6 (24.695 1 2) sin (2n^ — Mt + 01) 
+ 6' ( 1 5.36089) sin (371^ — n't — a)') 
ip 6' (47.3 1962) sin {nt — n'e — co') 

— 6' (1 5.40485) sin l^nt — 3n'^ + co') 
± 6' (5 1.41 187) sin (n^ - Zn't + w') 
+ e' (0.1898254) sin {6nt — Zn't - a;') 
q: 6' (0.8303476) sin {Znt — 3n'e — a>') 

— 6' (1.644542) sin {6nt — 5n'^ + cu') 
± 6' (6.795 146) sin {Znt — 5n'e + iw') 
+ 6* (0.5 106770) sin (5n^ — 2n'e — 2<tf) 
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+ 



+ 



T e* (0.2234650) sin (Snt — 2n't — 2a>) 

— ^ (33-25335) sin {nt + 2n't - 2w) 
+ e* (2.138530) sin {nt — 2n't -f 2a>) 

— e* (1.226890) sin (7n^ — 4n'e — 2a>) 
± e* (1.024685) sin (5n^ — 4n'i — 2tt>) 
+ e* (38.07688) sin {Snt - 4n'^ + 2a>) 
q= e* (30.61024) sin (nt — ^n't + 2w) 

— e'^ (68.993 10) sin {int - 4n'^ + 2a>') 
± e'^ (257.4240) sin {nt — 4n'e + 2a>') 

+ ^^ (3-890777) sin (3ne - 2co') qp e'* (i 1. 13720) sin {nt 

— e'* (7.743804) sin {6nt — &nU -\- 2a}') 
± ef* (30.98079) sin (371^ - &n't + 2a}') 

— e'* (0.04261803) sin (5n^ — 2n't — 2w') 
± e'* (0.1924259) sin {Znt — 2n't - 2a}') 

ee' (3546144) sin (4ne -n't — o} — w') 
e^ (41 .23091) sin {2nt — n't — w — w') 
ee' (48.76607) sin {2nt - Zn't + <w + a;') 

— ee' (202.0273) 8in(3n'^-- io — w') 

— ee' (37.9801 5) sin {^nt — Zn't — w\-a}') 
± ee' (48.16992) sin {2nt — 3n'^ — ai + fi>') 

— ee' (23.09027) sin (2nt — n't + a> — ui') 

— ee' (i 1 1 2.766) sin {n't — 10 -f co') 

+ ee' (0.5463020) sin (6nt — Zn't — w — w^ 
q:: ee' (0.9262406) sin (4nt — 3n't — <o — ««>') 
-- ee' (4.765500) sin {Gnt — 6u't — a> + o;') 
± ee' (7.218695) sin (4nt ~ bn't — w\- w') 

— ee' (88.75315) sin (4n< — 5n't + o> + 10') 
± ee' (157.0686) sin {2nt - bn't + a> + «>') 
H- ee' (20.96323) sin (4nt — Zn't + ft> — w') 
T ee' (39.55736) sin (2n< — 3n't -V w — o}') 

— >^ (0.07 1 227 1 3) sin {6nt — 2n't — 2Q) 
± >^ (o. 1 2 1 1056) sin {Znt - 2n't - 2Q) 

— f (10.82336) sin {nt -f 2n't - 2Q) 
+ f (4.407769) sin (nt - 2n't + 2Q>) 

+ f (0.0938301) sin (3nt — 2n't + 2(o - 2Q) 
=P f (0.2501483) sin {nt — 2n't + 2a}- 2Q) 

(OmriiHMtf on the naipaffe,) 
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— y* (0.0938301) sin {3nt - 2n't - 2a> + 20,) 
± f (0.2501483) sin {nt - 2n't -2(o + 2Q) 
+ f (0.108 1 279) sin {7nt - 4tn't - 2Q) 

q; f (0.0873 1 27) sin {5nt — ^n't — 2Q) 

— f (14.24040) sin {Znt — 4n'^ -f 2Q) 
± y* (5 1.39238) sin {nt-An't + 2ga) 

— f (0.131 1215) sin {67U — 4n7 + 2a> — 2Q) 
ih f (0.3353798) sin {Znt - An't + 2a> - 2g3) 
+ y* (0.131 1215) sin {5nt -in't - 2ai + 2Q) 

HP X* (0.3353798) sin {Znt - 4n'e - 2ft> + 2Q) l 



> . (342) 



-h 



m' 



— \ — (1842830) sin {2nt—n't) + (709.0946) sin n't 
a' I 

+ (6.240414) sin (4n^ — Sn't) qi (134371 1) sin (2nt — 3n't) 
— (0.3060419) sin {6nt — 5n't) ± (1.424478) sin {^nt — dn^t) 



\ 

n 



Equation (386) will give the value of j J Cjsin^^l — -1+5(0, sin /9)| -— j 

+ c.co3^5(^j+ 5(a,co8 WgU c,co8^a/^U5(o, cos W^U by using 

the lower signs and changing sin to cos in the second member. We shall desig- 
nate the equation so changed as equation (343). 



If we now multiply equation (342) by — - e^ cos j9, and equation (343) by 

Van 

C| sin ^9 and take the sum of the products, we shall obtain 



VafA 



lit term of 



d — *— =^a-~n{ +e (46.03441) sin {nt — ai) — «' (16.263 10) sin(n'i— «>') 
at /* '- 

— e* (i 1644965) sin 2{nt — a>) — e^ (25.76288) sin 2 {n't — w') 

— f (26.87470) sin 2 {nt — Q) — ee' (3595.928) sin {nt + n't — 10 — o)') 
+ ee' (4779.650) sin {nt — n't — <o + 10') 

—{1.750880—160.63146*+ 146.11636'*- 14.00482^*} sin 2 (n^—n'i) 
+ {0.6845533 + 28.995316*- 5.833 i45«'* + o.34882y*} sin 4(n< - n't) 



J 



(Cbn rt wi f e tf on ih% next page.) 
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— e (2.160778) sin (3nt — 2n^t — loj + e (148.1725) sin (nt — 2n'i + «i) ^ 
+ e (1.4450977) sin {5nt — 4n'^ — a>) 
+ e (9.76353) sin {Znt — An^t + o>) 

— e' (3 1 .95 873) sin (2nt — n't — ft>') + e' (36.00702) sin (2nt — 3n'« + oiQ 

— e' (0.6405222) sin (4n^ — 3n't — a>') 
+ e' (7.305823) sin {4nt — 5n't + <a') 

— e* (2.632657) sin {4nt — 2n't — 2m) + e* (108.4145) sin 2 (71'^ — a») 
4- c* (2.396330) sin (6n^ — 4n'^ — 2w) 

— e* (3 140374) sin {2mZ — ^n't + 2oi) 

-f 6'^ (i 88.4309) sin {2nt - ^n't + 2fli ') - «'* (7-24642) sin 2 (ri^ - oi') 
+ e'* (23.23699) sin (4n< - &n'i + 2ai') 
+ e'* (0.1498079) sin (4n^ - 2n't - 2io') 

— €e' (67.44998) sin (3n^ — n'^ - a> — a>') 
+ ee' (183.9767) sin (n^ — Zn^t -\- a)-{^ w') 
+ ee' (77.00649) sin [Znt — 3n'^ — w + w') 
+ ee' (i 1 52.357) sin {nt — n't + op^ a>') 

— ee' (1.4001 1 16) sin {5nt — Zn't — «> — a>') 
+ ee' (10.892883) sin {6nt — 5n't — m-^a/) 
-f- ee' (59.8759) sin {Znt — 5n't + oi + a>') 

— ee' (17.57395) sin (3n^ — Zn't + «> — »') 
+ y* (o. 1 1 243 19) sin (47i^ — 2n'^ — 2Si) 

— / (14.73086) sin 2 (n'e - Q) 

— f (0.43773 1) sin {2nt - 2n'^ -h 2iw - 2Q) 
+ y* (0.43773 si» (2n^ - 2n'e - 2ai -+- 2i5) 

— f (0.03 16335) sin (6n^ — ^n't — 2Q) 
+ 7^(37.37557) sin {2nt-4:n't + 2Q) 

— y* (0.2042583) sin {^nt - 4n'^ + 2co ~ 2Q) 

~ f (0.2042 5 83) sin (4n4 - 4^^'^ - 2« + 2G) | 



^ . (344) 



-fa—- — n ^ — (727.5229) sin {nt — n'i) — (7.19670) sin 3 {nt — n't) 
fr a' { 

+ (i.i 18436) sin 5 (n^ — n't) I 
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y we now multiply equations (272) and (273) by — ^^ 8 (c^ cos ^) and 

Vafi 

— d(ci sin ^) respectively, which last quantities are given by equation (330), 

Va/i 

and call the sum of the products the 2nd term of d —j—, we shall have 

at 



m* 



I — e(77.6o574) sin {nt — w) + €'(1948574) sin (n't—a)') 



2nd term of 

^dd,r 

o _ *_ = a — -n 

dt 

— c* (177.2048) sin 2(n^ — a>) + e'* (42.07338) sin 2{n't — 10') 

— y* (52.56384) sin 2{nt — Q)—ee' (i 56.3663) sin {nt + n't — (o — m') 

— ee' (266.0054) sin {nt — n't'-(o + to') 

—{0.9149326 +49.840746*+ 255.08546^ + 2.1955147*} 8in2(n<— n'^) 
+ {2.661486 + 284.502ie*~22.73007e'*—2.4^83[88y*} sin4(n^ — 4n'0 

— e (2.589937) sin {Snt — 2n't — (o) — 6(33.80632) sin {nt — 2n't + w) 
+ 6 (7.3061 80) sin {5nt — 4m,'t — (ui) + e{i 17.91380) sin {3nt — 4in't + w) 

— e' (59.64737) sin {2nt—n't - a)') + 6' (53.52839) sin(2nt- 3n't + a>') 

— 6' (2.377170) sin (4?i^ — 3n'^ — to') 
+ 6' (21.072769) sin {4int — 5n'^ + to') 

— 6* (5.323014) sin {int — 2n't — 2tt>) + ^ (49.76307) sin 2 {n't — «;) 
+ 6* (14.45090) sin {Gnt — 4n'^ — 2io) 

+ 6* (775.3358) sin {2nt - 4n'e + 2m) 

+ 6'* (249.859i)8in(2ne-4n't +2«/)-6'*(i9.02629) sin2(n<-«/) 

+ 6^* (100.26648) sin (4ne - 6n't + 2a>') 

+ e'* (0.5301682) sin (4n^ - 2n't - 2a/) 

— 66' (185.3336) sin {3nt — n'i — w — a>') 

— 66' (549.8135) sin (nt — n't-^ m — w') 

+ 66' (181.6653) sin (3n^ ~3n'^ -- a> + a>') 
+ ee' (376.0509) sin (ni — Sn't + oi + cci') 

— 66' (6.556939) sin {5nt — 3n't — 01 — €o') 
+ 66' (769. 1 103) sin {3nt — 6n'^ + co + ai') 
+ ^' (57*55293) sin {5nt — 5n't — w + a/) 

— ee' (155.53598) sin {3nt — Sn't + a; — oi') 
+ f (1.6596596) sin {Ant - 2n^« - 2Q) 

+ 7* (16.020524) sin 2 {n't — g3) 

— f (0.228733 1) sin (2n^ - 2n't + 2€a - 2^) 

(CbfiMMMcf OA /fttf nexipoffe,} 
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4- f (0.228733 \) sin (2ne - 2n'i ~ 2a> + 2Q) 
+ f (44.66562) sin (2nt - 4n'e + 2Q) 

- y* (o. 1 366386) sin (6n^ - 4n'e - 2Q) 

+ y* (^-3307423) sin (^nt - 4n'« + 2a> — 2Q) 

— y^ (1.3307423) sin (^7d — 4n'i — 2a> + 2Q I 



. (345) 



+ a — -^- n I + (43.55802) sin {rd - n'^ - (5347606) sin 3 (rie-n'i) 

+ (1.0849904) sin 5 (n^ — n't) | 

-J- 1 is given by equation (252). In the 

development of that equation we have neglected the disturbing function in the 
denominator, since it produces terms depending on the square of the disturbing 
force. And if we now put 



V\^f 



dvl dt 



we shall have by means of equations (265) and (274), 



(3450 



d 



dS.r 



m* 



n\ + 6(I5.055II)sin(n<--«>)^-^'(o.I863I2)sin(n7— tti') 
dt fjf I 

+ 6* (32.6025 1) sin 2 (nt - w) + e"* (0.988 14) sin 2 {n't - to') 

+ f (4.634403) sin 2 (nt — fi3) + ee' (35.50842) sin (rd + n't — ia—oi^ 

+ ee' (43.65001) sin (nt — n't — co + oi') 

-{2.5453256* - 0.18878846'*} sin 2(nt - n'i) 

—{0.9657522 + 3.3156486*— 8.230416'* — ai 1602847*) sin 4 (nt— n't) 

+ 6(0.3546536) sin (3nt - 2n't — «;) -6(o.3546536)sin(nt-2n't + «o) 

— 6 (1.976652) sin (5nt — 4n't — «>) / 

— c (3. 169484) sin (3nt — 4n't + o)) 
+ 6' (0.04573342) sin i^rd — n't — <«>') 

— 6' (0.04573342) sin (2nt — 3n't 4- o)') 
+ 6' (0.9050032) sin (4?it — 3n't — a;') 
-- 6' (7.254597) sin (4nt — 5n't + a»') 

+ 6* (0.4835551) sin (4yit -2n't — 2ai) — 6* (2.061770) sin 2(n't-tti) 

— 6* (3.024008) sin (6nt — 4n't — 2<ci) 
+ 6* (102.70623) sin (27it — 4n't + 2<d) 

(Om/imied o» tht next page.) 
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— e" (32.64806) sin {^nt - 
-^ e^ (0.21 18793) sin {^nt 
+ e^ (0.1171725) sin 2('fit 

— e^ (0.3059609) sin {2nt 
+ ee' (6.49332) sin {3nt — 
-- ee' (7.6291 12) sin (n^ — 

— ee' (4.299549) sin {Snt - 
+ ««' (5435 34O sin (n^- 
+ ee' (1.8655655) sin (5nt 

— ee' (6.95700) sin {Znt — 

— ee' (14.732823) sin (5nt 
+ ee' (8.599446) sin {3nt - 

— y^ (0.405 3 1 84) sin {int - 

— y* (0.4053184) sin 2(n'^ 
+ >^ (0.0690081) sin (6nt - 
+ y* (4.277438) sin {2nt — 

— f (0.482876) sin {int — 

+ f (0.482876) sin {^nt — 



- 6n'e + 2to') 

- 2n'i - 2ai') 
-a>') 

- 4n'e + 2fu') 
n't — ai — a>') 
3n'^ + ft; + fli') 

- 3n't - oi + a>') 
n'^ + 0/ — ft>') 

- 3n't — a> — 01') 
5ri'^ + ft> + <«i') 

- 5n'^ — ft; + ft>') 

- Sn't + w - fti') 

- 2n't - 2Q) 

-fiJ) 

- 4n't - 2Q) 
in't + 2Q) 
^n't + 2(0- 2Q) 

4n'i - 2(0 + 2Q) \ 



^ 



+ CL-^ — n{ ~ (5.259921) sin {nt — n't) + (4.557590) sin 3 {nt - n't) 
(JT a' I 

— (1.3461649) sin 6{nt- n't) \ 



. (346) 



If we now take the sura of equations (344), (345), and (346), we shall obtain 

lddr\ 
the complete value of ^(--r")» ^ follows: 

fdS t\ Tfi* ( ^ 

\~dr/^1^^\ ~^(^^-5i622)sin(nre~fti) + e'(3.4089S)8in(7i'<~a;') 

- e* (261.0520) sin 2 (nt - (o) + e" (17.29864) sin 2 (n't - (o') 

- y' (74.803 14) sin 2 {nt - Q) - ee' (37 16.786) sin {nt + n't — w- (o') . 
+ ee' (4557.29s) sin {nt - n't - (o + «;') !" • (^'*") 
--{2.665812- io8 2454e^ + 40l.OI29e'*- 11.80931)^} sin 2(ri^-7i'iJ) 
+ {2.380288 + 3io.i8i8e^-20.3328oe'*- 1.96354)^} sin 4 (n< - n'^) 

- e (4.396061 ) sin (3n^ - 2n't - ^c;) + e (114.011 5) ein {nt - 2n't + w) 

(OmtlfMfed on the nttt pag§,) 
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+ e (6.774626) sin {5nt — 4n'd — w) 
+ e (124.50785) sin {3nt — 4n'e + a») 

— e' (91.56037) sin {2nt — n'e — w') 
+ e' (89.48968) sin {2nt - 3n'^ + <o^ 

— e' (2.1 12689) sin (Ant — 3n'i ~ <u') 
4- 6' (21.123995) sin {^nt — bn't — w^ 

— ^ (7.4721 16) sin (4ne - 2n'e - 2io) + e* (156.1158) sin 2(n7-ai) 
+ e* (13.82322) sin {6nt — 4n'^ — 2w) 

-f e" (846.6383) sin {2nt - 4:n't 4- 2ti>) 

+ «" (437-9840) sin (2n^ - 4n'< + 2cu') - e'* (26. 1 5 5 54) sin 2 (nf - o^O 
+ e'' (90.85541) sin i^nt - 6n'e + 2(o') 
+ e'* (0.4680968) sin (4tnt - 2n't - 2f«>') 

— ee' (246.2903) sin (3n^ — n't — a) — w') 
+ eg' (552.3985) sin (nt — 3n'e + ai + a>') 
+ 66' (254.3723) sin (3n^ — Sn't — ^ + ei') 
+ €€' (607.979) sin (n^ — n'^ + » — a;') 

— ee' (6.091485) sin {5nt — 3n'i — co — 01') 
+ 66' (53.71299) sin (5nt — Sn'^ — cu + a>') 
+ ee' (822.0292) sin (3n^ — 5n't + co + m') 

— 66' (164.5 1048) sin (3n< — Zn't + ai^ w') 

+ f (1.3667731) sin (4n^ - 27i'«- 2^) + )^(o.88434) sin 2(n'i-ft) 

— f (0.666464) sin {2nt - 2n't + 2w — 2Q) 
4- f (0.666464) sin {2nt - 2n't ~ 2(o + 2gJ) 

— f (0.0992640) sin {6nt — in't - 2Q) 
+ f (86.3 1 863) sin (2nt - 4n't + 2w) 

+ f (1.0521 246) sin (4n« - 4n'< + 2^e> -- 2Q) 
- 7^(1.0521246) sin (4ne -4^'^ -2<w +20) \ 



[. (347) 



+ o — , - n j - (689.2248) sin (nt - n'O - (56. 11 j 17) sin 3 (nt - n't) 

+ (0.857261) sin 6 {nt - n'O I 
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30. We shall now determine the value of d — — . For this purpose we must 



dt 



ainv 



first find the values of d sin v, d (tan sin v), and d — —. Now we have 



^ sin V = ±: cos v ^v, 



d (tan sin r) = -zt tan S cos v 9v + ein v 96 ; 



sinv 



^^8v--2'^3r. 



(348) 



cos V 



These equations will give the values of ^cosv, d (tan Ocosv), and 8 , 

by using the lower signs and interchanging cos and dn in the second member. 
By substituting the values of dr, 8v, and 86, together with the elliptical values of 
r, V, and 6, we shall obtain the following values : 

^ 5 sin t; = — -{ ± f e sin {2nt — w) q: |g sin w 

± g' (20.16597) sin (rd + n't — oiQ rp «' (20.16597) sin (rtt — n7 + w') 

q= (0.914932) sin {3nt — 2n7) — (0.914932) sin {nt — 2n'<) 

^ 6 (2.299648) sin (4nt — 2/1'* — w) — € (0469784) sin (2n^ — 2n't — to) 

IF e (32.86787) sin {2nt — 2n'^ + w) ± e (34.69773) sin (2n'e — <ti) I (349) 

±: e' (0.3944260) sin (3nt — n'^ — to') 

+ «' (0.3944260) sin {nt — n't — w') 

hF «' (3-753 160) sin {3nt — 3n'^ + w') 

"" ^' (3-753 160) sin {nt — 3n't + w') I 



r) (tan ^ cos v) = 

- - -{ ±y (0.3541667) sin {2nt — Q>) 

^ y (0.3541667) sin Q q: ey (0.0625) si'i (3n< — a> — Q) 

— ^ (0.3958333) sin {nt'-(o-'Q>)^^ey sin (n^ + <ei — Q) 

:+: yy sin (n^ — ro + Q) =p e'y (^ 2.9171 55) sin {2nt + n'^ — a>'— Si) 

± e'y (12.353865) sin {2nt — n't -h a>'— Si) 

± e'y (7.8 1 2 105) sin {nt - (o^ -f SS) + c'y (7.248815) sin {n't -to'- Q) 

± y (0.914932) sin {hit — 2n't -Q)^y (3.624231) sin {2n't — Q) 

± y (2.709299) sin {2nt — 27i'^ + Si) 

± ey (5.585800) sin {Znt - 2n't — <» -f Q) 

=h ey (6.66241) sin {rU — 2n't + {o + Si) 

± ey (3.214580) sin {5nt — 2n't — co — ^) 

(CpNlilMMO 911 M# fitttf JM^^) 



. (350) 



240 



THEORY OP THE MOON'S MOTION. 



- ey (0.277946) sin {nt — 2n't — ai + S^) 
± ey (31.95293) sin {Znt — 2n't + w — Q) 

— ey (34.36884) sin {nt -f 2n't — to — Q) 
q: ey (2.6042755) sin {2nt — n^t — «i'-f Q) 
It: e'y (6.58801) sin {2nt - 3n't + €o'+ Q) 
qi c'y (0.394426) sin {int — n't — w'— Q) 
± e'y (2.998701) sin {n't + w'— Q) 

± e'y (3753 160) sin {int — 3n't + w'— Q) 

If e'y (10.341 17) sin {Sn't — ai'— Q) I 



y. (350) 



5 1 )= — \ + J sin n^ — ^1^ sin {2nt — w) — 4e sin (o 

\ r* / a'/i I 

— e' (21.67441) sin {nt + n't — to') + e' (18.65753) sin {nt — n't + ca') 
+ (2.202601) sin {3nt — 2n't) q: (0.372737) sin (?^^ — 2n'^) 

+ e (7.780800) sin {4tnt — 2n'^ — <«>)--« (3-35568) sin {2n't — to) 

z^ e (0.606166) sin {2nt — 2n't — w)+ 6(63.46444) sin {2nt — 2n't + w) 

— e' (0.9594373) sin (3n^ — n't — co') 
q= e' (0.1705853) sin {nt—n't — <o') 
+ e' (8.938880) sin {2,nt - Zn't + w') 

qr e' (1.432560) sin {nt — Sn't + w^ V 



^ (351) 



Now by means of equations (241) and (328) we obtain 
tan^cosv^l -^- )== 



\ dv 



m* ( 



— < + ir cos{int-2n't- ^)- \y cOB{2n't- Q) 
afii ^ 

— \y cos {2nt - 2n't + Q)±y cos {2nt - 2n't - Q) 
+ y (0.2033232) cos {int — in't + Q>) 

qp y (0.2033232) cos {int — in't — Q) 

— y (0.2033232) cos (6n< — 4n't — Q) 
±: y (0.2033232) cos {2nt — 47i'^ + Q) 

— cy (39.35890) cos {nt — (o + Si)±ey (39.35890) cos {nt — w — Q) 
+ ey (39.35890) cos {Snt — (o — Si) — ey (39.35890) cos (ni + «i — Q) 
+ ey (0.390625) cos {5nt — 2n't — (o — Q) 

(OmUiMted on ihe negtpage,) 
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— €y (1.171875) cos {Snt — 2n'< + ft> — SJ) 
+ ey (0.671875) cos {nt + 2n'e — (o — Q) 
±: ey (0.10937s) cos {nt — 2n't — «i + S2) 

— ey (0.9019262) cos {77U — ^n't — <e> — Q) 

— ey (13.189869) cos {6nt — Mt -\-a} — Q) 
± ey (0.0886332) cos (3»^ — ^n't — <<> + Q) 
± ey (14.003161) cos {nt — 4n'^ -f- a> + Q) 

— ey (0.140625) cos i^nt — 2n't -lo-V^) 
dt ey (0.140625) cos {^nt — 2n'^ — «i — Q) 
+ ey (0.921875) cos (n« — 2n't + «i + Q) 
ip ey (0.921875) cos {nt - 2n'« 4- ai — ft) 
H- ey (0.4952797) cx)g {^nt — An't - «^ + Q) 
q: ey (04952797) cos (5»^ — in't — <o — Q) 
+ ey (l 3.5965 1) cos {Snt — 4n'^ -\- 10 + SI) 
qz ey (13.5965 1) cos {3nt — 4n'^ 4- <e> — Q) 

— e'y (0.5909125) cos (n'^ — fo'+ Q) 
±: e'y (0.5909125) cos {n't — w'— Q>) 

+ e'y (0.5909125) cos {2nt + n'^— <e>'— ft) 

— e'y (0.5909125) cos (2n« — n'^ + w'— ft) 

— e'y (14.49631) cos {2nt — n't — to'-^ ft) 
± e'y (144963 1) cos {2nt — n'^ — w'— ft) 
+ e'y (15.25264) cos {2nt — 3n't + w'+ ft) 
q: e'y (i 5.25264) cos {2nt — 3n'^ -f <a'~ ft) 

— e'y (0.1856018) cos {^nt - Zn't — <*>'-!- ft) 
± e'y (o. 1 85601 8) cos (4ne — 3?i'/l — ai'— ft) 
+ e'y (1.5818575) cos {hit - 5n'^ + w'-f ft) 
=H e'y (1.5818575) cos (4ni — 5n'^ + «'— ft) 
+ e'y (14.4963 1) cos {^nt — n'< — o}'— ft) 

— e'y (14.4963 1) cos (n'^ + «i'— ft) 

— e'y (15.25264) cos {^nt — 3n'^ + a>'— ft) 
4- e'y (i 5.25264) cos (3n'« — ro' — ft) 

+ e'y (0.18560 1 8) cos {&nt - Zn't — w'— ft) 
q: e'y (0.1856018) cos {2nt - 37i'^ - <ii'+ ft) 

— e'y (i. 5818575) cos {&nt — 57i'^ + lu'— ft) 
± e'y (1.5818575) cos (2n^-6n'e + w'+ ft) l 



, , (352) 
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Equations (221) and (329) will give 



— sm V ol — I = 

\dd) 

— \-Y (4-088874) cos {2nt - Q) + y (4.088874) cos Q, 



— y (0.138928) cos(4ne-27i'«~g3) ± y (0.138928) cos(2n<-2n7-Q) 
+ y (S.575274) cos {2nt - 2n't + ft) - y (5.575274) cos (2n'« - ft) 

+ y (0.5464225) cos {&nt — in^t—Si) 
rp y (0.5464225) cos (4ne — 4n'^ — ft) 
+ y (2. 1 7 1 7505) cos (4n« — 4n't + ft) 
qp y (2; 17 17505) cos {2nt — ^n't -f ft) 

— ey (^5.274279) cos {Znt - <u — ft) + ^y (19.705 189) cos {nt — w + ft) 

— ey (1 1.52744) cos {nt 4- «i — ft) ± e (47.09653) cos (n< — co — ft) 

— ey (0.765429) cos {5nt — 2Wt — a> -- ft) 
H^ ^ (8-746037) cos {nt — 2n'i + «> — ft) 
+ ey (4.803875) cos {Znt - 2n't — io+^) 

— ey (43.35 186) cos {nt -f 2n'< — «i — ft) 
+ 6y (4.023893) cos {Znt — 2n'i + a> — ft) 
± ey (0.487573) cos (3?!^ — 2n't — <*> — ft) 
+ ey (32.201 32) cos (nt — 2n'i + ai + ft) 
± ey (6.346674) cos (n^ — 2n't — ft> + ft) 
+ ey (2.450492) cos (7n^ — 4n'< — ft> — ft) 
q: ey (1.357648) cos (5nt — 4n7 — ai — ft) 
+ ey (24. 142923) cos (571^ — ^n't -f iw — ft) 
=F ey (125.23577) cos (3ni — 4n'^ + ft> — ft) 
+ ey (6.58841 5) cos {5nt — 4n'i — oi + ft) 
q: ey (2.2449 1 5) cos (3ne — 4n'< — «> + ft) 

— ey (13.05000) cos (3n< — 4n'^ + a* + ft) 
± ey (8.706495) cos {nt — 4n7 + m + ft) 

— e'y (14.56536) cos {2nt + n't — to'— ft) 
± e'y (14.56536) cos {n't — w'— ft) 

— e'y {7. 7 7 $27) cos (2ni — n'e + r<i'— ft) 
+ e'y {7.77 $27) cos (n'^ - 01'+ ft) 

— e'y (17.04655) cos {int — n't — a)'— ft) 
± e'y (17.04655) cos {2nt — n'^ — a*'— ft) 
+ «'y (17-37382) cos {2nt - n't — ai'+ ft) 

(CbnMfMiAf on the next page,) 
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+ 



+ 



+ 



+ 



e'y (17.37382) cos (nU + «>'— ft') 
e'y (11.103315)008 {2nt — Zn't-\-(o^+ Q) 
e'y (i 1. 1033 1 5) cos (3n'^ — fi>'— ft) 
e'y (16.391744) cos {^nt — 2n't + <o'— ft) 
e'y (16.391744) cos {2nt — Zn't + a)'— ft) 
e'y (0.5053685) cos {&nt — 3n'^ — to'— ft) 
e'y (0.5053685) cos {^nt — 3n'e — <o'— ft) 
e'y (4. 19014) cos {&nt — 5n't + <o'— ft) • 
e'y (4. 1 90 1 4) cos {^nt — 5n't + <o'— ft) 
e'y (3.103054) cos (4ni — 3n'< — ai'+ ft) 
e'y (3.103054) cos (2n^ — 37i'^ — fii'+ ft) 
e'y (i 3.079346) cos (471^ — 5n't + fii'+ ft) 

e'y ( 1 3.079346) cos i^nt — 6n't + ai'+ ft) I 



>. (353) 



Equations (219) and (350) will give 



^(tan^cosi;) {-p)= 

— I + y (3404372) cos i^nt — ft) + y (2.031974) cos ft 

— y (0.265625) cos (4n^ - 2n't - ft) + y (0.265625) cos (2n'^ - ft) 
+ y (0.265625) cos {2nt — 2n'^ + ft) 

q: y (0.265625) cos {2nt — 2n'^ + ft) 

— y (0.686199) cos {&nt — An't — ft) 
hP y (2.718173) cos (2n^ — 47i'^ + ft) 

— y (2.0319743) cos (4n^ — 4n'^ + ft) 

+ ey (28.84714) cos {3nt — a* — ft) + ey (14.91552) cos (ni + 01 — ft) 
=F ey (2.964833) cos (n^ — w — ft) — ey (1.90657) cos (n^ — a> + ft) 

— ey (0.2 18750) cos (571^ — 2n't — to — Q) 

— ey (0.843750) cos (n^ + 2n^t — w — Q) 
± ey (0.031250) cos {3nt — 27i'< — ai — ft) 

— ey (1.093750) cos (n^ — 2n't + ai + ft) 
+ ey (0.921875) cos {3nt — 2nU + ai — ft) 
zh ey (o. 140625) cos {nt — 2n'^ — o* + ft) 
-f- ey (0.390625) cos (3ri^ — 2n^t — «i + ft) 
± ey (0.671875) cos (n^ — 2n^t + r<i — ft) 



. (354) 
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— ey (6.221324) cos {5nt — 4n'^ — a) -\- Q) 
■f ey (11. 09273) cos {Snt — ^n't 4- d^ + Q) 

— ey (3.0971 34) cos {^nt — 4n't — fii — Q) 
T ey (2.50971 3) cos (3ne — 4n'^ — » + ^) 

— ey (2 1 .90610) cos (on^ — 4n't + oi — Q) 
^ ey (17.6221 1) cos (ni — 4n'^ + «> + Q) 
+ e'y (8.502668) cos {2nt + n't - <ii'~ J^) 
+ «'y (97363s i) cos (2ni — n't + co'— Q) 
+ e'y (9.820678) cos (4nt - n't - to'— Si} 

— «'y (8.758179) cos (3n't - ai'- Q) 

— e'y (10.195086) cos (4nt — 3n't + 1*'— gi) 
+ e'y (9.132586) cos (n't + a>'— Q) 

— e'y (5.991891) cos (2nt — n^t — a/-^ Q) 
± e'y (4.929391) cos (2nt — 3n't -f <o'— Q) 
=H c'y (5.303799) cos (2nt — n't — to'— T^) 
+ e!y (6.366299) cos (2nt - 3n't + ai'+ Si) 
+ e'y (2.969194) cos (4nt — 3n't — w'+ g^) 
+ ^y (5-158703) COS {n't — 0'+ Q) 

— e'y (12.05292) cos (4nt — 6n't + ai'+ SS) 
± e'y (3.925020) cos (n't — w'— Q) 

+ e'y (0.638919) cos (67»t - 3n't - «'- Q) 
± e'y (3.6081 12) cos (2nt - 3n't - <ei'+ Q) 

— e'y (5.216578) cos (6nt — 6n't -f a>'- Q) 

q: e'y (17.26948) cos (2nt ~ 5n't + ft>'+ gj) | 



y. (354) 



J 



Equations (220) and (349) will give 



5(3in.)(^)= 



— <^ 4- y (0.686199) cos (4nt - 2n't - Q) 

— y (0.686 1 99) cos (2nt - 2n't + SJ) ± y (0.686 1 99) cos (2nt — 2n't — Q) 

— y (0.686199) cos (2n't — Q) + y (0.3430995) cos (6nt — 4n't — ^) 
±i y (0.3430995) cos (4nt — 4n't — Q) 

— y (0.3430995) cos (4nt - 4n't + gj) 
±- y (0.3430995) cos (2nt — 4n't + gj) 



(355) 



>^ 
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— ey (i 3.80293) cos (Znt — c«> — ft) + ey ( 1 3.80293) cos (n« — a* + Q) "^ 
+ ey (13.80293) cos {nt + (o — Q)^ey (13.80293) cos {nt — o) — Q) 
+ ey (1.5841 1 1) cos {l^nt — 2n't — <«i — Q) 

— ey (0.21 1713) cos {^nt — 2nH ~ a> + ^) 
± ey (0.21 171 3) cos {Znt - 2n't — w — Q) 
±: ey (i. 160685) cos {nt — 2n't — <e> + SJ) 
-f ey (23.4191 3) cos (StU — 2?i'^ -h fo — Q) 

— ey (24.79 ^ 5 27) cos (n^ — 2n't + <i> + ^) 

— ey (26.16392) cos {nt + 2n7 — a> — Q) 
± ey (24.791 52) cos (n^ — 2n't + ■«> — ft) 
+ ey (1.548567) cos {^nt — 4^'^ —'<« — ft) 
it ey (0.862368) cos {6nt — ^n't — «> — ft) 
+ ey (10.95305) cos (6n^ — ^n't 4- w— ft) 
it ey (i 1.63925) cos {Znt — 4n'^ + <<> — ft) 

— ey (i 1.63925) cos {Znt — ^n't + w + ft) 
q= ey (12.32545) cos(n^ — 4n'^ + <«^ + ft) 

— ey (0.862368) cos {6nt — 4n'^— «> H- ft) 
^^ ey (0.176169) cos (3n^ — 4n'^ — ^o + ft) 

— e'y (i 5.307424) cos (2?i^ + n't — w'— ft) 
-f e'y ( 1 5.307424) cos (2n^ — n't + w'— ft) 
+ ^'y (15 307424) cos(n'^ — w'-f ft) =p e'y (i5.307424)cos (n^ — cw'— ft) 

— e'y (6.828758) cos (4n^ - n't - ^u'- ft) 
+ e'y (6.828758) cos (2n^ - n't - ft>'+ ft) 

T e'y (6.828758) cos (2n^-n'^- w'- ft) + e'y (6.828758) cos (n'^+^o'-ft) 
+ e'y (i 1.406407) cos (4ni — 871'^ + <«i'— ft) 

— e'y ( 1 1.406407) cos {2nt ~ Sn't + a>'4- ft) 
± e'y (i 1406407) cos {2nt — Zn't + cj'— ft) 

— e'y ( 1 1.406407) cos (3n'^ — «'— ft) 

— e'y (0.3194596) cos {6nt — 3n'e ~ w'— ft) 
q= e'y (0.3 194596) cos {int — Sn't — lo'— ft) 
+ e'y (0.3194596) cos (4n< - Sti'^ — w'+ ft) 
di e'y (0.3194596) cos {2nt — 3n'^ — w'+ ft) 
4- e'y (2.608283) cos (671^ - 5n't + 10'- ft) 
It e'y (2.608283) cos {int — 5n't + w'- ft) 

— e'y (2.608283) cos (4ne — 6n'^ + w'+ ft) 

e'y (2.608283) cos {2nt - 5n't + w'-f ft) I 



— -/, 
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If we now take the sum of equations (352-355), we shall obtain 



{f)— (f)-<-)(f) 



— -j "" y (0.684502) COS {2nt - Q) + y (6.120848) cos ft 

+ y (0.4066462) cos {^nt — 2n'e — Si) 

+ y (5.029700) cos {2nt - 2n't + Q) 

± y (0.684502) cos {2nt — 2n't — Q) 

-yieA 20848) COS (2n't - Q) =P y (0.4066462) cos (int - in't - Si) 

T y (5.029700) cos {2nt - in't + Q) - ey (0.871 16) cos (Snt-w- Q) 

— ey (7.75735) cos (n^ - 01 + Q) - 6y (22.16789) cos (nt + o)- Q) 
± ey (69.68767) cos (nt — w-' Q) 

+ ey (0.9905 57) cos {5nt - 2n^t - a»-Q) 
+ ey (4.842162) cos {3nt — 2n^t — (o + Q) 
± ey (0.871 161) cos {Snt — 2n^t — oi — fl) 
± ^ (7757359) cos {nt - 2n'^ ~ <u + Q) 
+ ey (27.19302) cos (3n< — 2n'^ + a* — ^) 
+ ey (7.23791) cos (n^ — 2n'i + oi + ^) 

— ey (69.68766) cos (n^ + 2n'^ — «> — ^) 
±: ey (20.79549) cos (n^ — 2n't + «i — fl) 
q: ey (0.990560) cos (5n< — 4n'^ — ci; — Q) 
qp ey (27.19304) cos {^nt — 4n'^ + oi — ft) 
^ ey (7.23791) cos (n^ — 4n'^ + a> + ft) 
q= ey (4.842164) cos i^nt — 4n'^ — <o -f ft) 

— e'y (20.77921) cos (2n^ + n*i — rti'— ft) 
+ e'y (16.67759) cos (2^^ "" ^'^ + '«''- ^) 

+ e'y (27.65049) cos (n'^ - <o'+ ft) =h e'y (3-773873) cos (n'^ - oi' - ft) 
+ e'y (0.44168) cos {\nt — n'^ — oi'— ft) 
+ e'y (3.71438) cos i^nt - n't — ai'+ ft) 
it e'y (19.41030) cos {2nt — n'^ -- 01'— ft) 

— e'y (15.90879) cos {n't + «;'— ft) 

+ e'y (2.35042) cos (4n^ - 2,n't -f oi'— ft) 
+ e'y (2 1 .3 1585) cos {2nt - 3n't + (o'+ ft) 
H= e'y (15.30858) cos (2nt - 3n't + (o'- ft) 

— e'y (16.01 526) cos {Zn't - ft>'- ft) 

{CbrUiHued OH the next page,) 



. (356) 
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e'y (0.371274) COB (4n< — 3n'« — ft>'— Q) 
e'y (6.845024) cos {2nt — 3n't — <o'-f Q) 
e'y (3.16372) cos {4:nt — bn't + «i'— Q) 

e'y (31.37525) cos (2ne — 6n't + ai'+ Q) \ 
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. (356) 



If we take the integral of equation (356), and put afm = -Y", we shall obtain 
/{,«,«ccw(f)+nu«»»„)(f)-»m.*(f)-.>(,m»)(f)}i« 



= a« 



m* 



n i qi y (0.34225 1) sin {2nt — Q) 



± 7(0.10561 i5)sin(4n^-2n'^-Q)±y(2.7i8i73)sin(27i«-2n7+ a) 

+ y (0.36992 1 7) sin (2ni — 2n't — Q) 

T y (40.91407) sin (2n'e — Q) - y (o. 1098808) sin (4n^ — 4n'« - £3) 

— y (2.957265) sin {2nt - ^n't + £l)'=^eY (0.290387) sin {Znt - <o - Q) 
qp y (7.75735) sin (n^ — w + g^) t ^ (22. 16789) sin (n^ + 01 — Q) 

+ 6y (69.68767) sin {nt — to — Q) 
± ey (0.20422 1 8) sin {5nt — 2n't — «i — Q) 
± ey (1.744548) sin {Snt — 2n't — w + Q) 
+ 6y (0.3 1 38644) sin {3nt — 2n't — lo — Q) 
+ cy (9. 1 2204) sin {nt — 2n't — lo + Q) 
± ey (9.797 1 87) sin {^nt — 2n't + €o — Q!) 
± ey (8.5 1 1 208) sin (nt - 2n't + to + Q) 
=P ey (60.61890) sin {nt + 2n't — iif — Sl) 
+ ey (24.45385) sin (nt — 2n't + w — Q) 

— ey (0.2 1 072 1 7) sin (5nt — 4n'^ — to — Q) 

— ey (10.09174) sin (Snt — 4n'^ + «i — Q) 

— ey (10.32814) sin (n^ — 4n'^ + <i> + Q) 

— ey (1.792867) sin (3nt — 4n'^ — ru + Q) 
If: e'y (10.01 504) sin (2n^ + n't — w'— Q) 
± e'y (8.662786) sin (2ne - n't + <!>'- Q) 

± e'y (369.6527) sin (n't — «>'+ Q) + e'y (5045 198) sin (n't — «>'— Q) 
± e'y (o. 11 25 243) sin (4nt - n't — to'— Q^ 
± e'y (1.929350) sin (2nt — n't — w'+ Q) 
+ e'y (10.08223) sin (2nt — n't — <o'— Q) 

(CbiB/<n««d on (Ae nesipage,) 



. (357) 
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=F e'y (212.6806) sin {n't + to'— gj) 

±: e'y (0.6225296) sin {4nt - ZnH + 10' - Q) 

± e'y ( 1 2.00490) sin (2n^ ~ Zn/t + w'+ Q) 

— e'y (8.62 1659) sin (2n^ - Zn't + to'- Q) 
=H e'y (71.36800) sin (3n'^ — to'— Q,) 

+ e'y (0.09833787) sin {4nt - 3n'^ - to'- Q) 
+ «V (3-855058) sin {2nt - Sn't - «>'+ Q) 

— e'y (0.8725 1 1 2) sin (4n^ - 5n't + <ci'~ Q) 

— e'y (19.29604) sin {2nt - 5nU + ^'+ Q) X 



> . (357) 



J 



By means of equations (242) and (357) we obtain the first term of 8 ^^, 

dt 
as follows : 

Itt term of 

^-^=■-^^1 -7(0.342251)009 (n^-Q) 

- y (0.2643 102) cos i^nt - 2n't - Q) - 7(38. 19590) cos (nt -2nt + Q) 
+ y (0.1098808) cos {5nt — 4nU — Q) 
+ y (2.957265) cos {Snt - 4n't -\-Q)-ey (64.54171) cos (2nt - <* - Q) 

- ey (30.60974) cos (<i> - Q) ~ 6y (0.8494860) cos (4nt - 2n'e - w - Q) 

- ey (89.20563) cos {2nt - 2n't -w-i-Q) 

- ey (24.44544) cos {2nt-2n'ti'io-'Si) - ey (5 2. 10769) cos (2n'e- w -Q) 
+ ey (04304833) cos {6nt - 4n't — <«; — Q) 
H- ey (10.09174) cos {int — 4n't + 10 — Q) 
+ ey (7.707397) cos (irU - 4n't - 10 -\- ^) 
+ ey (10.32814) cos (2n< — 4n't + w + Q) 

- e'y (60.46702) cos {nt + n'i — a>'— gi) 
H- e'y (378.3 1 5 5) cos {nt - n'< + <o'- gj) 

- e'y (9.9697 1 ) cos {Znt — n't — 10'— Q) 

- e'y (2 10.75 1 3) cos {nt - n't - (o'+ ^) 
+ e'y (9.2441 89) cos {Snt — 3n'^ + 10'— Q) 

- ^V (59-363 cos {nt - 3n't 4- 10' + Q) 

- e'y (0.09833787) cos {5nt - Sn'e - w'^ Q) 
+ e'y (19.29604) cos {Snt — 5n't + (o'+ Q) 
+ e'y (0.8725 1 1 2) cos {5nt - 5n'^ + w'- fl) 

- «'y (3-855058) cos {Snt - 3n'e - (o'+ Q) \ 



y. (368) 
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Equations (280) and (351) will also give 



2nd ttfrm of 



-^-•^^nJ +y {2.144713) COS {nt- Si) 

-f y (0.2748825) cos {3nt—2n't-Q) + y (2497069) cos {rU —2n't + Q) 

+ y (0.8927546) cos (571^ — 4n'^ — Q) 

H- y (i 1.04226) cos {Znt — 4:v/t + Q) — By (17.89099) oos («o — Q) 

+ ey (1.241998) cos (2ne-w— S3) - 6y (1.412630) cos (4n^— 2n'i— »-^fl) 

— ey (1.462 135) cos i^nt — 2n't + <i> — Q) 
4- ey (22.18171) cos (2n'^ -co — Q) 

— ey (3.563386) cos {2nt — 2n't — ai + Q) 
+ 6y (3.733252) cos {&nt — 4n'^ — <w — Q) 
+ 6y (19.89561) cos (4n^ — 4n'^ + <o — g3) 
+ 6y (40.94991) cos {^nt — 4n'< — «i + Q) 
+ ey (3 16.7281) cos (2n^ — 4n'^ + w + ^) 
+ e'y (16.20359) cos {nt + n't — <o'— Q) 

— e'y (7.460775) cos (n^ — n't + <i;'— Q) 
+ e'y (24.41495) cos i^nt — n't — to'— Q) 

— e'y (i 1 5.0097) cos {nt — n't — lo'^ Q) 

— e'y (19.47984) cos {Znt — Sn't + to'— Q) 
+ e'y (107.89619) cos {nt - Sn't + (o'+ Q) 

— e'y (0.8 1 79 n 5) cos {5nt — Sn't — <(i'— gj) 

— e'y (15.85219) cos (Snt -- Sn't — (o'+ Si) 
+ e'y (6.879363) cos {5nt — bn't + to'— Q) 

+ e'y (70.57841) cos {Snt - 6n'^ + «>'+ Q) I 



y . (359) 



If we now take the sum of equations (368) and (359), we get 



^ ddfft _ m} 



71 1 + y (1.802462) cos {nt - Ci) 



dt iJ? 

+ y (0.0105723) cos (37t^-2n'«-SJ)-y(3S.69883)co8(n<— .2n'«+ Q) 

+ y (1.0026354) cos {bnt — An't — Q) 

+ y (13.99952) cos {Snt — 4n'< -h f3) — ey (63.29971) cos {2nt — w—Q) 

— ey (48.50073) cos («> -^ Q) — ey (2.262 1 16) cos {Ant — 2n't — cu — fl) 

— ey (92.76902) cos {2nt — 2n7 — cu + g^) 

— ey (25.90757) cos (2n^— 2n'< + a) — Q) 

S2 



(360) 
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— ey (29.92598) cos {2n^t — a> — g3) 

+ ey (4.163735) cos {6nt ■— ^n't — (o — Q) 
+ ey (29.98735) cos {4nt — ^n't + io — ^) 
+ ey (48.65731) cos {4:nt — 4tn't — lo-^- Q) 
4- ey (327.0562) cos {2nt — 4n'^ + ai + gj) 

— ey (44.26343) cos (nt + n't — to'— Q) 
+ e'y (370.8547) cos {nt — n't + ft)'— Si) 
+ e'y (1444524) cos {3nt — n't — w'— Q) 

— e'y (325.7610) cos {nt — n't — w'-\- Q) 

— e'y (10.23565) cos {Znt - Sn't + to'— £J) 
+ e'y (48.5331) cos {nt — 3n't 4- a}'+ Q) 

— e'y (0.9162494) cos {5nt — 3n't — to'— Q) 
+ e'y (89.87445) cos {3nt - 5n't -f (o'+ Q) 
+ e'y (7.7s 1874) cos {5nt — 5n't + 10'— Q) 

— e'y (19.70725) cos {Snt — Sn't — a)'+ Q) I 



>. (360) 



31. Wq must now find the value of 3 



"df 



dt 



It is evident that 



dv^ rg(dB\ 
Vair{T^^ dtJ [dvj 



"^^Adt 



VTTf ( dd{v 
•^r^t dt "^ 



}f{ 



d_B\ 
dv) 



dt 



(361) 



Va/x (1-6^ 

If we multiply equation (328) by dt^ and take the integral, we shall obtain 
the following equation: 



PCiY" 



•\ 



a 



2 



m* 



nl-Ve (157.4350) cos {rd — o))+ e' (31.59906) cos {n't — 01') 



+ e* (97.4045 5) cos 2 {nt — ft>) + t'^ (82. 1 7244) cos 2 (n'^ — lo') 

+ y^ (22.79440) cos 2 (n^ — Q) + ee' (335. 1 5 1 3) cos {nt + n'e — w - ^o') 

+ c€' (456.4132) cos {nt — n't — (0 + a)') 

+ {0.2702122 — 2.5332406*+ 1 26.8396^'*— 0.6586423)^} cos2(n^ — n'^) 

— {0.2 197617 + 27.818446*— i.887i8oe'*-o.6640i48y*} cos 4 (n< — n'^) 

+ e (o. 1 97 3409) cos (3n< — 2n't — «>) — c (4. 3 36207) cos {nt — 2n't + (o) ^ 

(Omiimud <m the nexipage*) 



(362) 
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— e (Ou^2 14434) cos {5nt — 4n'^ — <«;)— e (20. 1 3706) cos {3nt — 4n'^ + w)^ 
+ e' (30.1 1910) cos {2nt — nU—<o') — e' (34.36062)008 (2n^ — 3n'^ 4- fii') 
+ e' (o. 196633 1 ) cos {^nt — 3n7 — ai') 

— e' (1.745020) cos (4n^ — 5n't + to') 
+ e* (0.2597135) cos (4n^ — 2n't — 2ai) 

— «* (33.84634) cos 2 (7i'^ — co) — ^ (0.6147990) cos (6n^ — 47i'^ — 2ft;) 
+ e* (36.95026) cos (2n^ — 4n'^ + 2«>) 

— e'^ (0.04565554) cos {Ant — 2n'< — 2a)') 



— i>f^ 



+ 



€'^ (8.328346) COS (4n^ - 6n'e -f 2cci') 
~" «'* (i 55-7347) cos (2n^ — An't + 2<ei') + e'* (6.729297) cos 2 (n< — oi') 
+ ^^' (36.58821) cos (3n^ — n't — to — to') 
+ ee' (28.45058) cos {nt — Sn't -^ w + w') 

— ee' (42.66461) cos {'Snt — 3n't — €o + to') 

— ee' (8.2 14592) cos {nt — n't + w — w') 
+ ee' (0.3810796) cos (5n^ — 3n't — lo — m') 

— ee' (132.0453) cos (3n^ — 5n'^ + <o + a>') 

— eg' (3.306745) cos {6nt — 5n'^ — oi + w') 
-f- 66' (29.57425) cos {Znt — Sn't + (o — o)') 

+ f (0.085 2 1 848) cos {Ant ~ 2n't - 2Q) - y* (5 . 1 1 7726) cos 2 (n'e - Q) 
+ f (0.06755306) cos {2nt - 2n't + 2fli - 2Q) 

— y* (0.0675 5 306) cos {2nt - 2n'^ - 2«i + 2Q) 
+ y* (0.08045422) cos {6nt — 4n'^ — 2Q) 

— y* (30.81564) cos {2nt - 4n'^ + 2Q) 

— y* (0.1098807) cos {Ant - in't + 2io - 2Q) 

+ y* (o. 1098807) cos {Ant - 4n'e - 2ai + 2Q) I 

a^ -- — n ^ — (61.40028) cos {nt — n'^) + (8.676904) cos 3 {nt — n'<) 
fjr a' I 



— (0.364958) cos 6(ri^ — n't) \ 



■ . 



(362) 



Now we have 






+ f«* cos 2 (n« - w) - iy* cob 2 {rd - Q) | 



. (363) 
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If we multiply equations (362) and (36S) together, we shall obtain 

lit tenn of 

— — =— n\ — e ( 1 574350) cos {tU — o)) — t* (3 1 .59906) cos {n't — a>') 
dt {jf I 

— ^ (254.8395s) cos 2 (nt — io) — e'* (82.17244) cos 2 (n't — w') 

— -f (22.7944) cos 2 (n^ — Q) ~ €«' (366.7504) cos {jii + n't,— <o — <o') 

— ee' (488.0123) cos {nt — n't — co -\- w') 

—{0.2702122 — 6.5370016*+ 126.83966'^— 0.5.2353627*} cos2(ni— n7) 
+ {0.2 19761 7 + 48.487826* — 1 .887 1 8oe'* —0.5 541 34y*} cos 4 (ne — n'^) 

— e (0.467s 5 3 1) cos (Snt — 2n't — ai) + 6 (4.065995) cos {nt —2n't + «>) 
+ e (0.641205 1) cos {bnt — ^n't — <o) 

H- e (20.35682) cos (3ni — An't + ^o) 

— e' (30. 1 19 10) cos {2nt — n't — <o') + e' (34,36062) cos {2nt — 3n'^ + w') 

— e' (o. 196633 1 ) cos {Ant — 3n'^ — to') 
+ e' (1.745020) cos {Ant — &n't + <tf') 

— 6* (0.7948190) COS (4n^ — 2n't — 2w) 

+ ^ (37-84479) COS 2 (n'^ — fc;) + e* (1.3 10944) cos (6nt — An't — 2oi) 

— e* (16.53850) cos (2nt - An't + 2iu) 

+ e'* (0.04565554) cos {Ant —.2n't ^ 2(o') 

+ e'* (8.328346) cos (4 nt- 6n't + 2€i>') 

+ e'* (1 55.7347) cos (2ne — An't + 2<d') - «'* (6.729297) cos 2 (nt — w') 

— e€' (66.7073 1) cos {3nt — n'^ - to — o;') 
+ ee' (5.91004) cos {nt — 3n'^ + «i -f w') 

+ ee' (77.02523) cos {5nt — 8n'^ — «> -I- or') 

— ee' (21.9045 1) cos {nt—n't -f w — «>') 

— ee' (0.5777 1 27) cos {5nt — Zn'i — a> — w') 
+ ee' (133.7903) cos (3n< — 6n'^ + w + «>') 
-f ee' (5.05 1765) cos {5nt — bn't — ai + «i') 

— ee' (29.77088) cos i^nt — Zn't + w — <ci') 

— y* (o.oi 7665) cos {Ant - 2n'i - 2S3) + y* (5.050173) cos 2 (n'< - Si) 

— y* (0.06755306) cos {2nt - 2n't + 2a> - 2Q) 
+ y* (0.06755306) cos {2nt - 2n'^ - 2a> + 2Q) 

— y* (o. 1 35 3946) cos (6n^ — An't — 2Q) 
+ / (30.76170) cos (271^ -4n'^ + 2a) 

+ y* (o. 1098807) cos {Ant - An't + 2w - 2^) 

— y* (o. 1098807) cos {Ant - 4n'^ - 2co + 2Q) | 

(Cbn/iiiiMd on /A« nest po^^) 
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+ 



- -^^ 71 -j + (6 1 40028) cos {nt — n't) — (8.676904) cos 3 (n< — n't) 

' " 1 !► . (364) 

+ (0.36495 8) cos 5 (n* — n% v 



d 



Equations (265), (304), and (305) will give 

2nd tertn of 

^ = ^n/-he(2r.62634)co9(n^-a;)+^(7.os898o)co8(n'f-ft>0 
dt fjf \ 

— e* (18.7629a) cos 2(n^ — «i) -f ef^ (17.84443) cos 2 {n't — w') 

— 7* (5.936059) cos 2(71^ — Q) + ee' (41.63824) cos {7it ^-n't — a) — w') 
+ ee' (56.28987) cos (nt — n't — w + w') 

+ {0.2702 1 22 + 2.9692036* —4. I42658e<* —o. 1942 1 57*} cos 2 {nt — n'C) 
+ {1.043833 + 59.27746*— 8.909946'*— 2.321666)^} cos 4 (n^ — n'^) 

— e (0.1285747) cos {^nt — 2n't — w) 

— e (2.067870) cos {nt — 2n'i + ») + e (3.335361)003 {bni'-^nft — w) 
+ e (18.29098) cos {Snt — 4n't + a») 

— e' ( 1. 092941) cos {2nt — n'^ — oi') 

— e' (0.237214) cos {2nt — 3w'^ + «') 

— e' (0^9607 1 24) cos {^nt — 3n'^ — a/) 
+ e' (8x)i979i) cos {^nt — 6n'^ + 1»0 

— e* (0.9277858) cos (47i< - 2n't — 2fl>) — e* (7.232408) cos 2 (n'^ — «) 
+ e* (7*53 1 547) cos {Qyit — 4n'^ — 2io) 

— e* (187.2960) cos {2nt — 4n'^ + 2w) 

— e'* (1.272627) cos 2 (n^ — ai') "" ^* (3.821528) cos {2nt — 4r^'e + 2a;') 
+ e'* (36.86795) cos (4m^ - 6n't + 2<ei') 

+ e'* (0.2201 1 14) cos {int — 2n7 — 2<y) 

— ee' (30. 1 2 169) cos {Snt —n't — w— to') 

— ee' (29.28415) cos {nt — Zn't + w + ai') 
+ €6' (26.58914) cos (3n< — 3n'^ — «> + a/) 
+ ee' (36.80007) cos (n^ —n't-\- a) — to') 

— 66' (3.074696) cos {5nt — 3n'^ — 01 — fti') 

— ee' (28.44315) cos {Znt — Zn't + lo — to') 
+ 66^ (25.72761) cos (5n^ — 6n'^ — <o + ai') 
+ 66' (103.91834) cos {Znt — 5n'^ + <ii + a/) 

+ y* (0.0344328) cos (4n^ - 2n't - 2Q) - y* (1.202656) cos 2(n'< - Q) 

(C b a f fa M orf on rtd next jMg$,) 



(365) 
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— y* (0.7002 1 19) cos {6nt — 4n't — 2Q) 

— f (5-235846) cos {2nt - 4n'e + 2ft) 

+ y* (0.06755306) cos {2nt - 2nU + 2<o - 2ft) 

— y* (0.06755306) cos {2nt - 2n'< - 2a» + 2ft) 
+ y* (0.52 19160) cos {4nt — 4n'^ 4- 2ai ~ 2ft) 

— y* (0.52 19160) cos {^tU — 4n'i — 2ai + 2ft) 1 






+ 



m* 



— - n ^ — (10.62902) cos {nt — n'^) — ( 10.37404) cos 3 (nt — n't) 
a. I 

— (0.3900940) cos 5 (n^ — n't) > 



. (366) 



If we take the sum of equations (364) and (366), we shall obtain 

8 — ~ = '-y'^\ ^^(^5-8087) cos (nt — ft>) — e' (24.54008) cos (n't — ft>') 

— e* (273.60245) cos 2 (nt — tti) — c'* (64.32801) cos 2 (n't — <o') 

— y* (28.73046) cos 2 (nt - ft) — ee' (325.1 122) cos (?it + n't — ai — a»') 

— ee' (43 1.7224) cos (nt --n't — w + w') 

+ {9.5062046* — 1 30.98236'* + 0.32932 ly*} cos 2 (nt — n't) 

+ {1.263595 + 107.76526*— 10.797126'*— 2.87 5 8ooy*} cos 4(nt — n't) 

— 6 (0.5961278) cos (3nt — 2n't — w) + 6(1.998125) cos {nt — 2n't + w) 
+ e (3-976566) cos (6nt — 4n't — to) 

+ 6 (38.64780) cos (3nt — 4n't + to) 

— 6' (31.21204) cos (2nt— n't — <o') + 6' (34.12341) cos (2nt—3n't + ai') 

— 6' (i . 1 57345 5) cos (4nt — 3n't — to') 
+ 6' (9.76481 1) cos (4nt — 6n't + w') 

— 6* (1.722605) cos(4nt— 2n't — 2io) + 6* (30.61 238) cos 2 (n't — «i) 
+ 6* (8.842491) cos (6nt — 4n't — 2ai) 

— 6* (203.8345) cos (2nt - 4n't + 2io) 

+ e'* (0.2657669) cos (4nt - 2n't - 2a}') 

+ 6'* (45.19630) COS (4nt — 6n't + 2io') 

+ 6'* (15 1.9132) COS (2nt — 4n't + 2(o') - 6'* (8.001924) cos 2(nt — oi') 

— ee' (96.82900) cos (3nt —n't-^o)^ w') 

— ee' (23.3741 1) cos {nt — 3n't + w + w') 
+ ee' (103.61437) cos (3nt — 3n't — ai + oi') 
+ ee' (14.89556) cos {nt — n't + w — to') 

(CbMMfMMd on ike neiipage,) 
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— ee' (3.652409) cos {5nt — Sn't — w — o)') 
+ ee' (237.7086) cos {Znt — bn't + w + o)') 
+ ec' (30.77937) cos {6nt — Mt — ai + a;') 

— ec' (58.21403) cos {^nt — Zn't + 01 — 0;') 

+ f (0.016768) cos (4n^ - 2n't - 2^) + y* (3.8475 17) cos 2{n't - Q) 

-7* (0.8356065) cos {Qnt - ^n't - 2Q) 

+ y* (25.52586) cos (2M - 4n'^ + 2S3) 

+ y* (0.63 17967) cos (4ni^ - ^n't + 2a> - 2fS) 

-y* (0.63 1 7967) cos (4ne- 4?i'^- 2fi> + 2Q) | 

+ — — n -( + (50.77 1 26) cos {nt — n't) — ( 1 9.05094) cos 3 {ivt — n't) 
IT a' I 



>v 



► . (366) 



— (0.025 ' 36) cos 5 {nt — n't) \ 



dH, Lastly, we must determine the value of d — —. It is evident by develop- 
raant of the first term of the second member of equation (B) that we shall have 



^d^_rfr, f vTTy* 



dt 



dt \ VatiiX^^ 






dt + 



1 + y* 
a(i{l-^) 



+ 



Va/t (1 - «*5 dt 



/(fH'} 
/(f) 



dt 



. (367) 



Equation (265) gives 



— — { + (0.3285660) + (0.3285660) cos 4 (nt — n't) 
arrlr I 

— € (3.863009) cos (yit — €o) -h e' (2.081054) cos {n't 
+ e (0426591 5) cos (5nt — An't — oi) 

— e (4.289600) cos {Znt — 4n7 + w) 

— e' (0.3 1 58000) cos (4n^ — Zn't — w') 
+ e' (2.396854) cos (4ne — 6n't + €o') \ 



-w') 



> . (368) 
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By means of equations (362) and (368) we obtain 



vTT? r^/^\ 



dt + 



1+f 



dt 



/(f) 

-r ^ + (0.3285660) + e (153.5720) cos {nt - oi) 

+ e' (33.6801 1) cos {n't — ai') H- (0.2702 1 22) cos 2 (tj^ — n'O 

4- (0.1088043) cos 4 {nt — n'<) + e (0.1973409) cos (3n^ — 2n'^ - lo) 

— e (4.336207) cos {nt — 2n'^ + ai) -f e (0.005 148 1) cos {bnt — 4n'^ — w) 

— e (2442666) cos {^nt — 4n'^ + to) -h e' (30. 1 1910) cos (2n< — n'^ - w') 

— e' (34.36062) cos (2n^ — Zn't + <i>') 

— 6' (0.1 191669) cos (4n< — Zn't — oi') 

— e! (0.65 1834) cos {^nt - bn't + o>') | 



(369) 



Whence we get 

Ist term of 

i^^o^ = a ^*n/ + 6(0.3285660) sin (ne-o>) + 6^(77.1146) 8in2(n«-^^ 
dt f^ i 

+ ee' (16.840055) sin {nt + n't — €o — 10') 

+ ce' (16.840055) sin {nt — n'^ — w 4- ai') 

-- e* (2.266774) sin 2{nt — n'<) — «* (12.21590) sin 4 (nt — nH) 

+ e (0.135 1061) sin {3nt — 2n't — w) — e(o.i35 1061) sin (nt — 2n't + a*) 

+ 6 (0.054402 1 5) sin {5nt — 4n't — a>) 

— e (0.05440215) sin (3nt — 4n't + 10) 

+ e* (0.2337765) sin (4n/ — 2n't — 2ai) — e* (2.0329974) sin 2 (n't — «>) 
+ e* (0.0569762) sin (6nt — 4n't — 2a>) 
+ e^ (12.15893) sin (2nt - 4n't + 2w) 
+ ee' (i 5.05955) sin (3nt — n't — ^o — w') 

— ee' (15.05955) sin {nt—n't + « — lu') 

— ee' (17.18031) sin (3nt — 3n't — 10 + w') 
+ ee' (17.1803 1) sin {nt — Zn't + io + a)') 

— ee' (0.05958345) sin (5nt — 3n't — ^o — ai') 
+ ec' (0.05958345) sin (3nt — 3n't + <o — <o') 

— ee' (0.3259170) sin (5nt — 6n't — w + w') 

+ ee' (0.3259170) sin (3nt — 6n't + ai + io') I 
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Equations (265) and (300) will give 



2iidtenii of 



i^ = a 



, ni + e* (i 5.79294) sin 2(nt--w) 



dt 

■f ee' (o. 1 50279) cos {tU + n't — <e> — w') 

— 66' (0.150279) sin {tU — n't — <e> + w') 

— (?{i 1.33243) sin 4(n^— n't) — e (0.3708346) sin {6nt — 4n't — co) 

— € (0.3708346) sin {Znt — 4n't + lo) 

+ e* (o. 1 5 19944) sin (4nt — 2n't — 2co) + e* (o. 1 5 19944) sin 2 (n't — lo) 

— c' (1.1728858) sin {&nt - 4n't - 2co) 

— e* (i 1.6429 1 ) sin {2nt — 4n't + 2a>) 

-I- ee' (8.173634) sin (3nt — n't — ai — ^o') 

— ee' (8.173634) sin (nt — 3n't + 10 + ai') 

— 6e' (8.173634) sin (3nt — 3n't — o> + to') 
+ ee' (8.173634) sin {nt — n't -f <o — lo') 

+ ee' (0.33808 1 2) sin (5nt — 3n't — <e> — <e>') 
i" ee' (0.3380812) sin (3nt — 3n't + ai — to') 

— ee' (2.873824) sin (6nt — 6n't — (o + w') 

— ee' (2.873824) sin (3nt - 5n't + 01 + 01') | 



(371) 



The sum of equations (370) and (371) is 



—- a 

dt 



m* 



ni + e(o.328566o)8in(nt— 0;) + 6^(92.9075) sin 2 (nt—o;) ^ 

+ ee' (16.990334) sin {nt + n't — oi — to') 
+ ee' (16.689776) sin {nt—n't— co + o>') 

— ^ (2.266774) sin 2 {nt — n't) — (? (23.54833) sin 4 {nt — n't) 
+ e(o.i35io6i) sin (3nt — 2n't — co) — e(o.i35io6i)8in {nt—2n't + Q}) 

— e (0.3 164325) sin (5nt — 4n't — 10) 

— e (04252367) sin (3nt — 4n't + co) 
+ e* (0.3857709) sin (4nt - 2n't - 2co) - e* (1.88 1003) sin 2 (n't - co) 

— e* (i.i 15910) sin (6nt — 4n't — 2a)) 
+ e' (0.5 1602) sin (2nt — 4n't + 2co) 
+ ee' (23.233 1 8) sin (3nt — n't -co — co') 

— ee' (6.88592) sin {n^ — n't + co — co') 
~ ee' (25.35394) sin (3nt — 3n't — w + co') 

(Omtiimed on tke next page.) 
83 
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+ ee' (g.oo66S) sin {nt — Zn't + o> + o>') 
+ ee' (0.2784978) sin {5nt — Zn't — io — w^) 
+ ee' (0.3976646) sin {Snt — Sn^t + €o — w') 

— ee' (3.199741) sin {5nt — 5n't — ^o -h o>') 

— ee' (2.547907) sin (3n^ -- 6n7 + w + 01') I 



. (372) 



33. We have thus found the diflferential variations of ^qT, iiT, S^, and dj9 
arising from the square of the disturbing force ; and we roust now determine the 
variations of d^r, d^r^ 3{v, S^v^ 8fi, and ^2^, depending on the same cause. Now, 
it is easy to see that these quantities are given by the following equations : 



^dd^T _ vTTy" 



dt 



Vamy-^ 



~— fie cos Oq \ cos <?i cos (v^ — €o) !Fv 



dt 



— i cos /^i sin (t?! — «i) ^ I 



. . (373) 



= 0; 



. (374) 



5^ = -2-^3«r + 3-^iJr«, 
dt Tidt r^dt 

^^2V^ + 2^tan<?i^<?+ ^5^-4— i- tan <?,iJr<J<?; 
dt dt dt r^dt 

dt r^dt r^dt 

Sdd,e y^ ^}rjp^t^n0, g^_.d0,^^^ ^^ 

dt vT^ n' dt i/rr? ^i' 

The parts of these values which depend on ^r, IN, and IPd mtist be found by 
successive approximations, in the same manner as d,r, djr, d{v, etc. were found in 
Chapter III. Now, equations (303), (307), and (311), will give 



. (375) 



^r*=a* 



m* 



I +{0.8568242 + 461.71526* + 10.68 1 276^* — 069706037*} 

+ e (38.83398) COS {nt — «) + e' (5447131) coft {it'* — «') 
+ {0.4292231 —23.298156*— 0.429223 ie'*-o.8o27o84>^} coq 2 (ni—nft) 
+ {0.8290464 + 77.915586*- 7.075322e'*-o.6i37270y*}coft4(n^ — n'<) > 
— e (0.677695) cos {Snt — 2n't — w) + « (3.552557) cos {nt—2n't + w) 
+ 6(1 .7345 5 3) cos (5nt — An't — (o) 
+ c (37.391 10) cos {3nt — 4n'^ + to) 



(376) 
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— e' (2. 1 30710) cos {2nt — n't — w') 

— e' (0.2 1 3796) cos {2nt — 3n'^ H- a;') 

— e' (0.7275478) cos {^nt — Zn't — w') 

+ e' (6.677492) cos {int — 6n'< + ^0') — e* (447778) cos 2 (nt — o>) 
+ e'* (16.31725) cos 2(n'^ - w') - y* (4.131889) cos 2 (n< - Ci) 
+ ee' (84.52691) cos {nt -{-n't — cj — eo') 
+ ec' (135.6338) cos (n^ — n't — 10 + w') 

— e* (1.321669) cos (4ri< — 2n't — 2^«>) — c' (37.89342) cos 2(n'^ — w) 
+ e* (2.841 891) cos {6nt — An't — 2a>) 

+ «* (375-8532) cos {2nt - ^n't + 2ai) 

— e^ (5.891 373) cos {2nt — ^n't -f- 2w') — e" (2.102692) cos 2 (n^ — w') 
+ eP' (32.32033) cos (471^ — 6n't + 2io') 

+ e'* (o. 1 5961 89) cos (4n^ - 2n't - 2a>0 

— ee' (45.50526) cos (3n^ — n't —o» — a/) 

— ee' (67.58717) cos (n^ — Zn't + o}+a}') 
+ ee' (42.39502) cos {Znt — Zn't — o> + a/) 

— ee' (5.10662) cos {nt — n't 4- w — ^o') 

— ee' (1.5282482) cos {5nt — Zn't -co — w') 
+ ee' (245.3077) cos {Znt—5n't 4- fu + o>') 
+ ee' (13.916573) cos {5nt -- bn't — u) + w') 

— ee' (5 1.0555 1) cos (3n^ — Zn't -h <e> — 10') 

+ y* (0.6414867) cos {AtU - 2n'e - 2^3) - y* (0.466565) cos 2{n't - Q) 
+ f (0.1073058) cos (2n« - 2n't + 2ai - 2Q) 

— f (o. 1073058) cos (2n^ - 2n't -2a>^ 2Q) 
—/ (0.00907088) cos {&nt - 4n'^ - 2Q) 

— y* (4.289485) cos {2nt - 4n'^ + 2Q) 

+ y* (0.4145231) cos {^nt — 4n'^ 4- 2^0 — 2Q) 

— y* (0.4145231) cos {^nt - 4n'^ — 2co + 2Q) I 



(376) 



'^^^~T~l\ -(21.16864) cos {nt-n't) - (17.14747J cos 3(n^-n'^) 



+ (0.61965 1 1) cos 6 {nt 



-„'0} 
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8v^ = — < + (1.674202) — (1.674202) cos 4 (n^ — n't) 



+ e (128.7036) cos (n^ — CO) + e' (12.29207) cos (n'^ — oQ 

+ ^ (1-372398) cos (3n^ — 2n't — <o) — e (1.372398) cos {nt — 2n't + w) 

+ e' (73.80200) cos (272^ — n't — ai') 

— e' (73.80200) cos (2n^ — 3n't + <w') 
+ e (5.067686) cos {5nt — 4n'^ — w) 

— e (123.6359) cos {Snt — 4n'^ + w) 

— 6' (1.443492) cos {int — 3n'^ — 01') 
" ^' (1373556) cos (4n< — 5n't + ai') V 



y (377) 



/ 



^^ = -t\ + y*(20.72622) + y* (5.543879) COS 2 (ne - Q) 

"■ y* (3-838 173) COS 2 (n^ — n'i) — y* (5-794747) cos 4 (n^ — n'^) 

- f (0.6480766) cos (47i< - 2n't ~ 2Q) + y* (4486250) cos 2 {n't 

- 7* (0.4185500) cos {^nt — ^n't — 2Q) 

- f (20.05680) cos {2nt - ^n't + 2Q) l 



-a) 



. (378) 



drdv = a — ^ + e (16.50786) sin (nt—io) + 6' (6.801 184) sin {n't - to') 



— (0.304977) sin 2{nt — n't) — (i. 178 130) sin 4 {nt — n't) 

+ e (0.82 1 8698) sin i^nt — 2n't — io)—e (10.94324) sin {nt — 2n't + w) 

— e (3.01 55 1 5) sin {5nt — An't ~ w) 

— 6(70.06870) sin {Znt — 4n'^ + to) + e' (2747871) sin {2nt-'n't — lo') 
~ e' (25.83804) sin {2nt - Zn't -f w') 

+ e' (1.0248372) sin {^nt — 3n't — to') 

— 6' (9.577413) sin {^nt — 5n'^ + w') \ 



\. (379) 



y 



iJr^tf = a — \ +y (3.370626) sin (n^ — gj) 



— y (0.6085 382) sin (371^ — 2n't — Q) — y (0.5995 387) sin {nt — 2n't + ^) 

— y (0.5 890650) sin (5nt — An't— Si)—y (4 077747) sin {Znt— in't-\- Q) I 



/ • 



(380) 



PERTURBATIONS OF r, v, AND 0. 



261 



Now we have^ with sufficient accuracy, 



^ — /le cos <?0 cos 01 sin (vi — «>) 

= -^ {e sin {nt — co) + e* sin 2 (n^ — ai)} 



^ . (381) 



Substituting equations (377) and (381) in equation (373), we get 



2nd tenn of 



d — ^ = a—n< — e(o.837ioi)sin {nt — w) 



+ e (04185505) sin {5nt — 4n'^ — o>) 

— e (04185505) sin {3nt — AnU + a>) — e* (33.0130) sin 2 (n^ — w) 

— ec' (3.07302) sin {nt + n^t — (o — w') 

— ee' (3.07302) sin (nt — n't-- to + to') 

+ (? (0.686200) sin 2{rU — n't) + ^ (32.1759) sin 4 (n^ — n't) 

— e^ (0.343 100) sin {int — 2n'^ — 2aji) + e* (0.343 lOO) sin 2 (n'^ — <o) 

— e* (0.848370) sin (6n^ — An't — 2fo) 

— e* (31.3276) sin (2n^ — An't + 2aj) 

— 66' (184505) sin {3nt — n'^ — ai — oQ 
+ ee' (184505) sin (nt — n't + to — o>') 

+ ee' (184505) sin (Snt - Sn't — w + o)') 
+ ee' (18.4505) sin {nt — Sn't + o> + ai') 

— ee' (0.360873) sin {5nt — 3n7 — €i> — a>') 
+ ee' (0.360873) sin {Znt — Sn't + (o — w') 
+ ee' (3.43389) sin (5nt — 6n'^ — «> + o>') 

— ee' (343389) sin {Snt — 6n'^ + a> + a;') | 



K . (382) 



We also have 






= ~i 1 + 4^ -h 4e cos (n^ — a>) + 7e* cos 2(n^ — a>) 



-iy*co8 2(n^- Q)\ 



. (383) 
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Equations (376) and (383) will give 



2nd torm of 



^ = ^1 +{1.2876693 - 19.4282c*- i.2876693e^ 

— 2.4081 2527*} cos 2{nt-' n^t) 
+ {2.4871392+474.71856' — 21.2259666'*— 1.8411817*} cos4(n^ — n'<) 

+ e (126.78383) cos (nt --w) + e (0.542254) cos {3nt — 2n't — to) 

+ e (28.23401) cos {nt — 2n't + ai) + 6 (10. 1 77937) cos {5nt — 4n'^ — w) 

+ 6 (i 17.14758) cos {3nt — 4n'i + o>) + e' (16.341393) cos (/i'^ — wQ 

— c' (6.392130) cos (2n^ — n't — «>') 

— 6' (0,641 388) cos {2nt - Sn't + ai') 

— e' (2.1826434) cos (4n^ — 3n'i— €o') 
+ e' (20.032476) cos (4n^ — 5n't + w') 

+ e* (237.56385) cos 2 (n^ — w) — e* (3.524334) cos (4n^ — 2n't — 2w) 

— e* (57.86008) cos 2 (n'^ — 01) + e* (27.637978) cos (6n^ - ^n't - 2fu) 
+ e* (1.36061 12) cos {2nt - 4n'^ + 2w) + c'* (48.95 175) cos 2 (n't - o)') 

— e'* (17.6741 19) cos {2nt - 4n't + 2cti') — c'* (6. 308076) cos 2 (n< - w') 
+ e'* (96.96099) cos (4nt — 6n't + 2ft>') 

+ e'* (04788567) cos (4nt - 2n't - 2a>') 
+ ee' (286.26352) cos (nt + n't — a; — a;') 
+ ee' (439.5842) cos (nt — n't — o> + ai') 

— C6' (149.30004) cos (3nt — n't — a) — o>') 

— ce' (204.04429) cos (nt — 3n't + o> + ai') 
+ ee' (125.90228) cos (3nt — 3n't — a; + o>') 

— ee' (28.10412) cos (nt — n't-^-w — ai') 

— ee' (8.95003 14) cos (6nt — 3n't — ai — a;') 
+ ec' (775.9881) cos (3nt — 6n't + + 01') 
+ ce' (8 1. 8 1467 1) cos (6nt — 6n't — + 01') 
^- 66' (i 57.53182) cos (3nt — 3n't + w — w') 
~y*(i3.68o903)cos2(nt-Q) +y*(i.6o25428)cos (4nt - 2n't - 2^) 

— y* (1.72 16 1 2) cos 2 (n't -Q>) — f (0.6439974) cos (6nt - 4n't - 2Q) 

— y* ( 1 3485 24) cos (2nt - 4n't + 2g3) 

+ f (0.3219174) cos (2nt - 2n't + 2cci - 2Q) 

{OtuUinued on the next page.) 
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- f (0.3219174) cos {2nt - 2n't -2(a + 2Si) 
+ f (1.2435693) cos {Ant — in'i + 2ft> — 2SJ) 

— f (1.2435693) cos {Ant - An^t - 2ai + 2ft) l 






^ . (384) 



+ 



m* 



— I - (63.50592) cos (ne - n't) - (5 1 4424 cos 3 (n^ - n't) 
/I* a' I ^ 

+ (1.8589533) cos 5 (n^-n'O I 



The 2nd term of d ^ -= n*^ with sufficient accuracy. We theiyefore 

dt 

have 



2nd term of 



^*l = :!!Lnl+f (20.72622) + 7* (5.543879) cos 2 (n« - Q) 
dt f^ { 

- f (3.838 1 73) COB 2 (nt- n't) - f (5-794747) cos 4 (n< - n't) 

- f (0.6480766) cos (int - 2n'< - 2Q) + y* (4.486250) cos 2 (n'< - Q) 

- y* (0.41 85 500) cos (6nt — An't — 2gJ) 

- y* (20.05680) cos (27i< - 4n'< + 2g5) I 



(385) 



To find the 3rd term of d — ?- we have, with sufficient accuracy, 

dt 

-^tan<?i = -ysin(ne-a)- 
Tidt a 



I . (386) 



Whence we get 



8rd term of 



^^ = — n/ -y» (6.741252) + y* (6.741252) cos 2(7i<- a) 
dt {? \ 

+ y* (ao 1 79990) cos 2 (n< — n't) — y* (6.977364) cos 4 (tc< — n't) 

- y* ( 1 .2 1 70764) cos (int — 2n't — 2£i) + y' ( i . 1990774) cos 2 {n't 

- y* (1.178130) cos (6n<- 4n'« - 2Q) 
+ y» (8.155494) cos (2n< - 4n'< + 2S5) | 



-Q) 



y 



(387) 
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In order to find the 2nd term of 3 ^ 

dt 



, we have 



Jit f I 

l^ = -^|ycos(?ii~a) + 3eyco8(2n^-<o-Q) + ey(X)8(a>-a)l I. (388) 



With this and 5r* we find 



2od term of 



^d3Ji W* f , , . , ^^ 

^-^ = -7^ I +7 (2.570473) COS (n^- a) 



+ y (0.6438347) cos (3nt — 2n't — a) 

+ y (0.6438347) cos (ne — 2n't + fl) 

+ y (1.2435696) cos (6ne ~ 4n'^ — ft) 

+ y (i .2435696) cos (3n« — 4n'^ + Q) 

+ ey (65.96239) cos {^nt — w — Q) 

-h 6y (60.82 144) cos (cci - Q) -f gy (0.914961) cos (Ant - 2n't — a>-Q) 

— €y (0.372708) cos {2nt - 2n'^ — fti + ft) 
+ ey (i 347267 1) cos {2nt — 2n'^ + ai — Q) 
+ ey (14.76034) cos (2n't — ai — Q) 

+ ^ (6.332539) cos {6nt — An't — to — Q) 
+ ey (3.845400) cos {Ant — AnU — (o + Q) 
+ ey (57.33022) cos (Ant — An't + 10 — Q) 
+ ey (59.81736) cos (2ni — 4n'e + a> + a) 
+ e'y (8. 170697) cos (n^ + n^t — ft;'— £3) 
+ e'y (8.170697) cos (n^ — n't + w'— ^) 

— e'y (3. 1 96065) cos {^nt — n't — w'— Si) 

— e'y (3. 196065) cos (nt — n'^ — 10' + Q) 

— e'y (0.320694) cos {StU — 3/i7 + 01'— ft) 

— e'y (0.320694) cos {nt - 3n'^ -f €o'+ Q) 

— e'y (i .09 1 32 1 7) cos {5nt — 3?i'^ — to'— Q) 

— e'y (1.0913217) cos {3nt — 3n'^ — cci'4- Q) 
+ e'y (1.0016238) cos {5nt — 5n'^ + 10'— Q) 
+ e'y (1.0016238) cos (3/ie - 5n'^ + a}'+ Q) I 



(389) 
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The value of — - and 8v^ gives the second term of d —-—, as follows : 

dt at 



2nd term of 



5^ =— n/-y(o.837ioi)cos(n^-Q) 
dt df \ 



+ y (04185505) cos {^nt — 4n't — Q,) 

+ y (0.41 85 505) cos {Snt — 4n't + ^) — ey (33.8501) cos {2nt - 

— ey (32.1759) cos {(0 — Q) — ey (0.3430995) cos {4nt — 2n't 

— ey (0.3430995) cos {2nt — 2n't — (0 + Si) 
+ ey (0.3430995) cos {2nt — 2n^t + a} — Q) 
+ ey (0.3430995) cos {2n't — q} — Q) 

— ey (0.429820) cos {6nt — 4n'i — fti — Q) 

— ey (1.26692 1 5) cos (4?!^ — 4n'^ — «> + Q) 
+ ey (30.90898) cos {^nt — 4n'^ -f a> — Q) 
+ ey (3 1 .74608) cos {2nt — ^n't -\- <o -^ Q) 

— e'y (3.073018) cos {nt + n'< — tt>'— ft) 

— e'y (3.073018) cos {nt — n'< + w'— Q) 

— e'y (18.45050) cos {Znt — n't — o>'— . Q) 

— e'y ( 1 845050) cos {nt — n'< — a>'+ ft) 

+ e'y (1845050) cos {Snt — Zn't + a;'— ft) 
+ e'y (18.45050) cos {nt — 3n'^ + d>'+ ft) 

— «'y (0.360873) cos {6nt — 3n'^ — a;'— ft) 

— e'y (0.360873) cos {Znt — 3n'^ — 01'+ ft) 
+ e'y (343389) cos {5nt — 6n'^ + ai'— ft) 

+ «'y (343389) cos {^nt - 5n't + o>'+ ft) I 



(o-Q) 
-a;-ft) 



. (390) 



In order to find the 3rd term of d 



d3£ 
dt 



we have 



+ \ey sin (fu — ft) > 



. (391) 
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Then we get 

8rd term of 

-—= ^ ^ { + y (0-304977) cos {Snt - n't - Q) 

— y (0.304977) cos {nt — 2nt + Q) + y (1.178130} oob (6fU — 4n't — ft) 
-y (1.178130) cos {3nt — in't + ft) -ey (16.50786) cos (2ri< - ai -ft) 

— ey (16.50786) cos (io — Q)— e)' (0.0594273) cob {Ant—^'t — « — ft) 
4- ey (a66938i3) cos (2nt - ^t't ~ « -r ft) 

+ ey (i 1.09573) OOB (2ne-2»'e+ai-ft) - ey (i 1.70568) ooe (2n't-c»— ft) 
+ ey (5.960840) cos (6ni — in't — «> — ft) 

— ey (3.604580) cos {^nt — 4n'^ — 01 + ft) 
+ ey (70.65776) cos (4r^ — 4n'^ 4- a; — ft) 

— ey (73.01402) cos {2nt — 4n'^ + (o + Q) 

— e'y (6.801 184) cos {nt + n't — eJ— ft) 
+ e'y (6.801 184) cos {id — n'^ + cu'— ft) 

— e'y (2747871) cos (3n^ — n'^ — w'— ft) 
+ e'y (27.47871) cos (ni — n'^ - <o'+ ft) 
+ e'y (25.83804) cos (3n^ - 3n'e + ai'- ft) 

— e'y (25.83804) cos {jit - Zn't + €o'+ ft) 

— e'y (1.0248372) cos {6nt — 3n't — fo'— ft) 
+ e'y (1.0248372) cos {3nt — 3n'^ — w'+ ft) 
"•■ e'y (9.577413) cos {5nt — 6n'^ + a;'— ft) 

— e'y (9.577413) cos (3nt — 6n'^ + fti'+ ft) I 



(392) 



By means of successive approximations, as explained in Chapter III., we find 



Ist tenn of 



^dV _ 



m* f 
= a — n < — e (0.4306294) sin (Snt — 2n't — a>) 

— e (04306294) sin (n< — 2n't + (o) + e (0.680543) sin (5nt — 4n'^ — a>) 
+ e (0.680543) sin (3n^ — An't + €o) + e? ( 1 7 1 .9037) sin 2(nt — n't) 
-f e* (46.93824) sin 4 (nt — n'<) — e? (24.87275) sin 2 (n< — (w) 

— e* (1499028) sin (4n^ — 2n'e — 2a>) — e? (171.6802) sin 2(n't — w) 
+ e^ (2.733320) sin (6nt — 47i'^ — 2io) 

+ e* (46.92709) sin {2nt - 4n'i + 2a>) 
+ ee' (554.4565) sin (nt + n't — ^u — w') 

— ee' (5 544565) sin {nt — n't — a} + w') 

{Qm Umuid on the next page,) 
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— ee' (34.46968) sin {Snt — n't — w — ^t/) 

— eef (34.46968) sin {nt — n'i + lo — ta') 

-h ec' (37.8081 1) sin {Znt - Sn't — w + op^) 
+ ee' (37.808 1 1) sin {nt - Zn't ^w-k-io') 

— ee' (0.590s 185) sin (fmt — ^n't — «i — «/) 

— ee' (0.5905 185) sin i^nt — 3n'e + a> — o>') 
+ ee' (5.71550) sin {6nt - 6n't — w + w') 
+ te! (5.71550) sin (3n^ — ^n't + a; + ai') I 



. (393) 



If wo now take the sum of. equations (347), (872), (382), and (393), we shall 

obtain the complete value of i --—, as follows : 

at 

ddr rn,^ ( ^ 

d = a ~n< — e (17.02475) sin (nt — to) + e' (3.40895) sin {n't — o>') 

dt 1^ y 

— e* (226.0302) sin 2 (n^ — a;) + e'* (17.29864) sin 2 (n'^ — ai') 

— y* (74.803 14) sin 2 {nt — Q) — ee' (3 148.41 3) sin {nt + n'^ — a; — <i;') 
+ ec' (4016.456) sin {nt — n't — w-i- w') 

—{2.665812 — 278.56856* + 401.01296'* — I i.8o93iy'}sin 2 (nt—n't) 
+{2.380288 + 365.74766* — 20.332806^ - 1.963547*} sin 4 (n^ — n'e) 

— 6 (4.691 584) sin {5nt — 2n7 — «>) + 6 (i 1 3.4458) sin {nt — 2n't + w) 
+ 6 (7.557287) sin {5nt — 4n'^ — w) 
+ 6 (124.3446) sin {3nt — 4?i'^ + ai) 

— 6' (9 1 .56037) sin {2nt - n'^ - «/) + 6^ (89.48968) sin (2ne - Zn't + ^«>0 

— 6^ (2. 1 1 2689) sin {4nt — 3»'t — a;') V (394) 
+ 6' (21.123995) sin {Ant — 6n'^ + ta') 

— 6* (8.928473) sin {Ant — 2n'< — 2a>) — 6* (17.1023) sin 2 (n'^ — co) 
+ 6* (14.59226) sin (6n< — An^t - 2io) 
+ 6* (862.7543) sin (271^ - 4n'< + 2a}) 

+ 6^ (437.9840) sin {2nt - An't -h 2(0^) - 6^ (26.1 5554) sin 2 (nt - «>') 
+ 6^ (90.85541) sin (4n«- 6n'^ + 2a}') 
+ 6^* (0.4680968) sin (4nt - 2n'^ - 2io^ 

— 66^ (275.9773) sin (Znt — n't — a} — w') 
+ ee' (617.6638) sin {nt - Zn't + o> + ai') 
+ 66' (285.2770) sin (3nt - 3n'e — 01 -f d/) 
+ ee' (585.073) sin {nt — n't + o> — 10') 
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— ee' (6.764378) sin {6rU — Sn't — 01 — ai') 
+ ee' (59.66264) sin {5nt — 5n't — w + w') 
+ ee* (821.7629) sin (3rj^ — 6n'^ + 01 + 01') 

— ee' (164.34247) sin (3n< — Zn't + o> — o;') 

+ y* (1.366773 1 ) sin (4r2^ - 2n'^ - 2^) + / (0.88434) sin 2 (n'« - Q) 

— y* (0.666464) sin (2n^ - 2n'^ + 2ai - 2^) 
+ f (0.666464) sin (2n^ - 2n*i - 2ai + 2^) 

— -f (0.0992640) sin (6?i^ — ^.rJt — 2Q) 
+ f (86.31863) sin (2n^ - 4n'^ + 2Q) 

+ y* (1.052125) sin (4n^ - 4n'e + 2o; - 2Q) 

— y* (1.052125) sin (4n^ - 4n'^ - 2o> + 2^) 

*- — (689.2248) sin (n^ — n'rt — — - (56.1 15 17) sin 3(n< — n'^) 



1 



a' 



+ ~ (0.857261) sin 5 {nt — n't) \ 
a' j 



(394) 



Equation (394) gives by integration, the numbers in brackets being logarithms, 

fhr—a—-\ + [0.15 14939] + e [1.23 10807] cos (n^ — oi) 

— e' [1.65871 16] cos (n't - o;') + 6? [2.0531365] cos 2(ttt — o>) 

— e'* [2.0630728] cos 2 (n't - <o') + / [1.5728898] cos 2(nt - Q) 
+ ee' [3.4667635] cos (nt + n't — to — 10') 
+ ee' [3.6376080] cos {rU — n't — w + (o') 
+ {[0.1585646] - [2.i77667o]e'+ [2.3358934]e'* 

- [o.8o4959S]y*} cos 2 (nt — n't) 
-{[9.8083345] + [i.9948864e^ - [o.7399023]e'* 

- [9.7247448]y*} cos 4 (nt - n't) } • (395) 
+ e [0.2164141] cos (3nt - 2n't — (o) - e [2.125 1665] cos (nt — 2n't + w) 

— e [0.206 1 947] cos {5nt — 4n't - 01) — e [ i .663 1 3 5 3] cos (3nt— 4n't + 01) 
+ e' [1.6772320] cos (2nt — n't— w') 

— e' [1.7024289] cos (2nt - 3n't + co') 
+ e' [9.7478501] cos (4nt — 3n't — o>') 

— e' [0.7653491] cos (4nt — 6n't + to') 
+ e* [0.3652717] cos (4nt — 2n't — 2a>) 
+ e* [2.0581 1 54] cos 2 (n't — w) - e? [0.4081872] cos (6nt — 4n't — 2ai) 

— (? [2.7052353] cos (2nt — 4n't + 2a>) 

{OmHmmei on <Ae next page,) 
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— e^ [24108064] cos {2nt 
+ 6'* [i.i 165337] COS 2(n^ 

— e'* [9.0848301] cos (4c7U 
+ 66' [1.9747 179] cos (Snt 

— ee' [2.901 1 166] cos {nt - 

— ee' [2.01 19104] cos (3n^ 

— 66^ [2.8009750] cos {nt — 
+ 66' [0.15 12004] cos {5nt ■ 

— ee! [i.i 104975] cos(5?i<- 

— ee! [24954529] cos (3n^ 
-f- e^' [1.7723938] cos {^nt 

— y* [9-5501909] cos (471^ - 
4- y* [9.5565 1 17] cos (2n^ - 

— y* [9-5 565 1 1 7] cos (2n^- 
+ y* [8.2408564] cos (6/1^ - 

— y* [1.7054527] cos (2n< - 
-y* [94537723] cos (4n^ " 
"^ y* [94537723] cos (4n< - 



- ^n't + 2ai') 

- ai') — 6'* [ 1 4079766] cos (4n^ -- 6n'^ + 2ai') 

- 2n'^ - 2ft>') 

- n'^ — a; — ai') 

- 3n'^ + a> + ai') 

- 3n'^ - a> + o>') 
n'^ -h ft> — 0/) 

- 3ri'^ - fti - fti') 

- hn'i — «> + 01') 

- 6n'^ + 01 + io') 

- 3n'^ + 01 - «>') 

- 2n'^ - 2a) - y* [0.77 16802] cos 2 (n'« - g^) 

- 2n'e + 2ai - 2^) 

- 2n'^ - 2ai + 2a) 

- 4n'e - 2a) 
-4n'^ + 2Q) 

- 4n'^ + 2cci - 2a) 

- 4n'e - 2io + 2a) 



+ — [2.8714963] cos {^ — 
a' 



n'^) + — [1.3057240] cos 3 {yd — n'<) 
a' 

— — [9.267908 1 ] cos 5 (?i< — n'^) I 
a' J J 

This value of ^r gives the first term of 5 -— *-, as follows : 

dt 



Ist term of 

o = — n 

dt fj? 



\ — 6(40.72060) cos(n< — ft;) + 6' (91.14685) cos {n't — to') 

— 6* (287.1 1 10) COS 2 (n^ — to) + 6'* (231.2612) cos 2 (n'^ — ro') 

— y* (73.69129) cos 2(72^ — a) — 66' (5721.874) cos {nt + n'^ — to — to') 
+ 66' (8819.084) cos {nt — n'^ — <ti + a;') 

—{2.881340 + 696.3625 6* + 433.43426'*— 1 2.76408y*} cos 2(n^ — n't) 
+ {1.286366 + 340.601926*— 10.988346'*— 1.061 i452y*}cos 4 {nt — n't) 

— 6 (7.61389) cos {Snt — 2n'^ — (o) 

+ 6 (262.4846) cos {nt — 2n't + to) + e (5.144871) cos {5nt — in't — 10) 
+ 6 (94.00955) cos {Snt — 4n'^ + 10) 

— 6' (95.1 1784) cos {2nt — n'^ — 10') 

(Qmikwed on the next page*) 
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+ e! (100.79962) cos (277^ — Zn't + oi') 

- e' (i.i 191288) cos (4ni — Sti'^ — <u') 
+ e' (i 1.65 1426) cos (4ne — Mi + co') 

- 6* (16.05853) COS {^nt - 2n'^ - 2a) + c« (165.0905) coa 2(7i'« -ft>) 
+ e* ( 1 2.83668) COS (671^ - 4n'^ - 2oi) 

+ ^ (i 155.5453) cos (2n^ - 4n'^ + 2i») 

+ e'^ (5 1 5.0346) cos (2ne - 4n'e + 2ai'J-- e^ (26.15554) cos 2 (n^ - oi^ 

+ e'* (5 1 .16896) cos (4n< - 6n'^ + 2«r') 

+ e'* (0.243 1422) cos (4n^ - 2n'^ — 2i»') 

~ ««' (33 1.36632) COS (3ni - n'e - «r - fl/) 

+ ce' (1743.945) cos {rd - 3n'^ + i»^m^ 

+ ee' (356.7602) cos {^fd - 8n'^ - a> -h «/) 

+ ee' (1 1 22.0740) cos {nt — n't + i^'-a/} 

- ee' (4.5 1 1 587) cos {6nt — Zn't - <» — cei^ 
+ ee' (43.27166) cos {5nt —bn't - c«i + »') 
+ ee' (643.3453) cos {Znt - 6n't + ai -f w') 

- ee' (i 20.09837) cos {3nt - 3n't + «-»') 

+ y* (1430274) cos (4tnt - 2n'^ - 2Q) + y* (1^542855) co0 2{nU-Q) 

- f (0.3564161) cos {67U - 4n'e - 2SJ) 
+ f (loi. 18229) cos (2nt-^'t + 2Q) 

- y* (0.7203470) cos {2nt - 2n'^ + 2a - 2g3) 
+ y^ (0.7203470) cos {2nt - 2n'e - 2a + 2^) 
+ y* (0.5685940) cos (4ne - 4n'e + 2a ~ 2^) 

- f (0.5685940) cos {^nt - ^n't - 2a + 2Q) 

- — , ('487-7342) cos {nt - n't) - — (40.43468) cos 3 {nt - n't) 



• 



(396) 



a 



+ — (0.3706280) cos 6 {nt 



-n't)\ 



The value of the first term of S ^, which depends on S^d, is 

dt 



1st term of 



*-^f ^-^"l -)^(i-3i2J35) co«2(n< - G) 

+ f (4244830) cos 2 (n< - n7) - -^ (4.24975 7) cos 4 (n< - n't) 

+ }^ (0-3 19926) cos (4n< - 2n7 - 2^) - y» (42.76823) cos 2 (n'< - ft) 

- >^ (1.099093) cos (6n< - 4n'< - 2Q) 



(307) 



y* (3-348850) cos {2nt~in't + 2Q) I 
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we 



If we now take the sum of equations (384), (385), (387), (396), and (397), 

shall obtain d — ^ 4- d — ^, which includes the whole of the sun's indirect 

dt dt 



VI 



action, arising from the square of the disturbing force. Hence we find 

^dS,v ^dd^v ^ 
dt dt 

-nl + e (86.06323) cos (rrf — ai) + e' (107148823) cos {n't — w') 

— 6* (49.5472) cos 2{nt — o))'\- e" (280.2 1 29) cos 2 {n't — w') 
^ f (76- 39920) cos 2 (n^ - a) — ee' (5435.610) cos {ifVt + n'^ — a> — w') 
+ ee' (9258.668) cos {nt — n't — €o + to') 

— {1.59367 1 — 676.9343^^ 4- 434.72196'* — 48.98408)^} COB 2 (n^ — n't) 
+ {3.7735052 + 815.32046^ — 32.214316'*— i9.924i94y*}cos4(?i^ — n'^) 

— e (7.07 1 636) cos {Znt — 2n't — <ii) + e (290.7 1 86) cos {nt — 2n't + (o) 
+ 6(15.32281) COB (67i< — 4n'^ — «r) 
+ 6 (21 1.15713) COS {Snt — 4tn't + w) 

— e' (101.50997) cos {2nt — n't — <o') 
+ e' (100. 1 5823) COS {2nt — 5n't + «i') 

— e' (3.301 772) cos (4n^ — Sn't — a»') 
+ e' (3 1.68390) cos {Ant — 5n't + <a') 

— 6* (19.582861) cos {int— 2n't — 2w) + 6^(107.2304) cos 2 {ft't — «) 
+ 6* (4047466) cos {6nt — 4n'^ — 2w) 
+ 6* (25 16. 1 565) cos {2nt - An't + 2fi;) 

+ ^'^ (497-3605) cos (2n^ - Mt + 2ai') - ef^ (3246362) cos 2 (n* - w') 
+ 6'* (148.12995) cos (4n« - &n't + 2a;') 
+ 6'* (0.72 19987) cos {Ant - 2n'^ - 2o}') 

— 66' (480.66636) cos (3?i< — u'i — «i — cw') 
+ ee' (1539.901) cos {nt — in't + cei + a;') 
+ ee' (482.6625) cos {Znt — Zn't — a> + c;') 
+ 66' (1093.9699) cos {nt — n't-huf — w') 

— 66''(i 346161 8) cos {5nt — 3n'^ — a> — <u^ 
+ ee' (125.08633) cos {5nt — 6n't -co + oi^) 
+ ee' (1419-3334) cos {Snt — 6n't + a; + o;^ 

— 66' (277.63019) cos {Snt — 8n'< + 10^ co') 
+ y* (1.487589) cos {Ant - 2n't - 2^) -7* (26.26166) cos 2{n't-Si) 

— y* (3-696 1 86) cos {&nt - An't - 2Q) J 



(398) 
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-f y* (81.14459) cos {2nt - 4n'^ + 2Q) 

- f (0.3984296) cos (2ne - 2n'e + 2ai — 2^) 
+ 7* (0-3984296) cos (2n^ - In't - 2«; + 2Q) 
+ y* (1.812163) cos (4n^ - 4n'e -f 2fei - 2S^) 

- y^ ( 1 .8 1 2 163) cos (4n^ - 4?i'^ - 2ai + 2gJ) 

- — (1551.2401) cos {jd — n'i) — -- (91.87709) cos 3(n^ — n'O 
a' d 



+ ^(2.2295813) cos 5 (n<—n'i) I 
a j J 



(398) 



If we now take the sum of equations (366) and (398), we shall ol»tain the 
complete value of d — , arising from the square of the disturbing force, as follows : 

8 = — ;^"| ~"^ (49745 5) c<>s (n^ — c;) + 6' (82.948 1 5) cos (n'^ — to*) 

dt fT { 

— e'^ (323. 1496) cos 2 (nt - ai) + e'* (2 1 5.8849) cos 2 (n'e - ai') 

— y* (105.12966) cos 2 (ne — Q) — €€' (5760.722) cos {nt + n'^ -co — (o^ 
+ ee' (8826.946) cos {nt —n't — to-^ to') 

— {1.593671 —68644056^ + 565.70426'* — 49.3 13407*} cos 2 (rii — n'^) 
+ {5.037 100 + 923.08566* — 43.01 1435'* — 22.7999947*} cos 4 {nt — n't) 

— e {7J6Syy64) cos {^nt — 2n7 — c;) + e (292.7167) cos (n^ — 2m/ 1 + «*) 
+ e (19.299374) cos (5n< — in't — <ei) 
+ € (249.80493) cos (3?!^ — 4n'^ + (jo) 

— «' (132.72201) cos (2n^ — n'^ — oi') 
+ e' (134.28164) cos {2nt - 8n'^ + fo') 

— e' (44591 18) cos (4n< — 3n'i — fnO 
+ 6' (41.44871) cos (4n^ — bn't + o>') 

— c* (2 1 .305466) cos {^nt - 2n't - 2fl>) + 6* ( 1 37.8428) cos 2 (n't - lo) 
+ e* (49.3 1 7 1 5) cos {Qnt — 4yi'^ — 2<ei) 
+ c* (23 12.322) cos (2n^ — 4n'^ + 2«i) 

-f c'* (649.2737) cos {2nt - Mt + 2rei') - e'* (40.46554) cos 2 (n^ - ai') 
+ 6'* (193.32625) cos (4n^ — &n't + 2ai') 
+ e'* (0.9877656) cos {^nt - 2n't - 2io') 

— ee' (57749536) cos [Znt — n't — to — to') 
+ ee' (i 5 16.527) cos {nt — 3n't -\- (0 + w') 
4- ee' (586.2769) cos {Snt — Sn't — a) + w') 
+ ee' (i 108.8655) cos (ne — n'^ + «; — co') 



>■ . (399) 
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— ee' (17. 1 14027) cos {6nt — 3u'< — oi — ai') 
+ ee! (155.8657) cos (5n« — Mi — «i + o)') 
+ ee' (1657.042) cos (3n^ — 6n'^ + oi + co') 

— ee' (335.8442) cos (3n^ — 3n'^ + «i — <ei') 

+ y* (1.504367) cos (4n^ — 2n'^ — 2Q) — y* (22.41414) cos 2 (n'^ — f2) 

— y* (4.5 3 1792) cos (6n^ — 4ri'^ — 2Q) 
+ y* (106.67045) cos {^nt - 4n'^ + 2Q) 

— y* (0.3984296) cos i^nt — 2n'^ + 2ai — 2Q) 
+ y* (0.3984296) cos (2n^ - 2n'^ - 2o> + 2Q) 
+ -f (2443960) cos {^.nt — 4n'^ + 2fti — 2Q) 

— y^ (2.443960) cos (4n^ — 4n'i — 2w + 2SJ) 

— — (i 500.4688) cos (n< — n'<) — ~ (i 10.92803) cos 3 (n^ — n't) 



+ — (2.204445) cos 5 (n^ — n't) \ 
a' ) ^ 



. (399) 



Equatioa (399) gives by integratioa 



^ = -— -{ — e [1.6967538] sin (n^ — o>) + e' [3.0448976] sin (n'^ — g;') 

— e* [2.2083737] sin 2(n< — w) + e'* [3.1592832] sin 2 (n't — w') 

— y* [1.7206980] sin 2{nt — Q) — ee' [3.7291488] sin {nt + n't — to — o)') 
+ «e' [3.9795755] sin {nt—n't'-w + ai') 

-{[9.9351337] - [2.5693379F + [24853244]^'* 

— [i.4256999]y*} sin 2{nt — n't) 
+ {[0.1338856] + [2.3969469]e* - [i.o652888]e'* 

- [o.7896397]y*} sin 4 (nt - n't) 

- e [04297634] sin {3nt — 2n't - rn) 4- e [2. 5 3682 5 5 ] sin {nt — 2n't + €o) 
+ e [0.61 337 1 8] sin {5nt — ^n't — io) 

+ e [1.9661093] sin {Znt — ^n't + u)) 

- e' [1.8384673] sin {2nt - n't - «;') 
+ e' [1.8786724] sin (2nt — Snt-hw') 

— e' [0.0722635] sin {Ant — Sn't — at') 
+ e' [ 1 .05 80840] sin {int — pn't + to') 

- e* [0.7429854] sin (int - 2n't - 2(o) + e* [2.9644450] sin 2 (n't - ^o) 
+ e* [0.9370626] sin (6nt — 4n't — 2(o) 

+ ^ [3-1333963] sin (2nt — 4n't + 2w) 

(CbnllAiMff on th4 nextpag^,) 
35 
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+ e^ [2.5817759] sin {2nt-4n't+2w^ - ^''L 1. 30605 5 3] sin 2(n<-»') ^ 
+ e'^ [17359167] sin (4n^ - 6n't + 2ai') 
+ e'^ [94091483] sin (^nt - 2n't - 2ai') 

— ec' [2.2953932] sin {3nt — n'^ — w-^w') 
+ ee^ [3.291 2 145] sin {nt—Sn't + w + ta') 
+ ee' [2.3247465] sin {3nt — 3n't — w + <»^ 
+ ee' [3.0786439] sin {nt — n't-^ w — w') 

— ee^ [0.5543247] sin {6nt — 3n'^ — ro — m') 
+ ee' [1.5275455] sin {6nt — 5n't — « + «') 
+ ee' [2.8000400] sin {Znt — Mt + w + w') 

— ee' [2.0827815] sin {^nt — 3n'^ -\- <a — w^ 
+ y* [9-591 8454] sin {^nt - 2n'e - 2Q) - y* [2.1755830] sin 2 (n'e - Q) 

— f [9.9003345] sin (6ni — ^n't — 2Q) 
+ y* [> 79735 16] sin (2nt - 4n'e + 2S^) 

— y* [9-3330866] sin (2n^ - 2n't + 2a* - 2^) 
+ y^ [9-3330866] sin {2nt - 2n!t - 2io + 2Q) 
+ f [9.8 197990] sin (\nt - 4n'i + 2fei - 2g3) 

— f [9.8 197990] sin (4n< — 4n'e — 2ai + 2£3) 

— — [3.2099920] sin (n^ — n't) — — [i. 601 6849] sin 3 (ni — n'<) 



+ -^ [9.6780943] sin 6 (n^ — n'«) | 



(400) 



In this valae of ^ the numbers in brackets are logarithms. 



Equation (396) gives 



lat term of 



m* 



dt 



= — n 

1^ 



< — y (2.223699) cos (n< — S3) 



^ 



— y (1.440670) cos (3n^— 2n'^— Q) — y (1440670) cos (n<— 2n'< + Q) 
+ y (0.643 1830) cos (5n^ — 4n'^ — Q) 

+ y (0.643 1 830) cos (3n^ — An't + Q) — ey (22.5 7900) cos (2n« — ai — Q) 

— Q' (18.13660) cos {io — Q) — ey (5.24761 5) cos (4ni — 2n'i — <» — Q) 

— ey (2.366275) cos (272^ — 2n'^ — «» + Q) 
4- ey (i 32.6830) cos (2n< — 2n'^ + «> — Q) 
+ ey (129.8016) cos {^n'i — ^ei — ^) 

+ ey (3.215619) cos (6n^ — 4n'^ — o> — S3) 



(401) 
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H- ey (1.929252) cos (4n< — 4n7 — «i + Q) 
-f ey (46.36160) cos {^nt — An't + ai *- gj) 
4- ey (47.64796) cos (2n^ — 4n7 + a> + Q) 
+ e'y (45.57342) cos {nt + n't — a>'— Q) 
+ e'y (45.57342) cos {nt — n'^ + o'— gj) 

— €> (47.55891) cos {^nt — n'^ — <o'— Q) 

— 6'y (47.55891) cos (n^ ~ Ti'e — a>'+ gj) 
+ e'y (50.39981) cos {Znt - Zn't + w'- Q) 
+ e'y (50.39981) cos {nt - Zn't + ai'+ Q) 

- c'y (0.5595643) cos {bnt - 3Wt — ai'- Q) 

- eV (0.5595643) cos {Snt - 3n'i - ai'+ Q) 
+ eV (5.8257 14) cos {5nt — 6n'^ -f a>'- Q) 

+ e'y (5.825714) cos {3nt - 6n'e + ai'+ fl) I 



K. (401) 



Equation (400) gives 

~dt~ "^ "^ ^ { "" J" (0.4306294) cos {Snt - 2n'^ - ft) 

+ y (0.4306294) cos {nt - 2n'^ + Q) + y (0.680543) cos {5nt - in't 

- y (0.680543) cos {2tnt - 4n'^ + Q) 

- ey (24.87285) cos (2n« - <ei - Q) + ey (24.87285) cos {w - Q) 

- cy (1.929658) cos {Ant — 2n'^ — lo — Q) 
-f ey (1.068399) cos {27it - 2n'^ - to + Q) 
+ ey (172. 1 108) cos {2nt — 2n't + <ei - Q) 

- ey (171.2495) cos {2n't -w — Q) 

+ ey (3.413863) cos (6n^ - in't -w-Q) 

- ey (2.052777) cos (4n« - 4n'^ - ft> + Q) 
+ ey (46.24655) cos {4tnt - 4n'^ + a> - Q) 

- ey (47.60764) cos (2n^ - 4.n't + io + Q) 
+ e'y (554.4565) cos {nt -f n't - w'- Q) 

- «'y (5544565) cos {nt-n't -f «;'- Q) 

- e'y (34469685) cos (3n^ - n't - rei'- g3) 
+ e'y (34.469685) cos {nt - n't - w'+ Q) 
+ e'y (37.8081 1) cos {Znt - Zn't + r«;'- Q) 

- ^'^ (37.8081 1) cos {nt - 3n'^ + ri;'+ ft) 

- e'y (0.5905 185) cos {5nt - 3n'^ - <i;'- Q) 

{QmHnued on the next page,) 



-Q.) 
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+ e!y (0.5905 185) cos (3n^ - Zn*t — ai'+ Q) 
+ ^y (5715500) cos (5n^ - hnft + oi'— Q) 
— e!y (5715500) cos (3n^ - bn't + ai'+ gj) | 



^. (402) 



If we now take the sum of equations (389), (390), (392), (401), and (402), we 
shall obtain the following equation, which contains the whole of the indirect per- 
turbation arising from the square of the sun's disturbing force : 



— I- -i- 8 — ^— = 
dt di 






^ ^ S ~" y (0.490327) cos {nt — Q) — y (0.922487) cos {Znt — 2n'i — 

— y (0.67 1 1 83) cos {nt — 2n't + Q) 
+ y (4. 163976) cos {but - ^n't — Q) 

+ y (0.446630) cos {Znt — An't + SS) — ey (31.8475) cos (^nt -co — 
+ ey (5 1.8896) cos {(0 — Q) — ey (6.664839) cos (4n^ — 2n't — o) — 

— ey (1.344303) cos i^nt — 2n^t - to -\- Q) 
+ ey (329.7053) cos {2nt — 2n't + w- ^ 

— ey (38.0502) cos {^n't — w — ^) 

+ ey (18.493041) cos {6nt — in't — (o — Q) 

— ey (i. 149627) cos (int — 4tWt — w + Q!) 
+ ey (25 1.505 1 1) cos {4nt — in't + (o — Q) 
+ ey (18.58975) cos {2nt - 4n^t + w + Q) 
+ e'y (598.3264) cos (nt -f- n't — w'- Q) 

— e'y (496.9842) cos {nt — n't + <o'— Si) 

— e'y (131. 15386) cos {3nt — n't — oi'— Si) 

— e'y (7.25708) cos {nt — n't — a>'+ £^) 

+ e'y (132.17577) cos {Snt — 3n't + w'— Si) 
+ e'y (4.88347) cos {nt - 'in't + rei'+ Si) 

— e'y (3.627 1 1 5) cos {5nt — Sn't — to'— Si) 

— e'y (0.396404) cos {Snt — Zn't - ft>'+ Q) 
+ e'y (25.55414) cos (571^ — 5n't + to'— Q) 

— e'y (5.03 168) cos {int - 5n't + w'+ Si) \ 



Si) 



Si) 
Si) 



> . (403) 
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If we now take the sum of equations (360) and (403), we shall obtain the com- 

plete value of d — , arising from the square of the disturbing force, as follows : 

dt 



(J^ = ^n/+y (1.31213s) cos (ne~a) 
dt IT \ 



dt IJ? 

— y (0.91 1915) cos {^nt — 2n't — Q) — y (36.37001) cos {nt - 2n't + Q) 
+ y (5. 16661 1) cos {6nt - Mt — SI) 

+ y (1444615) cos i^nt — ^'n/t + Q) 

— €y (95.1472) cos (2n^ — <«> — Q) + ey (3.3890) cos (ai — Q) 

— ey (8.926955) cos (4n^ - 2n-'e — oi — ft) 
+ ey (303.7977) cos (2x1^ — 2n't + ai — Q) 

— ey (94.1 1332) cos {2nt — 2n't — ai -f ft) 
~" ^ (67.9762) cos {2nH — oi — ft) 

+ ey (22.65678) cos (6n^ — 4n'^ — «> — ft) 
+ ey (28149246) cos (4n^ - 4n'i + o) ~ ft) 
+ ey (47.50768) cos {int — 4n'i — <i> + ft) 
+ ey (345.6460) cos {^nt ■— in^t + (o + Q) 
+ ^'y (5540630) cos (ni + n't — ai'— ft) 

— e'y (i 26. 1 295) cos (n^ — n't + ro'— ft) 

— e'y (i 16.70862) cos {Snt — n't — lo'— ft) 

— e'y (333.0181) cos (n^ — n't — ai'+ ft) 

+ e'y (121.94012) cos (3n^ — Zn't + a>'— ft) 
+ e'y (534166) cos (nt — Zn't -f ai'+ ft) 

— e'y (4.543364) cos (5n^ — Zn't — ai'— ft) 

— e'y (20.10365) cos (3n^ — %n't — f«i'+ ft) 
+ e'y (33.30601) cos (5n^ — Mt + cei'— ft) 

+ e'y (84.84277) cos (3ne - 6n'^ + ai'+ ft) I 



. (404) 



This equation gives by integration 

W= ^1 +y [0.1179785] sin (n<- ft) 

— y [9.5050490] sin (3n< — 2n'i — ft) 

— y [1.631 1214] sin {nt — 2n'i + ft) 
+ y [0.0410344] sin (6n< — 4n'^ — ft) 

(CbnMnMd on (A« next ^a|p« ) 
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+ y [0.7282605] sin [Znt - 4n'^ + Q) - ey [ i .6773660] sin {2nt — a» — Q) 

— ey [0.365 1978] sin {^nt — 2n't — ai — Q) 
+ ey [2.2 1 53 195] sin (2nt — 2n'^ + ai — Q) 

— ey [ 1. 7063861] sin {^nt — 2mU — ai + Q) 

— ey [2.6574178] sin (2n'< — (o — Q,) 

+ ey [0.5992628] sin {6nt — An't — a* — f3) 
+ ey[i.88ii7i9]8in {^nt — An't -hoi — Q) 
+ ey [ 1. 1084698] sin (4n^ — 4n'^ — a> + Q) 
+ ey [2.3079797] sin {^nt — 4n'^ + a> + ft) 
+ e'y [2.7122309] sin {nt + n't — w'— ft) 

— e'y [2.1345815] sin (n^ — n'f + fti'— ft) 

— e'y [1.6009475] sin (3n^ — n'^ — ro'— ft) 

— e'y [2.5562328] sin {nt — w'^ — 01'+ ft) 

+ e^y [1.6427903] sin i^nt — Zn't + «i'— ft) 
+ ^y [1.8380407] sin {nt - Zn't + a>'+ ft) 

— e'y [9.9783500] sin (5n^ — 3n'< — <«>'-- ft) 

— ^y [0.85991 86] sin {Znt - Zn't - ro'+ ft) 
+ e'y [0.8573176] sin {6nt — 6n't -f- rei'— ft) 

+ e'y [0.5093212] sin {^nt — 5n't + w'+ ft) I 
In this value of H^d the numbers in brackets are logarithms. 



' . (405) 



We have thus fully determined the perturbations of the co-ordinates arising 
from tho square of the disturbing force. 



CHAPTER V. 



PERTURBATIONS ARISING FROM THE CUBE OF THE DISTURBING FORCE. 

34. We shall now compute the perturbations of the radius vector and longitude 
arising from the cube of the disturbing force. In this investigation we shall 
neglect the eccentricity and inclination of the moon's orbit, since these quantities 
would produce inequalities in the moon's longitude which may be neglected on 

account of their extreme smallness. We shall therefore neglect the force ( — j ; 

\ dO J 

-— I and j —— j may be determined by 
the following equations : 



-(f) 



m* 



a^ 



a 



{- i - f cos 2{nt - n'O - J — cos {nt - n^t) 

a' 



a 



-¥^co3 3(ni-n'<)}aV 
a 



+ ^{+Ssm2{nt-n't)+i-^8m(nt-n't) 



+ ^ — sin 3 {nt— n't)} iPv 



m* 



+ -^ {-f^cos (n«-n'e) -JJ^^coe 3(n«- n'e)} ^ 
a* a' a 



m* 



a 



+ -—{+3coB2(n«-n'0 +A^oo8 (n^-n'rt 



a 



> • (406) 



+ ^ — coaS (nt-n't)} dv^ 



+ ~{+SBin2(nt-n't)+i—^ain(nt-n't). 
or a 

+ ^—QinS(nt 
a' 



n't)} drdv 
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^(^)=^ {+ 38in 2irU-n't) +* Jsin (nt-n't) 






+ — {+3 cos2{nt-n't) + |-^co8 (n< -n't) 



a 



+ ^ — co&3{nt-n't)}Sh) 



rr? 



a . 






+ ^ — Bin 3 (nt- n't)} Sr* 
a 



\. 



. (407) 



+ — {-38in2(«<-»'0-A ^8in(n«-n'0 



-^ — imZ(nt-n't)) d^ 
a 



m* 



+ ^- {+ 6 cos 2 (n< - n'O + 1 -^ cos (n< - ?i7) 

Mr (^ 



a 



a' 



J 



We shall also have the following equations : 
^ (C| cos j9) = q: sin ne ^ — J cos 7i< di;* 

^ ((^ cos ^) = + a* ndt sin n^ {^ + — dvdlh + - ^^} 

d:aVideco8n<{i^«--\-d^-?a^ ^<»rc?^-~^} 

ridt a andt a* 



}. (408) 



. (409) 



^((^sin^) = 



2andesinn^{— -d^.+ -^ — ^^+ -i-^(i^ + — = — ddrdv] 

ndt a andt 2andt 

± 2andt cos nt {^ cM*r h ^d^v + - drdv] 

2andt ndt a 



> - 



(410) 



DEVELOPMENT OP THE PERTURBATIONS. 
In the preceding chapters we have obtained the following values : 



dr^a—l"^- (1.2876697) cos 2 (n< - n't) 

+ — (13441234) cos (nt — n't) -- — {04812191^) COS S{nt-'nU) I 
a' a' J 

dv=r — S + (1.829864) sin 2 (nt - n't) - — (28.61780) sin {nt - n't) 
fi \ a' 

+ ^ (0.5901323) sin 3 (nt — n't) \ 
a' ) 



ddr=^a — ndt | + (2.382700) sin 2 (n^~n7) 
fit I 



— — (1243582) sin (fit — n't) + — - (1.335670) sin 3 (n^ — n't) I 
a a ) 
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. (411) 



. (412) 



. (413) 



ddv. ^-^ — ndt( + (3.385976) cos 2 {nt - n't) 

- — (2647716) cos (n^ — n't) + — (1.637969) cos 3 (n^ — n't) I 
a' a' j 

d3^r=a—- ndt < — (2.665812) sin 2(n^ — n'<) 



. (414) 



a 



+ (2.380288) sin 4 (ni - n'O - — (689.2248) sm {nt - n't) 



> . (415) 



- -^ (56. 1 1 5 1 7) sin 3 (ri^ - n't) + —^ (0.857261) sin 6{nt- n't) \ 
o! a' ) ^ 



ddh) = ^ndt<— (1.593671) cos 2 (n< — 7i't) 



a 



+ (S-037 100) cos 4 (n< — n't) — — (i 5004688) cos {nt — n't) 

a' 



> . (416) 



~(iio.928o3)cos3(n<— n'i) + ~(2.204445)cos5(n^— n't) I 
a' a' ) ^ 



80 
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^ = a — -J +(1417405) + (1440670) cos 2 (ne — n'^) 



a 



— (0.643 1 830) cos 4 (ni — n't) + — (743.8670) cos (n^ — n't) 



> • (417) 



+ 



— - (20.21734) cos 3 {nt—n't)—-- (0.1853139)0086(71^— n'e) I 



a^i? =^| - (o.86i2588)8in2(n<-n'^) + (1.361086) 8in4(ne - n'^) 



a / ^ « N . / . . .V a 



(1621.780) sin {nt — n't) — -- (39.96547) sin 3 [nt — n't) 

a a 



> . (418) 



+ ^ (04765345) sin 5{nt-n't) \ 
a' } J 



These equations will give the following : 

7 



w* ( 
^r* = a* — i + (0.8568242) + (04292231) cos 2 (n< — n't) 



+ (0.8290464) cos 4 (nt — n'i) — — (2 1 . 1 6864) cos (nt — n't) 

a' 

—— (17.14747) cos 3(nt— n't) + ~ (0.61965 1 1) cos 5(nt— n't) \ 
a' a' ) 



. . (419) 



dv^ = — { + (1.674202) — (1.674202) cos 4 (nt — n't) 



+ — (5 1.28686) cos (nt ~ n't) + — , (52.36672) cos 3 (nt - n't) 
a' a' 



— — (1.0798625) cos 6 {nt — n't) \ 
a' } 



> . (420) 



drdv = a — ^ — (0.3049774) sin 2 (nt — n't) — (1.178130) sin 4(nt -n't) 

- — , (1.29735) sin (nt - n't) + ~ (30.62461) sin 3 (nt - n't) I . (421) 
a' a' r V / 

— ~ (0.8202306) sin 6 (nt — n't) \ 
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dvddr = a — ndt{ + (2.1 SocxDp) — (2.180009) cos 4 (n^—n'^) 

- — , (43.54667) CO8 (ne - n't) + ^. (4547177) ooB 3 (n< - n't) 
a' • a' 

— ~ (1.925 102) cos 5 {nt — n't) I 
a J J 
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. (422) 



drddv 



= a ^ncft I — (2.180009) — (0.5643293) 008 2(n< - n't) 



— (2. 180009) cos 4 (n^ — n't) + — (42.34636) cos (n< — n't) 

a 

+ — , (39-52979) cos 3 (n( — n'O — — , ( i -869279) cos 6 (nt — n't) I 
a a' J 

^d^i; = — - ndt \ + (3.097939) sin 4 (nt — n't) 

H — {^1-7 ^SV) ^^^ (^ ~ ^'0 (72.67443) sin 3 Int — n't) 

a' a' 

+ ~ (2.497718) sin 5 (nt — n't) \ 



. (423) 



J 



y . (424) 



dT^ = a?—--{ — (04191527) — ( 1. 7086 1 2) cos 2 (rtt — n't) 

— (04145231) cos 4 {nt — n't) -^ (0.5337690) oos 6 (nt — n'{) 

+ — (42.29603) cos {nt — n'i^ + — : (24.1 32 1 1) cos 3 (nt — n't) 
o! o! 

ft fi \ 

+ — (1640530) cos 5 (nt - n'i) ■ (a5984295) cos 7 {nJt—n'i) \ 



^JV = a* -^ I - (1.163788) -(1.65 1156) cos 2 (nt- n't) 

— (0.8203565) cos 4 (nt — n'() + (04141036) cos 6 (rrf — n't) 

; (587.3794) cos {nt — n't) (477.5001) cos 3 {nt — n't) 

a! a 



. (425) 



\ . (426) 



: ( 1 7.7 1 644) COS 5 {jit — n'i) + — (0.2740676) cos 7 {:nJt — n't) \ 
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If we now Bubstitute equations (411-424) in equations (406-410), we sliall 
obtain the following equations : 



^ 



(?)"^{ ~ ^3.538560) + (0421682) cos 2(n^ -n'O 

+ (0.990442) cos 4 (n^ — n^t) — (2.303350) cos 6 {nt — n't) 

— —^ (3414.576) cos {nt — n't) + — (1793.077) cos 3 (n< — n't) 
a' a' 

4- -^ (78.87 1 32) cos 5 {nt—n't) — — (4.80064) cos 7 (n^ — n't) \ 
a' a' } 



H^\= S { ■" (3-146230) sin 2{nt- n't) 

+ (0.276102) sin 4 {nt — n't) + (0.675553) sin 6 {nt — n'£) 

H (3702.834) sin {nt — n't) (1264.598) sin Z{nt — n't) 

a' a' 

_ — (29.04038) sin 5 (ne — n't) + ~ ( i .5 24035) sin 7 (n^ — n't) \ 
a' a' ) J 

^ (ci cos ^) = — I — (0.837 loi) cos n< — (04306294) cos {Snt — 2n't) 
±: (04306294) cos {nt — 2n't) + (1.099093) cos {5nt — An't) 



>. (427) 



^ . (428) 



q: (0.261993) COS {But — An't) — — (798.068) cos {2nt ~ n'Q 

a 

+ — (823.712) coQ n't (33.07441) cos {^nt — Sn't) 

a' o! 

^. ?L (6.89105) cos (2n< - 3n'0 + -^ (0.5082328) cos i^rd - 5n'0 

±L ~ (0.03 16984) COS (4n< — 6n'^) \ 
a' ) 



^. (429) 



^ (c, cos j9) = a* ^ twft I ± (1.505485) cos n^ 



zh (0441489) cos (3ne — 2n't) — (1.029724) cos (n^ — 2n'^) 
q: (1.579813) cos (5n^ — ^n't) + (0.52295 1) cos {3nt — 4n't) 



-. (430) 



a 



± — (762.107) cos {2nt - n'O =i= — , (838.541) cos n't 



(Qm^lmiecl <m Me next jMps.) 



r 
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± -^ (43.07762) cos {int - 3n'0 - — (8.3 1 305) cos {2nt - 3nH) 
a' a' 

q: — (0.2943 1 S) cos (6n< — tm'i) H — ( i .039476) cos (4n< — Mi) \ 
a' a' ) 

y {c^sin ^) - a — ndt\ — (1.019401) sin n<— (0.550660) sm(3ne— 2n'0 

± (0.884000) sin {nt — 2n't) + (4.05 1756) sin {5nt — 4n7) 

± (o. 1 29746) sin {3nt — in^t) ( 1965. 1 26) sin {2nt — nU) 

a 

+ — (544.354) sin n't (108.58609) sin {^nt — 3n't) 

a' a' 

± — (0.67067) sin {2nt — 3n'e) + — (1.452624) sin {6nt — 5nU) 
a' a' 



± — (1.998 1 59) sin {int — 5n'0 V 
a' J ^ 



35. The value of S" ^^'"^ - 



dt 



is given by the equation 



VafiS^ 



dd{r _ 
dt 



h cos ^Jl C, cos ^ 5» /^ W 5 (C,C08 fi) ^1^) + ^^ (^i C03 ^) / — \ 



+ c,sin^3«/^j 



+ a(o,sin^)5(^|j + d^(c3sin^)(^)} 



dB\ 
~dr) 



-c,8in/9j|c,sin^^^^U5(cisin^)<j/^\ + <J«(c,8ini9)/ 

+ 03Cos^W-^-^UiJ(c,cos^)ij/^j+3«(e,co8i9)/^U 
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. (430) 



. (431) 



+ 8 (Ci cos 



^)/{^-^^(f)+*(^-^)(f) 



► . (432) 



+ c^sin ^ d 




+ d 



-die,Bin^)f{c,Bm^8^^\ + dic,nin^)(^\ 



(.sin,)(f)} 



+ c,cos 



+ * 



\ dv 



(C b w WiMmf «» IA« neid page,) 
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+ 



^(c,cos^)J{<,coe^(f)+<,Bia^(f)} 



--J»(c.8in)9)J|c8m/9(^)+c,co8^(^)| 



. (432) 



We shall now compute the values of the different terms of this equation. 
The value of c, cos /9 is given by equation (228) ; and if we multiply equations 
(228) and (427) together, we shall obtain 



c,cosj9 



"(f)" 



^-ndt[± (3.538560) cos n< q: (0.210841) cos (Sn^ — 2n'0 

— (0.210841) cos {nt — 2n'e) qp (0.495221) cos {&nt — 4n'^) 

— (0.495221) cos (3nt --^n't) ± (1.151675) cos (7n< — 6n'0 

+ (i. 15 1675) cos {&nt — &n't) ± -~ (1707.288) cos (2n< — n't) 

a' 

± — (1707.288) cos n't q: -^ (896.5385) cos (4ne - 3n'0 
a' a' 

— — (896.5385) cos {2nt - ^n't) ^ ~ (3943566) cos (6n< ~ 6n'0 
a' a' 

— ~ (3943566) cos (4ne — 6n'rt ± — (24O032) cos (8n^ — In't) 
a' a' 






> . (433) 



+ ~ (240032) cos (6ne - 7 n't) \ 
a' J 



Equations (327) and (331) will give 



*(c.cosi9)*(^- 

ndtl± (0.902328) cos n< q: (5.313215) cos (3nt - 2n'«) 

+ (3.256776) cos {nt — 2n't) q: (0.8865 503) cos {6nt — 4n'<) 

^ (0.0687524) cos {Snt — 4,n't) ± (1.1 74392) cos {7nt — 6n't) 

- (0.45331 18) cos {6nt - 6n't) ± — (79.2O381) cos (2nt-n't) 

d 

q: ^ (9O.99S61) coe n't ± — (534OI31) cos OLnt - Zn't) 
a' a' 



. (434) 
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a 



— — (23.605 14) COS {2nt — Zn't) q: — - (35.90393) cos {6nt — 6n^t) 
a' '"' 



a 



+ — (2 1.04292) cos (^7%t 

a' 



a' 



a 



5n't) ± — (2.7 1 2546) cos {8nt - Wt) 
a' 

-~ (0.7917688) cos (6n< - In't) \ ^ 



(434) 



In like manner equations (218) and (430) will give 

— ndt { :;= (0.3 II 566) cos nt qp (o. 164998) cos (3n^ — 2n'^) 
/* t 

— (1.006465) cos {nt — 2n't) ±, (0.458790) cos {bnt — An't) 
+ (0.5 108 1 8) cos {Znt — 4n'0 + (i. 184860) cos (^nt - ^n't) 

— (0.3922 1 3) cos {but — 6n'f) ±—-(21 3.934) cos (^nt — n't) 

q: — (147.247) cos n't q= — (595.466) cos (4n^ — 3n'rt 
a' a' 

H — (631.157) cos (2n^ — 3n'^) q= — (3346360) cos (6ne — 5n'^) 
a' a' 

+ — (6.38626) COS (4ne — 5n7) q^ -— (1.260339) cos (8n^ — 7n'0 
a a 



- -^ ( 1 .269874) cos (6n< - 7n'e) I 
a' J 



. (435) 



We also obtain from the force ( --— | and its variations, 

— ndt^± (3.146230) cos (3n< — 2n't) — (3.146230) cos {nt — 2n't) 

=h (0.276102) COS {5nt — 47i'^) + (0.276102) cos {Snt — 4n'0 
=P (0.675553) cos (7n< — 6n't) + (0.675553) cos (6?rf - 6n't) 

=^= -7 (3702.834) COS (2ni — n't) ± — (3702.834) cos n't 
d a 

± — , (1264.598) cos (4n< - 3n'<) - ~ (1264.598) cos (2n< - Zn't) 
a' a' 



> ' (436) 
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—- (29.04038) cos {6nt — 5n't) (29.04038) C03 (int — bn't) 

a' a' 

— (1.524035) cos (8ne— 7n'0+ -^ (1-524035) cos (6ne — *lv/t) \ 
a' a' ) 



. (436) 



d{c^nfi)8(^\^ 



m* 



ndt< T (0.319257) cos n^ q= (0.6769530) cos {ZrU — 2n't) 

+ ( 1. 196252) cos {nt — 2n't) ± (0.819754) cos {5nt — ^n't) 
— (0.500497) cos (3n^ - 4n'^) qi (i.i 12919) cos (7n^ — &n't) 



a 



+ (0.5936197) cos (6nt — 6n'0 ± — (106.35 163) cos (2n< — n'f) 

a 

q: — (74.28136) cos n't =F — (95.64895) cos (Ant — Sn't) 
a' a' 



a 



+ -:(3i03693)cos(27i« 
a' 



a 



(14.36068) cos (4n^ 

a' 



Zn't) ± — (47.91723) cos l&nt — 5n'^) 
a' 

5n'0 T — : (2.749070) cos {9>nt — 7n'rt 
a' 

— —^ (1.734264) cos l&nt — In't) \ 
a' ) J 



■ («7) 



~ndt{± (0.250005) cos 7i« ± (3.803368) cos (3?i< - 2n'e) 

— (0.667241) cos {nt — 2n'<) ± (0412995) cos {5nt — 4n'f) 

— (0.663000) cos i^nt — 4?i'e) T (3.0388 17) cos (7ne — Qn't) 

— (0.0973 10) cos {bnt — 6?i'^) q: — (484.990) cos (2ri^ — n't) 

a' 

=p — (1473.761) cos n't ± — (1476.753) cos (4n< — 3n'^) 



+ ^ (408.667) cos {2nt - Zn't) ± — (8 1. 196 1 1) cos (6ne - 6n't) 
a' a' 

— — (1.35608) cos (4n< - &n't) q: -^ (4.887989) cos (8ne - In't) 
a' a' 

— ~ (1.620256) cos (6ni— 7n't) I 
a' } J 



. (438) 
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If, for brevity, we now put the sum of equations (433-438) equal to h cos H, 
we shall have 

rn? ( ^ 

h cos -Er= — - ndt < ± (4.060070) cos nt ± (0.583591) cos (Snt — 2nH) 

* 

— (0.577749) cos {nt — 2n'i) ± (0.033666) cos {6nt — ^n't) 

— (0.940550) cos {^nt — ^n't) :;: (1.3 16362) cos (7n< ~ Mt) 



+ (14780 1 3) cos {bnt — 6n't) =f — (2081.046) cos {2nt — n't) 

a 

± — (3623.837) COB n't ± — (1207.099) cos (int — Zn't) 
a' a' 

(11 13.880) cos {2nt — Zn't) ± — (49.35053) cos {6nt — 5n't) 

a' a' 

— -^ (56.76362) cos {^nt — 5n't) q: — , (5.30856) cos (8nt — 7n't) 
a' a' 



- . (439) 



+ -^ ( 1 .9767 1 ) cos {6nt - 7 n't) \ 
a ) J 



This gives by integration 

A cos IT = — -j + (4.060070) sin nt + (0.2047402) sin {^nt — 2n't) 

qp (0.6793870) sin {nt — 2n't) + (0.007161766) sin {5nt — Wt) 

ip (0.3482494) sin {Snt — 4n'^) - (0.2009348) sin (7nt — 6n't) 

± (0.3247529) sin {5nt — 6n'0 — —- (1080.95 1) sin {2nt — n't) 

a 

+ — - (48446. 1 8) sin n't + — (3 19.7 108) 8in(4ne — Zn't) 
a a 

=P ~ (627.3276) sin {2nt - Zn't) + — ^ (8.771878) sin {&ni - 6n'0 
a a 

=p — (15.65464) sin {Ant - 5n'^) — -^ (0.7100430) sin (871^ — 7 n't) 
a' a' 



± —^ (0.36095 12) sin {&nt-7n't) \ 



(440) 



Equation (440) will give the value of Ch sin H by using the lower signs and 
changing dn to coa in the second member. 



37 
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do 1* 

The first term of the value of ^ -j- in equation (432) is evidently equal to 



-::::r "I Ci COS ^ j A cos H— c^ sin ^ j A sin S" I . 



Vafi 

Now by using the value of Oi ooe ^ and Oj sin /9, given by equation (240), we 
shall obtain 



Ist term of 



I - (0.4746468) sin 2 (ne - n*i) 



dd.r m* 

-— ^ = a— --71 

dt /r» 

— (0.3410876) sin 4 (nt -^ n^t) + (0.1 238 1 8 1) sih 6 {nt - n't) 

-,(49527.13) sin (nt - n't) (307.6168) sin 3(7ti - n't) 

- -^ (6.88276) sin 6 (n^ - n'O - -^ (O-349091 8) sin 7 (w^ -- n't) \ 



. (441) 



The second term of ^ ^ ^ 



dt 



is obtained from equations (330) and (342), as 



follows : 

2nd term of 

dt fjf 



m* 



n 



I + (3.371945) sin 2(n^ - n't) 



— (2.059793) sin 4 (nt — n't) + (1.010216) sin 6(ni — n't) 

— — (679.7844) sin {nt — n't) (547.3829) sin 3 (nt — n't) 

a' a' 

— — (34.0827S) hinb (nt^n't) -f ~ (1.468533) Bin 7(nt - n'^) I 
a' a' } 



> . (442) 



do 7* 
The third term of S* — ^ is obtained from equations (272) and (429), as 

dt 
follows : 



Srd term of 



^a^ir = a^n| --(0.581550) sin 2(n^-n'0 

— (i. 933221) sin 4(71^ — n't) + (2.976939) sin 6 (nt — n't) 

+ — (3 190.664) sin (nt — n't) — — (2406.833) sin 5 {nt — n't) 
a' a' 

(104. 1 501 3) sin 5{nt — n't) h — (3.142347) sin 7 (ti^ — n't) \ 

a' a' ) 



> . (443) 
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The sum of equations (441-448) k the oomplete value of ^ — ^. Therefor 

'^ at 

we shall have 



e 



dt 



a -^ n I + (2.3 1 5748) sin 2 (rrf - n't) 

— (4.334102) sin 4 {nt — n't) + (4.1 10973) sin 6 (n^ — n'^) 

(47016.25) sin (n^ — n^^) (3261.833) sin Z{nl^n'i) 

a' a' 

- — (145.1157) sin 6(n< -n'e) + —(4.261788) siin 7 (ti^ - nU) \ 
a' a' ) 



\. (444) 



c2^ 7* 
Wo jnust now find the value of S^ — ^. It is evident by development of 

dt 
equation (252") that we shall have 



dt \/a[i dt J\dv J 



+ 



1 dlt.r 



Vafi dt 



{pm-^vdfi^y'i} 



>. (446) 



Now we have found in the preceding chapters 



dt 



TV? 

= a — n 



I + (2.382700) sin 2(n< — n't) 



; (i 2.43582) sin (n< — n't) + — (1.335670) sin 3 iM 

a! a' 



-n'0| 



. (446) 



i^y!L=.a^n{- (2.665813) sin 2{nt - n't) 

dt tr K 



+ (3.346039) sin 4 (7i< — n't) (683.9649) sin {nt — n't) 

a 

- — (60.67276) sin 3 (n^ - n't) -f- — (2.203426) sin 6 {nt — n't) \ 
a' a' ) 

J(^y< = a*— n| - (0.8106367) cos 2(ne-- n'^ 

— -^ (04053184) cos (nt - nH) - -^^ (o.675S3o6)oos Z{nt—n't) \ 



} . (447) 



. (448) 
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fify=''v''{ 



+ (0.2702122) cos 2 (n< — n't) 



— (0.2197617) cos 4 {nt - n'^) — — (6140028) cos (nt — n'^) 

a 

+ — (8.676904) cos 3 (nt — n'rt — —^ (0.364958) cos 5 (n^ — n't) \ 
a' a' J ^ 



. (449) 



/( 



Equation (448) gives 

— - id^ =a^—rn^\+ (0.3285660) + (0.3285660) cos 4 (n^ — n't) 
dv J /r {, 

+ — (04380880) cos (nt - n't) + — (o. 1642830) cos 3 {nt — n't) > . (450) 
a a 



+ —^ (0.2738050) COS 5 {nt- n't) \ 



J 



From equations (449) and (450) we get 



'^J \ dv) afx J\dv I 



Vofi 



m* ( 
c? -^ n < + (0.3285660) + (0.2702 1 22) cos 2 (n^ — n'£) 

tJ?Vnn I 



I^Vafx 



+ (o. 1088043) COS 4 (nt — n'£) (60.962 19) cos {nt — n't) 

a 

+ — (8.841 187) cos 3 {nt — n't) — — (0.091 153) cos 5{nt — n't) \ 
a' a' ) 



> . (451) 



If we substitute these values in equation (445), we shall obtain the following 



values of the first and second terms of 8* 



dt 



S" 



lit term of 

—f-^a ^n\— (i.3562ii)sin2(7i< — n't) 
dt F ^ 

+ (1.080503) sin 4 (nt — n't) — (1.3562 1 1) sin 6 (nt — n't) 

— — (254.0855) sin {nt — n't) + — (276.1926) sin 3 (nt — n't) 
a' a' 

+ -^ (24.85058) sin 5 (6nt - n't) - — (2.023265) sin 7 (nt — n't) \ 
a' a' ) , 



>. (452) 
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2Ddiennof 



dF — i- = a — n^ (o.6S32S02)8in2(nt—n7) + (0.3219173) sin i{nt'-n't) 
dt F ^ 

+ (0.1296240) sin 6 (n^ — n't) (8545829) sin (n^ — n'i) 

— — (73-08345) sin 3 {nt — n't) H — (10.03687) sin 5 (n< — n'i) 
a' a' 



y. (453) 



— ~ (0.0359318) sin *l(ni - n't) \ 
a' ) -^ 



If we now take the sum of eqtiations (462) and (453), we obtain 

J* — ^ = a — ni — (0.702961) sin 2(nt—n't + (1402418) sin ^{nt-n't) 
dt fJ? K 



a 



— (1.226587) sin 6 {nt — n't) — — - (339.5438) sin {nt — n't) 

CL 

■\ — (203.1092) sin 3 {nt — n't) h — - (34.88745) sin 6(nt — n't) 
a' a' 



> . (454) 



— ~ (2.059197) sin 7 {nt — n't) \ 



J 



(d3r\ 
—J- j; but since 

I . (4540 



^.^==,0, ^^^^=0, and d«*=0, 



when we neglect the eccentricity and inclination of the orbit, we shall have 

\ dt I dt 



I . (455) 



Therefore we shall have 

doT Tfb C "N 

^ -— =:ia-—ni + (i.6i2787)sin 2{nt'-n't) —(2.93 1684) sin 4:{nt—n't) 
dt r ^ 

a 



+ (2.884386) sin 6{nt — n't) — — (4735 5.79) sin {nt — n't) 

a 

; (3058.724) sin 3 (n< — n't) (i 10.22822) sin 5{nt-' n't) 

a a' 



> . 



+ —^ (2.202591) sin 7{nt — n't) \ 



(456) 
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This equation gives by integration 

<l^r = a-—i - (1.794788) - (0.8715896) cos 2(n« - n't) 

-I- (0.792 1767) cos 4 (n< — n'f) — (0.5 195976) cos 6 (n< - 

H (511 8446) cos (M — n'i) + — (i 1O2/306) cos 3 (ne 

a' a* 



n't) 
-n't) 



. (457) 



+ — (23.82800) 008 6 {nt-^n't) (0.340095 3) cos 7(ne-n'e) \ 

The constant added to the integral being determined so as to satisfy the condition 
mentioned in section 23. 



86. We shall now determine the perturbations of the longitude* From the 
development of the first of equations (244) we easily find 



^ 



dd{o ___ ^ dvi 



dt 



= -2 



Tydt 



av + 64^5ra«r-4 ^^^ 



ty^dt 



T.'dt 



dr^ 



} 



. (458) 



dv 
In this equation we may put ri=^a and — ^ = n ; and we shall easily obtain 

dt 
by means of equations (467), (426), and (425) the following values : 

Ut lenfi of 



a» ^ = -^n / + (1.743 179) COS 2 (n< - n't) 
dt fr i 



— (1.584353) cos 4 (7»< — n't) + (1.039195) COS 6 (7i< — n't) 

(102368.92) COS {jit — n't) (2204.012) cos 3 (n^ — n't) 

a' a' 

— ■^ (47.65600) cos &{ni—n't) + — ^(0.680 1906) cos 7 (n^—n'^) \ 



(469) 



S" 



n<— (9.906936) cos 2 (n< — n't) 



2Dd term of 
dd{V m* 

— (4.9221390) COS 4i{nt—n't) +- (2484622) cos 6(n< — n't) 

- -, (3524.^76) 006 (tU - n't) - — ^ (2865.001) cos 3 {nt - n't) 



L (460) 



- — (106.2986)00(1 6(n«- n't) + —, (1.644406) cos 7 {rd - n't) \ 
a' a' ) ^ 
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m 



3rd term of 



dt 



m* 






/ + (6.834448) cos 2 {nt - n'e) 

-♦- ( 1 .65 80924) cos 4 (n^ — n'^) + (2.13 5076) cos 6 (nt — nU) 

'. (169.1841) cos (nt — n^t) (96.52844) COB 3 (n< -- n't) 

a' a' 

— ~ (65.62 1 20) cos Sint—n't) + — (2.3937 1 8) cos 7 (ne — n't) I 
a' a' J 



(461) 



If we substitute equations (464-461) in equation (458), we obtain 



dt 



= — n< — (1.329309) cos 2 (nt — n'^) 

— (4.848400) cos 4 (n^ — n't) + (5.658893) cos 6 (nt — n't) 

— — (106062.38) cos (nt — n't) (5 165.541) cos 3 (nt ~ n't) 

a' a' 

— — (2i9.5758)cos5(7ie — n'^) + —(4.718314)008 7(n^-n'e) I 
a' a' ) 



. (462) 



We must now find the value of S* —j-. If we develop equation (254), we 

dt 

shall easily obtain 



dt "" 



4/^(f)*4-P(-^^ 




. (463) 



If we multiply equation (428) by dt and take the integral, we shall obtain 

jW^\d^ = a«^n| + (1.700299) cos 2{nt-n't) 

— (0.07460612) COS 4 (n^ —n't) — (0.1216951) 00a 6 (7i< — n'^) 

--— (4002.205)008(71^ — n'0-l-—.(45S.6i3i)cos3(ri^ — n'Q ' 
a' a ^ 

H- — (6.277654) cos 5 (n« — n't) (0.23532 17) cos 7 (n^ — n't) V 

a' a' ) 
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This equation multiplied by — -- is the first term of S* -^. Equations (411) 

a ^ 



dt 



and (449) will give 

2od term of 



^^ = ^nj + (o.i929O98)c082(n^~n7) 

— (0.2746901) cos 4 (n^ — n't) + (0.2829805) cos 6 (n^ — n't) 

H (91.96476) cos (nt — n't) + — (77.3 1904) cos S(nt — n't) 

a' a' 

— -^ (14.13523) cos 5 {nt—n't) + ~ (0.5756988) cos 7(nt-n't) \ 
a' a' ) ^ 



> . (466) 



Equations (419) and (448) will give 

8rd term of 






i -h (3.091803) cos 2 (n^ — n't) 



dt fj? 

+ (0.5219198) cos 4 {nt — n't) + (1.008083) cos 6 (n< — ?t'e) 

— — (44.01286) cos {nt — n't) (2248523) cos 3 {nt — n't) 

a' a' 

— ~ (19.91 158) cos 5 {nt — n't) + — , (1-5935374) 00s 7 {nt—n't) \ 
a' a' } 



} . (466) 



Lastly, equations (417) and (448) will give 

4th term of 



a*^ = :?^n/-(i.7766i3)cos2(ne-n'e) 
dt fj? { 

— (i. 167860) cos 4 (n^-n'O +(0.5213876) cos 6 (n^ — n'e) 
-.— ^ (621.6665) cos {nt-n't) - -^ (605.0880) coQZ{nt-n't) 



> . 



— — (17.10145) coQ5{nt — n't) + ~ (0.5847120) cos 7(ne— n'^) I 
a' a J 



If we substitute equations (464-467) in equation (463), we obtain 



J 



(467) 



cr — ^ = — -n 



i —(0.192199) cos2(n< — n'i) 



dt /J? 
, — (0.846024) cos 4 {nt — n't) + (1.934 147) cos 6{nt-' n't) 

{Oontinwd on the next page.) 
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+ :!?L { + 1 ^ Bin (n< - n'<) + V — sin 3 (n< - n'm ir»A) 
a* a' a 



m* 



a 



f. i:^ {+ 3 cos 2(nt - n't) + |-^cos (nt-n't) 



. (471) 



a 



+ i|i 21 COS 3(n< - n't)} drW 



W^U ^(+38m2(n<-n't)+|-^ sin (n<-n'0 



+ ^ -^ sin 3 (n<-n'<)}^r 



H {+3 cos 2(ne — n'^) + 1— cob {nt — n'e) 

a a 

a 



+ ^ — ^ cos 3(ne - n't)] ih 



+ ^{+3sin2(n^-n'e) + f~sin(ne-n'0 
a* a' 



a' 



m' 



a . 



+ — {— 6 sin 2 (n< — n't) — f — sin (n^ — n't) 
a a' 

a . 



> . (472) 



- -4^ -^ sin 3 (nt - n't)} dvSh) 



+ ^ {+ 6 cos 2(n^ - n't) + 1 — cos {nt-n't) 
or a' 



a 



+ 1|4 J^ cos 3 (n^ - n't)] {drSh) + Shdv] 
a/ 



+ ^ { + 1 -^ 8in (nt - n'O + ¥ — sin 3 (n< - n'm (Jr» 
a* a' a' 



+ — {-2co&2{nt-irn'e)-^—^co»{nt-n't) 



a' 



a 



-W^cos3(7ie~n'0}^ 
of 



(Cbn^^nad on ^ next page,) 



CHAPTER VI. 

PERTURBATIONS ARISING FROM THE FOURTH POWER OF THE DIBTURBIKa 

FORCE. 



37. The variations of the functions and forces arising from the fourth power 
of the disturbing force, which enter into the expression of the radiua vector, niay 
be determined by means of the following equations : 



a 



W^L^{-^-fcos2(n^-n'0-f-,cos(n«~n'0 
\ar / or a' 



a 



a 



m* 



a . 



+ ^ {+ 3sin 2(n^ - n'O + I-, sin (n^-n'e) 



+ ^— ,sin3(ne-n7)} 



;:::« 



+ ^{''i^,coB{nt-n't)-^^^cosS(nt-n't)}dri^ 



a' 



a' 



+ -^{+6cos2(ne-n'0 + |— ,cos(n^-n'0 



a 



> . (471) 



+ if!- — , COS 3 {nt - n't)} 9vSh) 

a 



w? 



a . 



+ -^ {+ 3 sin 2(n<-n^e) +f — ^sin {nt-n't) 



a 



+ y ^ sin 3 (nt - n't)} {drSh) + Sh-8v} 



+ — {- 2 sin 2{nt - n't) - ^-^sin {nt -n't) 



a 



-W-,8in3(n<-n'0}*t^ 
a 
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+ i??L{ +|.lein {nt-n't) + ^ -^ sin 3 (n< - n'«)} ir»A) 



,.i?!L {+ 3 cos 2(n^ - n'O + |~cos (n^-n'O 



^ . (471) 



+ i|A £. cos S{nt - n'O} *^^ 
a' ^ 



\ dv J a* ^ 



a . 



+ i^^^siii3(n^-n'e)}^r 



4.:?^{+3cos2(n« 
a 



a 



nU) + 1 — cos {nt — n't) 



^^±cosZ{nt'-n't)]Sh 



m* 



a . 



+ :^{+38in2(n«-ti'0+i-8in(n^-n'0 



a . 



+ i^iL8in3(n^-n'0}^^^^ 



+ i?L{-6sin2(n<-n'e)-|~sin(n^-ri'0 

a . 



. (472) 



_ jL|ii ii sin 3 {nt - n'O} 5v3«t; 



m^ 



4. Z^ {+ 6 cos 2(ne- n'O + |-~cos (n^ -n'O 



+ i|4^co83(n^~n'0} {5r5^ + ^^} 
a' 



m' 



a . 



+ ^ { +|J1. sin (n^-n'O +Y^8ii^3(ne-n'0}<Jr» 



m* 



+ — {- 



a 



a 



2QO&2{nt + n'e)'-^ — cQ^{nt-n't) 

a 



a 



-jjiyi ^cos3(ne-n'0} ^t;" 
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+ ^ {+ 3 COS 2(ne - n't) + 1— ,cos (n^ -n'e) 
cr a 



a 



+ ^^--^(mZ{nt-n't)} dr'dv 



>. (472) 



m' 



a' 



a 



•A- — sin (n^ — n'^) 
a' 



a . 



^ 4^ :^^8in Z{nt- n't)}3r3v' 



3* (Ci cos ^) = =P sin nt {{Sh) — J^)} — cos ni 8vi^ 



} . (473) 



3* (c, cos ^) = a*nie sin n« {^ - 1^' + -—- {dvddh) + INddv) 

not 

a andt or 



1 1 2 1 

a*nd^ cos nt {i^fN — — - d^ + — - dv^ddv — -iPr + - drdv^ 

ndt 2ndt a a 

2^ 3rd8h) - -\ Sh'ddv^-drSh"-'-^8r^d8v} 

andt andt a ahidt 



. (474) 



ifi (Ci sin ^) = ± 2and^ cos n^ {^ — -J^* — 



2a7u£^ 



difir 



+ —- {dvddh) + iPvddv) + - {drdh + Uhriv) 
ndt a 

+ — -drdvd8v + -r^ ddrdv^} 



andt 



^andt 



[ . (475) 



+ 2andt Binnt {^dSh) + ^S^- 8v8h + -^ {drdSh) + dh'ddv) 

ndt a andt 

2andt^ ' 2ndt 2a ^ 
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In order to reduce the preceding equations to numbers, we shall require the 
following developments in addition to those already given : 



3v8h) 



= — I - (0.787993s) + (1.245301) cos 2(n< - n't) 
+ (0.787993s) cos 4 (n^ — n't) — (1.245301) cos 6 (n^ — n't) 

— -^ (1507-913) cos {nt — n't) + — (1452455) cos S{nt — n't) 
a a 



y . (476) 



+ 



-^ (56.29547) cos 6 (nt — n't) — -^ (0.8376073) sin 7{nt—n't) \ 
a a' ) J 



drSh) = tt — r '{ "■ (P'73^77 ^ 3) s^^ 2 (nt — n't) 

+ (0.327660) sin 4 {nt — n't) — (0.8763 144) sin 6 (nt — n't) 

— —, (754-644) sin (rit— n'O + — , (1053.871) sin 3(nt — n'i) 
a a 

+ — - (35.00620) sin 6 (nt — n't) (0.8258466) sin 7(nt — n'i) \ 

0/ a' ) J 



. (477) 



^*t; = a-^^ + (3. 1 82 1 28) sin 2 (n<-n'rt 

AT I 



+ (1.3181 15) sin 4(nt - n't) - (0.5884688) sin 6(n< -n't) 

4--^ (642.7566) sin (nt - n't) + — (65 1.7549) sin 3 (nt - n't) 
a' a' 



> . (478) 



+ 



— (28. 14704) sin 6 (nt — n't) — ~ (0.35933 1 3) sin 7(nt — n't) \ 
a' a' } 



ik^:^~J + (4.595343) sin 2(nt - n't) - (1.531781) sin 6 (nt - n't) 



(142.2540) sin {nt - n't) — — (68.9O400) sin 3 {nt — n't) 

a' a' 



> . (479) 



+ 



-^ (7 1 .86800) sin 5(nt - n't) - — , ( l .48200 1 5) sin 7 {nt - n't) \ 
a' d ) 
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dr^8v = a* — I + (0.809350) sin 2 {nt - nH) 



+ (0.3927127) sin 4i{nt— n't) + (0.7585212) sin 6(n^ - n't) 



a . V . # , *-»^ d 



— — (22.17575) sin {rU — n'{) (i j.70818) sin 3(nf — n'C) 

a' a' 



>. (480) 



— (2742486) sin 5 (nt -n't) + ~ (0.8 1 1 5624) sin 7{nt- n't) \ 
a' a' } ^ 



drSv^ = a — < — (0.2790336) — (1.077909) cos 2 (nt — n't) 

+ (0.2790336) cos 4 (nt — n't) + (1.077909) cos 6 (nt — n't) 



a 



+ -^(30-75872) cos (ne 
a' 



a 



n't) H (12.93039) cos 3 (n^ — n'^) 

a' 



y. (481) 



a 



— — (44.78720) cos 5{nt — n'^) + ~ (1.0980816) cos 7 (?ii — n'i) V 
a' a' ) 



Svddh) - —ndti- (4.608605) sin 2 {nt -n't) 
fr I 

— (1.458101) ain 4 (n/ — n't) -h (4.608605) sin^e^nt — n'0 

— — (1277.259) sin {nt — n'O (1261.129) sin 3{nt — n't) 

a' a' 

-. — , (1 74.0372) sin 6 {nt - n'^ + -^ (3.503 195) «in 7<«e - n't) \ 
a' a' f 



> . (482) 



jjMSv =: — ndtI + (2.304303) sin 2{nt— n't) 



— (1.458 10 1 ) sin 4 (n< — n't) + (2.304303) sin 6(7i< — n't) 



<x , ^ . X . V - / .\ a 



+ —(2691.215) sin (ne— n't) (2751464) sin 3 (ti* — n^) 

- — (86.385 26) sin 6 {nt - n't) + — ( 1 .92 1476)' sin 7 {nt - n'rt 1 
a' o' J J 



. (483) 



dv^ddv 



fn!^ ( 

— ndt{ -f (2.834404) cos 2 (ni — n'^) 



a 



(2.834404) cos 6(n^ — n't) ^ (55.34877) cos {nt 

OL 
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— (64.74988) cos S{fU — n'i) + ~{i 10.8203) <»s 5 {nt — n/t) 



' : (3. 199340) COS 7(n« - nH) } 

a' J J 



y . (484) 



ihddv ^a^^ndtl + (2439038) + (3.710398) oos 2(nt - n't) 
+ (2.439038) cos 4 (n^ — nU) — (i. 088901) cos 6 (nt — n't) 



-f — (1237.638) cos {nt — n't) H (1253.014) cos S(nt — n't) 

a' a' 

-h -^ (46. 1 27 14) cos 6{nt — n't) — ~ (0.840491 5) cos 7(nt — n't) \ 
a' a' } J 



} . (485) 



drdvdSv = a — ^ nd^ ^ — (1 .994560) sin 2 {nt — n'^) 



— (a5 163230) sin 4 {nt ~ n'^) — (1.994560) sin &{nt — n'<) 

H — (57-36588) sin {nt — n't) + — (16.04920) sin 3 {nt — n't) 
a' a/ 



+ 



~ (67. 1941 1) sin b{nt -n't)- — (2.35 35 1 1) sin 7 {nt - n't) \ 
a' a' ) 



^ . (486) 



J 



dr^ddv ^d^ — ndt[^ (0.7266747) + (4.3 1 1440) cos 2 {nt - n't) 
+ (0.7266747) cos 4 {nt — n't) + (1 .403566) cos 6 (n^ — n't) 

_ ?L (93.20674) cos (ni - n'O - — (50.04341) cos 3 {nt — n't) 
a' 0' 

_ f_ (39.65433) cos 5(7ie - n't) + —^ (1.728038) cos 7(nt - n'O | 



> . (487) 



m« , J 



3rd3^v ^a-^ndt\ + ( l .026060) -- (2.977449) Cos 2 (n« - n'^ 
/r I 

H- (o. 1 86543) cos 4 {nt - n't) — (3.243061) cos 6 (Trf - n't) 

+ — (1 276.01 25) cos {nt - n't) ^ — (1006.2647) cos 3 (»* - n't) 
t*' ft 



a' 



a' 



> • (488) 



+ — (105.2878) cos 6{nt - n't) ^ ^^ (2.63 1275) cos 7 (%f - n't) \ 
a' ^ ) ^ 
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dd^rdv = a — ndt\ — (2439038) 4- (2. 177802) cos 2 {7it — n't) 

+ (2439038) cos 4 (n^ — n't) — (2.177802) cos 6 {nt — nU) 

— ^ (643.8750) cos (n< — n't) H — (559.1741) cos 3(n^ — n't) 
a' a' 

+ — (86. 1 8748) cos 6 (n^ - n^t) -—Ai 4866786) cos 7 (n^ - n't) \ 
a' a' ) 



y. (489) 



7Y? ( 

ddrS^v — a — vdti -(1.026060) + (1.621530) cos 2(n^ — n'0 
+ (1.026060) cos 4 (ni — n't) — (1.621 530) cos 6 (n^ — n'{) 

(1974.032) cos {nt — n't) H — (1918.858) cos 3 (n< — n't) 

a' a' 

+ — (56.65 1 1 5) cos 6 (?i< — n'O — — (1476700) cos 7 (n< — n't) \ 
a' a' ) ^ 



y. (490) 



ddrdv^ ^a — ndt[+ (5.983682) sin 2(nt- n't) 



- ■ (1.994560) sin 6(n^ —n't) (143.1897) sin {nt — n'£) 

d 

— -^ (67.98797) sin 3 {nt — n't) + — (72.797 1 3) sin b{nt- n't) 



> • (491) 



--^ (2.404585) sin 1{nt - n't) \ 
0/ } J 



From these equations we get 



a«i; -^t;5 = '5^1 - (1.5881507) sin 2(71^ - n'O 

-^ (1.538703) sin 4(n« — n'Q + (1.6231 18) sin 6 (n< — n'<) 
^ (1 10908.1) sin {nt — n't) ^ (221 1.969) sin 3 {nt — n't) 

-—(71.85740) sin b{nt - n't) + — (1437105) sin 7(n« - n'O \ 
a' a' ) ^ 



. (492) 



DEVELOPMENT OP THE PERTURBATIONS. 



305 



m* ( 

a — ^ + (2.449357) sin 2 (?i< — n'^) +(1.645775) sin 4 (ni — n'O 

— (1464783) sin 6 {nt — n't) — — (11 1.887) sin (n^ — nU) 

a' 

+ — ( 1 705 .626) sin Sint — n't) + -- (63. 1 5 324) sin 6 (n< — n't) 



> . (498) 



^~ (i.iSsiyS) 8in 7 {nt-n't)\ 



112 
not ndt a 



2 1 

H drSvdSv + -- ^^} 



m^ 
(^ 



I - (2.1735 10) sin 2(ne - n't) - (1.803288) sin 4(n^ - n't) 

+ (2.375859) sin 6(71^ — n'£) — — - (109625.4) sin {nt — n'O 

a 

— — (2794.920) sin 3 (?i< — n'^) (99.0101) sin 6 (n^ — n'^) 



> . (494) 



+ -^ (0.595960) sin 7{nt- n't) \ 
a' ) J 



^^^ a a andt 



ndt 



— S'rddv^-drS'r---^d7^ddv} 
andt a crndt 



m* 



I - (2.806746) + (2.374255) cos 2{nt - n't) 

+ (0.839975) cos 4: (nt — n't) — (1.706288) cos 6 {nt —n^i) 

- — (4999-18) COB {nt - n't) + — (1886.892) cos 3 (nt - n't) 
a' a' 

+ ^ (68.52151) coQ5{nt-n't) - -^ (3-699232) cos 7{nt—n't) \ 
a' a' ) J 



. (495) 



89 
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2andt ndt ndt a 

+ r drdvddv + I r- dirdv^} 



andt 



^andt 






I — (2.748130) sin 2 {nt — n7) — (1.85961 1) sin ^(nt — n't) 

+ (3.135850) sin Q{nt'-n't) (85906.5) sin (71^ — n't) 

a 

— — (2990.522) sin Z{nt — n't) (128.6192) sin 6 (n^ - n'{) 



+ -^(1.628645) sin 7 (n^~n'0 | 



(496) 



s^dlN-ir-^r- dvlh) + ~ {drdSh + S*rdSv) 
ndt a andt 



4. — ^ (d8h-8v + dSrlN) — dSvdv' - — drd^} = 

2andt 2ndt 2a ' 



m* 



/ 



^\+ (0.865271) - (1.884032) COS 2(n< ~ n't) 

— (1.47 1628) cos 4(n^— n'^) -h (2.965362) cos 6(n^ — n't) 

(48724.53) cos {nt — n't) (2997.652) cos 3 (nt — n't) 

a' a' 

— — ( 1 19.65 1 5 2) cos h{if\Jt — n'i) + — (4.302272) cos 7 (?2^ — n'ii) \ 
a' a' J 



> . (497) 



If we now make the necessary substitutions in equations (471-476), we shall 
■obtain the following values : 

5»/ ^ \= — I + (I -S 1 5429) - (0.088079) cos 2 {nt - n't) 
\dr ] ar/r I 

4- (4.187337) cos i{nt'' n't) + (2.287588) cos 6 {nt — n't) 



— (3.11 5678) cos 8{nt — n't) (232002.2) cos {nt — n't) 

a' 

H — (123031.9) cos 3 {nt — n't) + — (4247481) cos 5 {nt — n't) 
a' a' 

-f — (164.8234) cos 7{nt — n't) — — (7.5 17723) cos 9 {nt — n'^) I 
a a ) J 



> . (498) 
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gs/dli\ ^ f + (3.98812s) sin 2(n< - n't) 
\dv I afT I 

— (1.569922) sin 4 {nt — n't) — (0.02501 1) sin 6 (n^ — n'£) 



a 



+ (0.670879) sin 8 {nt — n't) + — (24201 6.1) sin (nt — n't) 

a' 

— —^ (86278.3) sin 3 (nt — n't) — — (16^1,1 79) sin 6 (nt - n't) 
a' a' 



y. (499) 



— — , (38.99440) sin 7{nt — n't) + ^ (1.631205) sin 9 (n^ — n't) \ 
a a ) J 



(^ (Ci cos ^) = 

— ^ + (0.7879935) cos nt — ( 1. 41 6726) cos (Znt — 2n't) 

± (0.1714248) cos {nt — 2n't) — (i. 163348) cos {5nt — ^n't) 

± (o 3753548) cos {3nt — ^n't) + (1.434209) cos {7nt — Qn't) 

=F (o. 1 88909) COS {5nt - 6n'e) (54700.09) cos (2n< — n't) 

a' 

-\ — (56208.01) cos n't (1832.212) cos {Ant — Zn't) 

a' a' 

— — (3797570) <^'0s (^2nt — 3n't) (64.07643) cos (671^ — 5n't) 

a' a' 

— (7.78097) cos {Ant — 5n't) + ~ (i. 137356) cos {8nt — 7n't) 
a' a' 



. . (500) 



— (0.2997489) cos {&nt — 7n't) \ 
a' ) J 



3^ (c, cos /9) = 



*-^nd^| q: (2.806746) COS n^ ± (2.273882) cos {Snt — 2n't) 

+ (0.100520) cos {nt — 2n't) ± (1.321631) cos {5nt — in't) 
— (0.481657) cos (371^ — An't) q: (2.041074) cos {77it — Gn't)' 



a 



+ (0.334785) cos {5nt — 6n't) ± — (52313.1) cos {2nt — n't) 

a' 



a 



=?=—; (57312.3) cos n'e 
a' 



a 



± — (2340.906) cos {Ant — Zn't) 
a' 

{OmHmmtd cm the nni pagt^) 



I . (50iy 
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—^ (454.014) cos {2nt - Zn't) dr ~ (83.7658) 008 {dnt - 6n't) 
a' a' 

— (i 5.2442) cos (4ne — 6n'^) qp — (2. 147596) cos (8n< — ^n't) 
a' a' 



>. (601) 



- ~ (1.55 1636) cos {&7Vt - Wt) \ 



^ {c^ sin /9) = 

m* f 
a -— - ndt \ + (1.730542) sin nt — (4.632162) sin (3n< — 2n7) 

qi (0.864098) sin (ne — 2n'^) — (3.33 1 239) sin {6nt — 4n7) 
q= (0.387983) sin (3?!^ — 4n'0 + (6.101212) sin (77?^ — &n't) 

± (0.170488) sin i^nt—Qn't) (124631.0) sin (%it — Wt) 

a' 

+ — (37182.0) sin n't - —^ (5988.174) sin {Ant - Zn't) 
a' a' 

ih — (7. 1 30) sin {2nt - 3n't) - ~ (248.2707) sin {67U - 5n't) 
a' a 

•^ (8.9677) sin {int — 5n't) + — (5.930917) sin (8nt - 7n't) 
a' a' 



q: -^, (2.673627) sin (67U - 7n'rt j 
a' i 



. (502) 



We have thus developed all the functions and forces which enter into the 
expression of the radius vector, and it now remains to make the required sub- 
stitutions in order to obtain the numerical values of the various inequalities. 

dd r 
38. The variation of — ^ arising from the fourth power of the disturbing 

at 

force is given by means of the following equation : 
/-- d3,r 

c, cos (STJ c, cos ^ 3» /^W* (c, cos )9) 5»/^] +^(c,cos^)^/—] 
+ ^(c,C08/^)(^\+c,«in^*»/^W3(c,8ini9)5»/^^\ 



\ . (503) 



+ ^(ci8inj9)*(^) + *»(c,8in)9)/g)} 



( Q w rtiw a rf on the neatpti§$,) 
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+ 



+ a*(CiC0S^)a(^U^(c,C08^)(^j| 



+ 8{c,CQBfi)fie,co6^3'{^\+S{o,coBP)3(^\+S'{e^cca^){^\ 



+ 



c.8in^^(f)+.(^8in;9*)(f)+^(e.sin^)(f)} 



-d(c,8ip)9)J{c,8in^^»^^) + a(c,8m/9)d(^U^(o,8ia^)(^) 

+ C,C08^<J'/^U * (<^C08/9) * /^U ^ (<^C08^)/^U 



+ 



d* (c, COS iS) Jl c, COB j9 *( ^ U <J (Ci COS W ^ \ + C Bin ^ 5/ ^ \ 



a* (Ci sin ^) Jl Cj Bin ^ */ ^ U * (ci sin )9)/^ U C COS )9 5/ ^M 



/d5\ 
\dv) 



+ .(^cc«^)(f)} 



+ ^ (c, C0Bi9) J{c,co8^/^U <b8ini8/^U 



-y(<,8in/J)/{<,8in^(^) + <,cos^(f)} 



. (603) 
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We shall now develop the different terms of this equation. If we multiply 
equations (228) and (498) together, we shall obtain 



CjCOS^ 



TT? 



ndt i qp (1.5 1 5429) cos nt ± (0.0440395) cos (Znt — 2n't) 

4- (0.0440395) cos (nt — 2n't) q: (2.0936685) cos (671^ — ^n't) 

— (2.0936685) cos {3nt —An^t) t (i. 143794) cos {7nt — 6n^t) 

— (i. 143794) cos {5nt — 6n't) ± (1.557839) cos {9nt — 8n't) 

+ (1.557839) cos (7ni— 8n'e) ± — {i 16001.1) cos {2nt — n^t) 

a 

± -- (i 16001.1) cosn'^ q= — (61515.95) cos {int — Zn'i) 
a' a' 

— — (615 15.95) cos (2n^ — 3n'e) ip — - (2123.790) cos {^nt — 5n'^) 
al a 

(2 123.790) cos (4ni — 6n'i) qi — - (8241 168) cos (8n^ — In't) 

a' a' 

— — (8241 168) cos (6ni - 7n'0 ± ~ (3.758861) cos (lOni - %i't) 
a' a 



+ ■- (3758861) cos (8?i^ - 9n'<) \ 
o! ) J 



(504) 



Equations (331) and (427) will give 



*(c,cosi9)(J»(^) = 



— 

V 



ndt \ — (1.350436) cos n^ ± (4.994436) cos (37i^ — 2n't) 

— (2.386834) cos {nt — 2m/t) qp (0.7001987) cos {5nt — in't) 
+ (1.793021) cos {Znt — 4n'^) q= (1.0377075) cos {7nt — 6n't) 

— (0.13 15203) cos {5nt — 6n'^) ± (1.520500) cos {9nt — 871' t) 

— (0.5869093) cos (7n^— 8n'0 ± — (2088.71 1) cos {^nt-n't) 

a 

q: — (2568.806) cos n't + — (2571.070) cos {Ant — 3n'^) 
a a 

(Cbw fi n w a rf on <Ae next page,) 



. . (505) 
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- — (6184698) cos {2nt - Sn'O T ~ (i 148.168) cos (6nt - bn't) 
a' a' 



a 



+ — (449.76 1 3) cos {^nt 
a' 



a 



a 



+ — (35.98828)008 i&nt 
a' 



6n't) qp — (6942426) cos (8n< — In't) 
a' 



In't) ± — (3.897840) cos llOnt - Qn'O 
a' 

— -^^ ( 1. 174060) cos {%nt — 9n'<) \ 
a' } J 



Equations (327) and (430) will give 



ndti± (6.388842) cos nt ± (2.557701) cos {Snt — 2n^t) 

— (3.392822) cos (nt - 2n't) =f (7.135477) cos {5nt — in't) 
+ (0.184650) cos (3n« - in't) q: (1.098760) cos {7nt ^ Gn't) 
+ (i. 149678) cos {bnt-Sn't) ± (1405278) cos {9nt — 8n^t) 



a 



— (0.465 1763) cos {7nt—8n't) ± — (245 1.3 16) cos {2nt — n't) 

a 

q: — (2876.089) cos n't ± — (7074526) cos (int — Zn't) 
a' a' 

— ~ (1046.581)008 (2?i^—3n'^) T -^ (616.7230) cos (6n< — 5n't) 

+ — (i 164626) cos {^nt-5n't) t ~ (66.12894) cos {8nt - Vn'O 
a' a' 

+ ^ ( 1 8.460 1 5 2) cos (6n^ — 7n't) ± —. (2.834049) cos {lOnt — 9n't) 
a' a' 



— — (1.776104) cos {8nt - 9n'e) I 
a' ) J 



7 



Equations (218) and (501) will give 
dit 



(«.ccft(f) = 

ndt < =h (0.37743) cos nt t (0.023104) cos (Znt — 2n't) 

+ (2416043) cos {nt — 2n't) t (0.835421) cos {5nt — 4n'^) 



(505) 



> . (506) 



. (507) 
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— (0.08565) cos {3nt — 4n'i) ± (0.029314) cos {7nt — 6n't) 
+ (0.19385 1) cos {5nt — 6n't) ± (1.530806) cos {9nt — 8n't) 

— (0.25 1089) cos {7nt — 8n^t) ± -- (i 5071.0) cos (2nt — nU) 

a 

q: — (10238.2) cos n't T- — (40465.6) cos {int — Zn't) 
a' a' 

+ — (43270.2) cos {2nt — 3?^'^) ip — (1797.679) cos {Gnt — Sn'^) 
a' a' 

+ — (349-285) cos {int - 6n'^) hP ~ (61.8415) cos (8n« - 7n't) 
a' a' 

H — (124723) cos {6nt—7n't) ± — (3.524204) cos {10nt — 9n't) 
a' a' 



^ . (507) 



+ ^, (0.849866) cos (8ne - 9n't) \ 
a' ) 



In like manner equations (234) and (499), (332) And (428), (328) and (431), 
(219) and (502), will give the four following equations : 

^(^sinisW^U 

rwftj qz (3.988125) cos (371^- 2n'^) + (3.988125) cos {nt - 2n't) 



± (1.569922) cos {5nt — ^n't) — (i. 569922) cos (Snt — 4n7) 

± (0.02501 1) cos {7nt-'6n't) — (0.02501 1) cos {5'tU — 6n't) 

Hi (0.670879) 008 {9nt - 8n't) + (0.670879) cos {7nt — 8n'<) 

-- (242016.1) cos (2nt — n'^) ±: — (242016.1) cos n't 
a' a' 

— (86278.3) cos (4n< - Sn't) - ~ (86278.3) cos {2nt - 3n'^) 
a a 



—^ (1631.179) cos (Qnt—Sn't) (1631.179) cos (^nt — 5n'i) 

a' a' 

— - (38.99440) cos {8nt — 7n't) (38.99440) cos {6nt — 7n't) 

a' a' 

— (i.63i205)cos(10n^-9n'e)+-^(i.63i205)c08(8ne-9n'<)\ 
a' a' J 






(508) 
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^(c,sin^)^(f) = 



z:;8 



— nit \ H= (2.00891 1) cos n^ T (0.7258974) cos (Snt — 2n'i) 

+ (0.9021924) cos {nt — 2n't) ± (3.858266) cos {6nt — An'() 

— (1.418005) cos (3n^ — ^n't) hf (0.2652286) cos (7n^ — &n'€) 
+ (0.0889336) cos {bnt — 6n'^) ip (0.9244336) cos (9n^ — 8n'^) 

4- (04930837) cos i^Tvt - 8n'0 ± — , (6779.817) cos (2n^ — n'^) 

a 

q: (S 152.893) COS n't qp — : (5314.021) COS {int — 3n'^) 

a 

+ (2855.076) cos (2ne - Zn't) ± — (1727.963) cob {6nt - 6n'0 

a 

— — (928.7185) cos {int—5n't) ± -^ (5 1.81359) cos {8nt — In't) 
a' a' 

( 1 8. II 7 1 3) cos i^nt — In't) q: — (2449982) cos (LOnt — 9n'0 

a' a' 



> . (509) 



+-^ (1.529357) cos (8n^ — 9n'^) I 
a' J J 



— Tide / ± (1.617058) cos n^ T (0.908312) cos {Znt — 2n't) 

— (0.0015 102) cos (n« — 2n't) ± (0.2768708) cos (5ne — 4n'e) 

— (0.1935358) cos {Znt — 4n'0 ± (1.236861) cos {1nt — &n't) 

— (0.3270390) cos {^nt — 6n'e) q: (1.647632) cos (9n< — 8n'e) 



^ 



a 



— (0.05276074) cos (7ne — Sn't) ± — ■ (i 1 8.0866) cos (^nt — n't) 

a' 

± (5 12.0916) COS Ti'e =H -- (593.8078) cos {AM — Zn't) 

a' 

— ~ (945-3127) cos {2nt — Zn't) ± — (5914314) cos (Qnt — dn't) 



a' 



(Qmtimted tm the nesipage,) 



(510) 
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+ — (227.6264) cos {4nt — 6n'0 ± —, (93.774S4) cos {8nt —7n't) 
a' a 

H — (1.042963) cos (6nt — 7n'0 =f — - (4.010980) cos (lOn^ — 9n't) 

— — (0.9220684) cos (871^ — 9n'rt j 
a' J 



^ • (510) 



^ 



'- ndt \ q= (4. 1 22 196) cos rvt =p (3.796336) cos (3ni — 2n'^) 
I- 

H- (1.006920) cos (n^ — 2n't) ± (8.050031) cos (5rie — 4n'e) 
+ (0.775940) cos (3ni — 4n7) ± (2.498429) cos (7n^ — 6n'^) 
+ (0.290987) cos {6nt — 6nU) ip (4.575909) cos {9nt — 8n't) 

— (o. 1 27866) cos (7nt — 8n'^) q: — (32382.7) cos {2nt — n'^ 

a 

qi — (93472.5) cos n't ±: — (93291.4) cos {^nt — 3n'<) 
a' a' 

+ -^ (27881.7) cos (2n^ - 3n't) ± -^ (4501.690) cos {6nt - 5n'^) 
a a' 

- — (6.438) cos {^nt-5nU) ± -^, (188.1820) cos (87U - 7n'0 
a' a' 

+—, (7-0575) cos (6n« - 7n't) q= ~ (10.16805) cos (lOn^ - 9n't) 
a' a' 



+ 



—^ (1.845388) COS {8nt - 9n'0 | 



(511) 



'If we now put the sum of equations (604-511) equal to A cos 5", we shall have 

Acos ^3"= 

w? ( 

— - ndt i q: (1.368502) cos nt q: (1.845798) cos {3nt — 2n't) 

+ (2.576153) cos (nt — 2n't) ± (2.990325) cos {5nt — 4n't) 
— (2.607170) cos {3nt — 4n'^) ± (0.244125) cos {7nt — 6n'0 
+ (0.096086) cos {5nt — 67i7) q: (1.804431) cos (9n^ — 8n't) 

{Cbntittued tm the next page.) 



► . (512) 
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Mm 

+ (1.238001) COS (^nt - 8n'0 =F -7 (131888.8) 00s {^t-n't) 

± — (244220.8) cos n't ± —- (74958.9) cos {\ni — Zn'i) 
a' a' 

(76397.6) cos (2n^ — 3n'^) ± —- (2765.903) cos (6n^ — 6n'<) 

a' a' 

— — (3546.990) cos iAfnJt — 5n'^) ± — - (92.9581) cos (8ne — 7vi'0 
a' a' 

(64.5019) cos (6n< — In'i) t — (4.245262) cos (lOn^ — 9n'0 

a' a' 



\ • (512) 



+ -^ (5742445) cos (8ne — 97i7) I 
a' ) 



This equation gives by integration 



Ch coaS= 



m® 



I — (1.368502) sin n^ — (0.6475580) sin (3nt — 2n'<) 

± (3.029352) sin {nt — 2n'^) + (0.6361 3 15) sin (5nt — 4n'i) 
:+: (0.9653344) sin (Sti^ — ^n't) + (0.0372642) sin {7nt — 6n'i) 
± (0.02 10637 1) sin {5nt — 6n'^) — (0.2147725) sin {9nt — 8n'^) 

± (0.1933896) sin (7n^ — 8n't) (68506.59) sin {2nt — n't) 

a 

H — (3264927.0) sin n't H — (19853.53) sin (^nt — 3n't) 
a' a' 



— (4302646) sin (2nt — Sn't) h — (491.6295) sin {6nt — bn't) 
a' a' 

~ (978.2120) sin {Ant — &n'() + — - (12.43356) sin ifint — 7n't) 
a a' 

— (II .778 1 8) sin (6nt - 7n't) - — (0.45 5 1 684) sin (lOnt - 9n't) 
a' a' 



> • (513) 



±— (0.7837602) sin {8nt - 9n'0 i 
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This equation will give Ch sin H, by using the lower sigos and changing sin 
to cos in the second member. 

The first term of the value ^ -j— in equation (503) is equal to 

at 

-^:CiCos/9 jAcos-Sr ^ Cj sin )9 j A sin S". 



Va/i 



Vaft 



Therefore by means of equations (240) and (513) we shall obtain — 



<J» 



Ut term of 

—'— = a — 
dt fi 



mr ( 
= a—-'n< + (2.381794) sin 2 (nt — n'^) 

— (0.3292029) sin 4 {nt — n't) + (0.0583279) sin 6(nt — n't) 



— (0.021 3829) sin 8{nt'' n't) — — (3333433.6) sin {nt — n't) 

a' 

— ~ (24172.93) sin 3(nt — n't) (486.5825) sin 6{nt — n't) 

a a 



y. (614) 



+ — (0.65538) sin 7(nt- n't) + — , (0.3285918) sin 9(nt- n'«) \ 
a' a' ) J 



Equations (330) and (440), (342) and (429), (272) and (600), wUl give the 

du 7* 
three remaining terms of the value of 3* --j-, as follows : 

dt 



2ndtennof 

d8{r 



du T TTb ( 

^— p- = a— -n^ — (7.i04i98)sin2(ni — n'^) 
dt IT I 



— (1.289885) sin 4 (n^ — n'() — (0.325 1771) sin 6 {nt — n'i) 

+ (04809686) sin 8 (71^ — n't) — — — (44344. 10) sin {nt — n't) 

a' 

- ■- (43308.61) sin Z{nt- n't) + ~ (85 5. 1089) sin 5 {nt - n't) 
a' a' 



>. (615) 



— --(29.97 5 50) sin 7 (n^-- n't) + ^ (i.i3500o)sin9(?i< — n'<) I 
a a' j > 
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8rd term of 



^5 «£i!l = a — n I - (0.920683) Bin 2 (ni - n'O 
dt fJL* I 



dt fjc 

+ (3.655966) sin 4 {nt — n^t) — (2.740416) sin 6 {nt — n'O 

+ (1.037936) sin 8 {nt — n^t) — — (4809.732) sin {nt — n't) 

a 

+ — (2750.120) sin 8 {nt — nU) (1585.9033) sin 5 {nt — n't) 

a' a' 

— -^ (49. 1 8362) sin 7 (ni — n't) + ~ (2.093701) sin 9 (n^ — n'rt I 
a' a' J 



• (616) 



4th tenn of 

— (2.146967) sin 4 (nt — n'«) — (3.988334) sin 6 (nt — n't) 



y ^'^ = a — n| -f (1.372404) sin 2 (nt — n'i) 
at At* I 



+ (3.844367) sin 8(nt — n't) + — (217068.3) sin {nt — n't) 

a' 

- — (158423.3) sin 3(nt — n't) (4900.780) sin 6 {nt — n't) 

a' a' 

— —^ (192.2301) sin 7 (nt — n't) + ~ (5.406769) sin 9 {nt — n'i) I 
a' a' J ^ 



, (517) 



If we now take the sum of equations (514-617), we shall obtain the complete 

, aa follows : 



value of <J* ^ 



dt 



ff^^^a^nl- (4.270583) sin 2 (nt - n't) 
dt IT I 



— (0.110089) sin 4(n<— n'<) — (6.995599) sin 6{nt — n't) 



fit 

+ (5.341889) sin 8 (nt - n'i) (31655 19.1) sin {;ni — n'£) 

d' 

— — (223 1 54.7) sin 3 {nt—n't) - — (7828.375) sin 6 {nt — n'€) 
a of 



>. (518) 



- — . (270.7338) sin 7 (n< - n't) + — (8.964061) sin 9 (n< - n't) \ 
a a' ) J 
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We must now find the value of ^ * 



shall easily find 



dt 



. If we develop equation (252'), we 



dt Ya'u dt \.J \dv j i'^*' \dv } J \dv ] 



1 

+ — 



/(f)^?} 



+ 



Vofi dt 



{s>m-^^My] 



Va/i \^\dv 



_l_g,d8^f(dB\^ 
Va/i dtJ\dv I 



. (519) 



If we multiply eqaations (449) and (450) by (448), we shall obtain the two 
following equations : 



mYH 



dR 



dv 



dv J 



]dt^ 



a* -n^< —(0.1095220) + (0.08907344)008 2(n< — n'^) 
/r» { 

— (0.1095220) cos 4 (n< — n^t) — (0.08907344) cos 6 {nt — n't) 

+ — - (2 1.29796) COS (n< — n'O + — : (25.02037) cos 3 {ni — r\!i) 
a a 

: (3.563640) cos 6(n< — n'O + — (0.2221521) cos 7(n< — n'^) I 

o! o, ) 

/(f)- 

a*— nV - (0.3995215) cos 2(nt - n't) - (0.1331738) cos 6(n^ - n't) 

(04883040) 008 (n^ — n'i) (0.5770867) cos 3 (n^ — n't) 

a a 

— -- (O.I 33 1 738) coa6(n<-n'0 ^, (0.2219564) cos l{ni-n'() \ 



►. (520) 



• (521) 
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Equation (428) gives by integration 



\dt = 



— — < + (1.700299) cos 2 (n< — n't) — (0.0746061 2) cos 4 (?i< — n't) 
atrn I 



a 



— (0.121695 1) cos 6(nt — n't) (4002.205) cos {nt — n't) 

a' 

+ — , (4S5.6i3i)cos 3(n<— n'f) + — - (6.277654) cos 5(nt — n't) 
a' a' 



- — , (0.2353217) cos 7{nt - n't) \ 
a' ) ^ 



(522) 



Whence we deduce 



- 1 fH^ 

''auW \dvj 



dt + 




■f 



dtid 




dt-h 



I — (0.2 1 90440) + (1478924) COS 2 (n< — n't) 



a/A 



sm-'} 



m* 



— (0.2936501) COS 4 (nt — n't) — (0.43301 58) cos G{nt — n't) 

— — (3960.097) cos (nt — n't) H — - (505.0768) cos 3 (nt — n't) 
a' a' 

-^ — (0.982800) cos 6{nt — n't) — -^ (o.oi 29739) cos 7(nt — n't) \ 
a' a' ) 



^. (523) 



J 



If we now multiply equations (446) and (628) together, we shall obtain the 
following value of 



l8t term of 



^3^^^^^/. (0.1720761) sin 2(n<-n'0 
dt IT ( 



+ (2.277789) sin 4 {nt — n't) — (0.3498400) sin &(nt — n't) 

+ (0.5 158733) sin 6(nt — n't) (5306.482) sin (nt — n't) 

a' 

(4727.718) sin 3 (nt — n't) + — (607.2444) sin 5 (nt — n't) 

a' a' 

+ — (1.325484) sin 7(nt — n't) — ~ (0.3042876) sin 9(nt — n't) \ 
a' a' ) J 



. (524) 
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If we multiply equations (447) and (451) together, and the product by 



we find 



2nd t«rm of 



a«^ = a— n/~ (0.2787993) sin 2 (nt - n't) 
dt u* i 



+ (0.739227) sin 4i{nt —rt!i) + (0.3070441) sin 6 (ni — nH) 

+ (0.18203 1 7) sin 8(ne — n'^) — -- (28.3944) sin (rd — n'^) 

a 

— -- (957290) sin 3 (n^ — n'i) (i 59.2020) sin 5 (ne — n'^) 



+ -^(11 .905 16) sin 7 (ni — n't) — ^ (0.0326296) sin 9 (nt — n't) I 
a' a' } ^ 



Vafi 



y. (525) 



Lastly, equations (444) and (448) will give 

8rd term of 



a«^ = o —n[ + (1.756691) sin 2(n< -n7) 
a< a* I 



1 



— (2.604868) sin 4 (nt — n't) 4- (1.756691) sin 6 (nt — n'^ 



a 



— (1.666253) sin 8(nt — n't) (17732.88) sin {:nt — n't) 

a' 

H — (191 17.35) sin 3 (nt — n't) (i. 142262) sin 6 (Tit — n't) 

a' a 



+ 



— (59.44884) sin7 (nt - n't) - -^ (3.1 15927) sin 9 (nt - n't) I 
a' a' i 



(526) 



If we now take the sum of equations (524-626), we shall get 



= a — n/ + (1.305816) sin 2 (nt -n't) 



dt fT 

+ (0.412148) sin4(nt — n't) + (1.713895) sin 6 (?it — n't) 



— (0.968348) sin 8(nt — n't) (23067.75) sin {nt — n't) 

a' 

+ — (14293.90) sin 3 {nt — n't) + — (446.9001) sin 5{nt-- n't) 
a o! 

+ ~ (72.67948) sin 7 {,rd-n't) -^ ^ (3452845) sin 9 (nt - n'€) \ 
a d } 



(627) 
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Adding eq^uations (618) and (527) together, we get the complete value of 



or ^ — r— , as follows : 



dt 



dt 



rnr ( 
= a -— n < — (2.964767) sin 2 {nt — n^t) 

+ (0.302059) sin 4(n^ — n^t) — (5.281704) sin 6 (nt — nU) 



+ (4.373541) sin8(nt-n'0 (3188586.8) sin {nt — n^t) 

o! 

- ~ (208860.8) sin 3 (ne - n'i) - —^ (7381.475) sin 6 (nt - n't) 
a' o! 

- — (198.0543) sin 7 {nt-n*t) 4- \ (5.5 1 1216) sin 9(nt - n'i) \ 
a' a' j 



(528) 



This equation will give by integration, the numbers in brackets being 
logarithms, 

8*T==a — { + [0.4832425] + [0.2047256] cos 2 (nt — nU) 

— [8.91 17968] cos 4 (nt - nU) + [9.9783877] cos 6 (nt — n^t) 



a 



— [9.77 1 5082] cos 8 {nt — n^t) + — [6.5 373632] cos (nt — n't) 

+ — [4.8765007] cos 3 (nt — n'i) -\ — [3.202938 1 ] cos 6 (nt — n'i) 
a' o! 



^. (529) 



+ 



— [ 1 48545 1 2] cos 7(nt--n't) — ~ [9.8207700] cos 9 {nt — n't) \ 
a' a' ) J 



89. We must now determine the values of 3* 
titles are given by the following equations : 



— ^ and 3* — ^. These quan- 
dt dt 



'dT 



= -2 



dvi 



T^dt 



^r + 64T{^^ + i(^^)'} 



T^^dt 



-12 



dvi 
r^dt 



<Jr«aV + 5 



dVy 

r^^dt 



dr' 



dt T,^J \dv) r,' J \dvj T,' J \dvj 



+ 



r^ J\dv) r,' J \dv) r^' J\ 



dR 



\dt 



+ 



dv I 



41 



(530) 



(531) 
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In these equations we may put r = a and 
will therefore become — 



— ^ = n. The first term of ^ — *- 
dt dt 



Ist term of 



do V Tfb C 
^ _» . _ — fii — (3.204464) COS 2{nt—n't) + (0.1632401) cos A{nt—n^t) 

dt /JL^ I 

— (1.902907) cos 6(nt — n't) + (1.181784) cos 8 (?i^ — n'() 

(6892762.0) cos (nt—n't) — — ( 1 50498.0) cos 3{rU — n't) 

a' a' 



— (3191.304) cos5(n^—n'^) (61.16192) cos 7{nt — n't) 

a' a' 



a 



+ — (1.323732) cos 9{nt-n 
a' 



")}j 



. (532) 



We also obtain, from what precedes, 



dri^r =- a* — / + (0.8602908) + (1.946328) cos 2{nt — n't) 

-f (0.7636650) cos 4 {nt — n't) — (042343 14) cos 6 {nt — n't) 

+ (0.3345350) cos 8{nt — n't) — — (42222.59) cos {nt — n't) 

a' 

(33152.90) cos 3(n^ — n'^) (71 1.6585) cos 5 (n< — n't) 

a' a' 



. (533) 



— -^ ( 1 8.96724) cos 7 (n^ — n't) + —^ (0.343985 3) cos 9 (nt—n't) \ 
a' . a' ) ^ 



r^g^rf^a^JIL / + (3.256109) + (3.157412) cos 2(n< - n't) 

— (0.783071) COS 4(n< — n't) — (0.9266144) cos 6 {nt — n't) 

+ (0.206842 1) cos 8 (n^ — n't) H — (3 196.570) cos {nt — n'{) 

a' 

+ — (650.6704) cos 3 (ni - n't) — ~ (449.5788) cos b{nt — n't) 
a a' 

— -^ (i 3. 1 3694) cos 1{nt — n't) + — , (0.0595954) cos 9 {nt — n't) \ 
a' a' ) ^ 



. (534) 
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m** r 
dy^lh = a'—- { + (1.257040) + (2.301944) cos iint — n't) 



+ (0.933186) cos 4 {nt — n't) -f (0.4591 558) cos 6 {nt — n'^) 

— (0.2666142) cos 8 (nt — n'rt 4- -- (757.3580) cos {nt—n't) 

a' 

H — (452.9772) cos 3 {nt — n'^) + — (307.8641) cos 6 Int — n't) 
a' a' 



+ -^ (14.30162) cos 1{nt— n't) — — (0.2778807) cos 9 (n^ — n'i) I 
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> . (535) 



d7^ = a*—-< + (i. 169924) + (1.091390) cos2(n^ — n'^ 



+ (1.5 1 281 1) cos 4 {nt — n'O + (0.3558483) cos 6 {nt — n't) 



+ (0.3436589) cos 8 {nt — n't) — — (66.42423) cos {nt — n'i) 

a' 

(55.75468) cos 3(n^ -n't) (14.29128) cos5(n^ — n'rt 

a' a' 

— -^ ( 1 3.95008) cos 7(n^ - n't) + — (0.5 1 37 195) cos 9 {nt — 7i't) \ 
a' a' J 



> . (536) 



These four equations give the following terms of 8^ —^~-' 

at 



2nd terra of 

dt 



^ =^ n / + (i 1 .677968) cos 2 (n^ - n't) 
+ (4.581990) cos 4i{nt — n't) — (2.540588) cos 6(71^ — n't) 
+ (2.007210) cos 8 {nt — n't) — — (253335.54) cos {nt — n't) 






— ~ (198917.4) cos Z{nt—n't) (4269.95 1) cos 5{nt — n't) 

a' a' 

— —(113.80344) cos 7(n^ ^ n7) -f-? (2.063912) cos 9(7it — n'^) I 
a' a' ) 



. (537) 



324 THEORY OF THE MOON'S MOTION. 

8rd t«rin of 

^ — ^ = —-n{+ (9472236) cos 2(nt - n't) — (2.3492 1 3) cos 4{nt — n't) 
at fA I 

— (2.779843) cos 6 {nt — n't) 4- (0.6205263) cos 9>{nt — n't) 

+ -- (9589.7 1) cos (n< — n't) + — (1952.01) cos 3 (n^ — n't) 
a'. a' 

(1348.7364) cos 5{nt — n't) — — - (39.41081) cos 7(n^ — n'£\ 

a' a' 



+ ~ (0.178786 1) cos 9(ne -n'O \ 
d' ) J 



4th term of 

^ — ,^- = — n I — (27.623328) COS 2 (n^ — n'rt 
at fit* I 

— (i 1. 198232) cos 4 (nt — n't) — (5.5098696) cos 6 {nt — n'^) 

+ (3.1993704) cos 8 (nt — n't) (9088.30) cos (nt — n'rt 

a' 

(5435.62) COS 3 {nt — n't) - — (3694.3692) cos 5{nt— n't) 

a' a' 

— — (171.61944) cos 7(nt - n't) + — (3.3345684) cos 9(nt— n't) \ 
a a ) 



fS" 



Sth term of 
7 ^ — 8 / 

-— = —~n{ + (5.456954) cos 2 {nt — n't) + (7.56405 5) cos 4(nt — n't) ^ 
at IT \ 

+ ( 1 .779242) cos 6 {;at — n't) + ( i .7 1 82945) cos 8 {nt — n't) 

(332.12) cos {nt — n't) {27S.77) cos 3 {nt — n't) 

a' a' 

(71.4564) cos 5 (nt — n't) (69.75040) cos 7 (nt — n't) 

a' a' 



+ — (2.5685975) cos 9 {nt — n't) \ 
a' j J 



(538) 



(539) 



(540) 



If we now take the sum of the different terms of ^ — ^—, which we have com- 

dt 

puted, we shall obtain the following expression for its complete value : 

do V Ttb f "^ • 

S^—^-:=^——n{ — (4.220634) cos 2 (nt — n't) — (1.239160) cos 4(nt— n't) I ,_.,. 
dt fT i y . (o4ij 

— (10.953967) cos 6(nt — n't) + (8.7271856) cos 8 (nt — n't) 

{QmUMmtd on the ntxlpage,) 
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a 



— (7145928.0) cos {nt 
o! 



n't) — — (353177.8) cos 3 {nt — n't) 
a' 



a 



a 



(12575.82) cos 6{nt - n't) - ~ (455.8460) cos 1{nt - n't) 

a a' 



> . (541) 



+ —-(9469596) cos 9 (ni — n't) I 
a' ) 



We shall now find the value of ^ —j-. If we multiply equation (499) 

at 

by dt, we shall find by integration — 



/'•(f)*- 

a^—jnl — (2.i5528o)cos2(7i< — n'O + (04242121) cos4(n^ — n'<) 

+ (0.0045055) cos Q{nt — n't) - (0.0906398) cos 8 (n^ — n't) 

— — (261 582.8) cos {ht—n't) H — (3 1084.60) cos 3(n^ — n't) 
a' a' 

+ — (352.61 16) cos 6{nt — n't) + -— (6.021007) cos 7(n< — n'£) 
0, a 



> . (542) 



— — ^ (0.1958985) cos %nt - n't) \ 



If we divide this equation by — a*, we shall obtain the first term of ^ 






Equations (411) and (464), (417) and (449), (467) and (448), (419) and (449), 

(426) and (448), (425) and (448), will give the following terms of ^ ^ : 

dt 



2nd term of 



^ ^ = — %i / - (04706983) cos 2{nt - n't) 
dt IT I 



— (2.007852) cos 4 {nt — n't) + (0.1366330) cos 6 (?it — n't) 

+ (o. 1 56703 1 ) cos 8 (nt — n't) + — - (5922.977) co& (nt — n't) 

a' 

+ -^ (501 5471) cos 3 (ri< — n't) (591.9252) cos 6 (nt —n't) 

a' a' 

— — (9.604934) cos 7(nt — n't) + ~ (0.361 5785) cos 9{nt - n't) \ 
a' a' ) 



> . (643) 



J 
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S" 



Srdtermof 



= — n ^ + (o.2756(XX)) cos 2(n^ — n'^) 



— (o. 1 328998) cos 4 (n^ — n'^) — (0.4904000) cos 6 (yit — n7) 

+ (1.066832) cos 8 (n^ — n*i) — — - (53.2946) cos (nt — n'i) 

a 

(i 2.9599) COS 3 {lilt — n't) — — - (106.6769) cos 5 (n^ — n't) 

a' a' 

(10.599691) COS 7{rU-n't) + — (0.2754597) cos %nt — n't) V 

a' a' ) 



. (544) 



S" 



4th term of 
d^^iV ni 



dt 



7n^ ( 
= — n< + (2.26767s) cos 2 (nt — n't) 

4- ( 1 . 1 277473) cos 4 (n^ — n'i) — (0.642 1 678) cos 6 {nt — n't) 



4- (042 1 2049) cos 8 {nt — n't) — — (4238348) cos {nt — n't) 

a' 

(41508.52) cos 3 {nt— n't) (892.5727) cos 5 {nt — n't) 

a' a' 

— — , (19.64040) cos 7{nt — n't) + —^ (o.6266978)cos 9 {nt ~ n't) \ 
a' a' j 



I. (545) 



6th term of 



a»^ = ^n| - (0.8891094) COS 2(n^ - n'O 



+ (0.39091 82) cos 4 {nt — n't) — (o. 1945 364) cos 6 (nt — n't) 

+ (0.2732890) cos 8 (n^ — n't) + — (191.0694) cos {nt — n't) 

a 

+ — (98.16946) cos 3(ne -- n't) + -^ (71.67921) cos 5 {nt — n't) 
a a 

- — ^ (1645906) cos 7{nt - n't) + -^ (0.2088019) cos 9{nt - n't) \ 
a a J ^ 



6th term of 



^~df ^ ^"^1 "" (7.654187) COS 2{nt-n't) 



- (3.008402) cos 4(ne — n't) — (1.995034) cos 6(ni — n't) 
+ (1.007063) cos 8 (?i< — n't) — — ^ (2599.540) cos {nt — n'^) 



a' 

{QmUnued on iA^ nexlpagt) 



(646) 



. (547) 



I 
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— (1478424) cos 3{nt — n'<) (i 16441 1) cos 5 (nt — n't) 

a' a' 

^- (44.24381) cos 7{nt—n't) + —^ (1.505727) cos 9 (n^ — n't) \ 



. (547) 



a 



a' 



7th term of 



^ — ^ = -^n| + (2.03 1 1 77) cos 2 (nt — n'^) 



+ (3-635514) cos 4:(7U — n't) + (0.6720553) cos 6{nt — n't) 

+ (0.8653856) cos S(nt — n't) — — (102.76509) cos {nt — n't) 

a' 

- — . (91-53490 cos 3(n^ - n't) - -^ (35-07737) cos 5{nt -n't) 
a' a' 

— — , (25.54356) cos 7lnt— n't) 4- -- (1.6913726) cos 9(nt — n't) I 
a' a' } J 



. (648) 



If we now divide equation (542) by — a*, and add the quotient to the sum of 
equations (543-548), we shall obtain the complete value of ^ —rr, as follows : 



dt 



S" 



dSoV m' 



== — n ^ — (2.284262) cos 2 (n^ — n't) 



dt fjf 

— (0419187) cos ^nt — n't) — (2.557956) cos 6{nt — n't) 



+ (3.881 1 18) cos 8(nt — n't) h — (222557.1) cos (nt — n't) 

a' 

— — (69062.39) cos Slnt—n't) — — (3071.595) cos 5(nt — n'rt 
a' a' 

-~(i32.ii4O9)cos7(n^ — n'0 — — ,(4.865 5360) cos 9(71^— n'<) I 
a' a' ) J 



. . (549) 



If we now take the sum of equations (641) and (549), we shall obtain the 
value of ^ -^— , as follows : 



dt 



^ 



d(h 



= — n / - (6.504896) cos 2{nt - n't) 
At* I 



dt fT 

— (1.658341) cos 4:{nt — n'^) — (13.5 1 1923) cos 6{nt — n't) 



y . (550) 



a 



+ (12.608304) cos 8(71^ — n't) (6923370.0) cos (nt — n't) 

a 

(Oomtimued on the next page,) 
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— — (422240.2) C08 S{nt — n^t) — — , (i 5647.41 2) cos 6(n^ — n'^ 
a' a' I 

— —(587.96010) cos 7(n^-n'e) + —f 14.335 1 3) COS 9(?i< — n'<) I 
a' a' J J 



. (550) 



This equation gives by integration 

» 

8*v = — < — [0.5459753] sin 2(nt — n't) — [9.65 13789] sin 4c{nt'-nU) 

— [0.3863308] sin &{nt — n't) + [0.23 133 16] sin 8(ni — n't) 

[6.8740825] sin {nt — n't) ~ — - [5.1822033] sin Z{nt — n't) 

a' a' 

— — - [3.5292295] sin 6{nt — n't) [1.9580148] sin 7(n^ — n't) 

a' a' 



+ 



— [0.2359242] sin 9(nt — n'^) \ 
a' ) 



The numbers in brackets are Ipgarithms. 



J 



(551) 



We have thus obtained the perturbations in the longitude and in the radius 
vector, arising from the fourth power of the sun's disturbing force. The only 
term of sensible magnitude in the value of ^v is the one depending on sin 
{nt — n't), or the parallactic inequality as it is called. This term amounts to 
about 3.''87, and if we estimate by induction, the sum of all the succeeding 
terms of the parallactic inequality would amount to about 2J'\0. It therefore 
seems hardly worth while to compute the terms arising from the higher powers 
of the disturbing force. 



CHAPTER VII. 

PERTURBATIONS OF THE ELEMENTS ARISING FROM THE FIRST AND SECOND 

POWERS OF THE DISTURBING FORCE. 

40. We have given the diflferential equations of the elements in equations 

(E-I), page 40, 41. The values of -— , -j-, and d- are there given in a very con- 

dt at a 

venient form for computation ; but the values of — - and — have coefficients of 

dt dt 

complicated form, and we shall simplify the expressions by the following sub- 
stitutions. 

If we put 

_ - f cos ^ , V dv sin ^ . / \dd\ /kko\ 

[o]=^i TC08(v-fo) — -sm(v-a;)-- V; (552) 

I cos Uq dt cos Uq at ) 

^ f cos (v - (o) dr ^ cos ^ . , \ ^^ 1 /kp^o\ 

[T]= J '- ^:^-2r -.sm(t;-cc;)— V; (563) 

I cos 00 cos 9 dt cos Uq dt ) 

^ ( sin dr -. cos ^ d^ 1 . , v /etr>i\ 

(2] = - Z-3;+2r __Um(v-ai); (554) 

I cos On dt cos Uq dt ) 



cos 00 dt cos ^0 dt ) 

{sin 00 cos — COS 0o sin cos {y — o))} — 

dt 



s=-{ 



— cos <?o cos d' sin (v — cw) — I ; 

dt J 

cos 00 ' / \dr c\ € n n t \ 

— sin (v — m) — + 2r {cos ^o cos cos {v — a)) 

cos dt 

+ sin 00 sin 0} — I ; 

dt J 



. (555) 



. (556) 



H] = {sin 00 cos ^ — cos ^0 siJ^ ^ cos (v — €o)} — 

dt 

— 2r {cos 00 cos cos (v — co) + sin 0o sin 0} ~ ; 

dt 

42 320 



. (557) 
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Equations (G) and (H) will become 



ue 



dt 

de 
~dt 



^(dR\^^ldR\^^(dR 



=^m^m{'^ 



\dr) 



dv 






(558) 



(559) 



We shall now give the development of these equations. For this purpoee we 
must first substitute the elliptical values of r, v, and d in equations (562-657), 
by which means they will become 



[o] = 



a*n 



/ - e {1 - ^} + {1 - J^e» + life* + i/} cos {nt - w) 

+ e{l- Ve*} cos 2{nt - «*) + |c* {1 - ||e*} cos 3(n« - at) 
+ |e* cos i{nt — co) + fffe* cos 5{nt — at) 

- ir" {1 - ¥«* - iy*} cos {nt + ai- 2a) 

-if{l-^-if} cos {nt - 3w + 2a) 

- 1 ey* cos 2(n< - a) + ^ey* cos 2(<e; - a) - iey* cos (2n< - 4«» + 2a) 

- ^eVcos {Znt-at- 2Q,) - ^eV cos (3n< - 6a» + 2a) | 

(U = 2an| -{1 - ^e* + ^^e* + JeV} sin {nt - at) 

- ie {1 - Ue' - ^f} sin 2{nt - at) 

-{¥«*- Hi^* - i«V + ir*} sin 3(7i< - w) - ^e* sin A{nt - w) 

- ^yW^c* sin 6(n< - «) + ^y* {1 - e» - i>^} sin {nt - Sat + 2a) 

+ iy* {1 -8e*-iy*} sin (3n« - a» - 2a) + ^e^ sin (n« + tt)-2a) 

- r^ef sin 2(n< - a) + ■fgey' sin (2n« - 4«» + 2a) 
+ ffcy* sin (4n« - 2<a - 2a) + T^^ey* sin 2(« - a) 

+ JfcV sin (3n< - 6a> + 2a) + |feV sin (6n< - 3w - 2a) 
+ -^y^ sin {3nt + a> - 4a) - fy/ sin {5nt - a» - 4a) | 

S = 2a»| - Jy {1 - V^e* -|y*} sin {2nt-ai - a) 

+ iy {1 - -Je*} sin {w -Q,)-iey sin (3n< - 2«» - a) 
+ |ey sin (n< — a) — |ey sin (n^ — 2«» + a) 

- 2e*y sin (4n« - 3a» - a) - |y {e* - iy*} sin (2n< - 3«» + a) 
+ ^y'sin (4n< - w - 3a) -■j^y'sin 3(«» -Si)\ 



► . (560) 



(561) 



\ (562) 
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[11 = 



-w) 



a*n I - {1 - V^ + -i^e*} sin {nt 
-e{l - fe*} sm2(nd-<e>) -|e*{l 
- |«»sin4(n< - w) - fM "n 2(n< - a») I 



Hfe*} sin 3 (n< 



0,) 



>. (563) 



B = 2an I i« {1 - i**} - {1 - 1«* + ^* + ,iff/} cos (n< - «.) 

- c{ J - ^} cos 2(n< - fl») - {^(^ - me* + ^y*} cos 3(n< - a») 
_ J^^ cos 4(n< - w) — V^«* COS 6(n< - at) 

+ if {I - i^ - ^y*} c(^ {nt + (0 - 2a) 

+ ix* {1 - ¥«* - iy*} cos (3n< - w - 2g3) - ^ey* cos 2(a» - g^) 

+ {W cos (4n« - 2a» - 2Q) + ffeV cos (5n< - 3w - 2Q) 

- ^ey cos {nt - 3w + 2g3) - fy/ cos (57i« -a + iQ,) 
+ fffX^cos (rrf + 3<a -4Q) \ 



►. (564) 



[H = 2a» I - Jy (1 - |y» - V^} cos (2n< - a» - gj) 

— iy {1 - K "i)^} cos (a» - £3) - |€y cos (3n< -2a>-Q) 

— ^ cos (Tii — 2(0 + Q) + \ey cos {nt — ft) 

— 2e*y cos (4n< - 3o» - ft) - iVy {2e» - y*} cos (2n< - 3<«» + ft) 
+ ^y»cos(4n« - a» - 3ft) - xVx'cos Z{to - ft) | 



> . (565) 



41. In the development of equations (558) and (559) we shall omit the terms 
depending on the sun's parallax, and shall only retain terms of the second order 
in e and y. This being premised, equations (218) and (560) will give 

(E (^] = i?n| |« {1 + fe"} - i{l - |e» + |«^ - fy*} cos (n< - a>) 

+ fee' cos {n't — «>')— ^ cos 2{nt — to) — |c' cos (n< + n.'< — a» — a>') 

- !«' cos {nt — n't — ta + at') — |c'* cos (n< + 2n't — a> — 2a>') I . /566) 

- fe** cos {nt - 2n't - w + 2<i»') - fee' cos {2nt + n't -2a>- at') 

- |ec' cos (2n< - n't - 2«» + wO - |y* cos {Znt - «» - 2ft) 

- Jy*co8 (n< + «» -2ft) + iy»cos {nt-Za> + 2ft) - -^cos 3(7rf- o») ^ 
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+ ie COS 2{nt - n'O - }{1 - W " §«" ^ if} cos {3nt - 2n't - to) 

- i{l + ¥^ ~ fe'^ - if} cos {nt - 2n'^ + oi) 

- fee' cos (27ii — n^t — a>') + «^ee' cos {2nt — Sn'^ + a>') 

- -^e cos (4n^ — 2n't — 2ai) + |€ cos 2(7i'^ — w) 

+ |e' cos {3nt -Wt — w — <a') + |e' cos {nt — n't + (o — w') 

- ^e' cos (3ri^ - 3n'^ - ft> + fo') - ^' cos {nt - 3n'i + w + w') . 

- ^(? cos (5/1^ - 2n't - 3ft>) - ^e* cos (n^ + 2n'^ - 3ft;) 

- ^'* cos {Znt - 4n'^ - ft> + 2a>') - ^e'« cos (nt - 4n't + o; + 2^00 
+ Ifee' cos {^nt - n't - 2ft> - to') - -^ee' cos (4nt - 3n't - 2co + co') 

- ffee' cos (3n't - 2ft> ~ oi') - ^ ee' cos {n't -2(o + <o') 

-|y2 cos (nt + 2n't - 01-2^3)+!)^ cos (3nt-2n't-3ai + 2Q) I 



(566) 



Equations (219) and (561) will give 



B/ — j = m*n ^ — 66 cos 2(nt — n't) 



+ 1(1 - ¥^ - K' - iy'jcos (3nt - 2n't - ai) 
- 1{1 ~ W - f«'* - ix"} cos (nt - 2n't + w) 
+ ^ cos (4nt - 2n't f- 2ft;) + V« cos 2(n't - to) 

— |e' cos (3nt — n't — lo — <a') + \e' cos (nt — n't + to — ft>') 

+ ^e' cos (3nt - 3n't -io + to') - ^' cos (nt - 3n't + €o + w') 

+ f|€^ cos (6nt - 2n't - 3w) - j^ cos (nt + 2n't - Zio) 

+ ^e'* cos (3nt - 4n't -io + 2io') — i^^'* cos {nt - 4n't + fo + 2w') 

— ^y* cos (5nt - 2n't - a; - 2a) + ^f cos (3nt - 2n't + «> - 2Q) 

- ^f cos (nt + 2n't -lo- 2£l) + ^^y^ cos {nt - 2n't ~ ^o + 2Q) 

- ^f cos (3nt - 2n't - 3ft; 4- 2Q) + Zee' cos (2nt - n't - w') 

— 21c6' cos (2nt - 3n't + co') - ff ee' cos (4nt - n't — 2ft; - ft;') 

+ ^ee' COS (4nt - 3n't - 2ft; + ft;') + ^ee' cos (3n't - 2ft; - ft;') 

- l^ee' cos {n't - 2ft; + ft;') I 



.. 



(567) 



HI 



Equations (220) and (562) will also give 
dll\ — , 



I — - I = rn^ni fy* cos (3nt — ft; — 2f2) — Jy* cos (nt + ft; — 

+ f y* cos (5nt - 2n't - ^e; - 2ft) + |y* cos {nt + 2n't - 
— f y^ cos (3nt — 2n't + to- 2ft) - |y* cos (nt - 2n't — 



2ft) 
ft; -2ft) 

€0 + 2ft) J 



. (568) 
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Equations (218) and (563) will give 

[3j/^^\=m^7i| + i{l-|e» + |e'*-|/}8in(n^-a;) 

+ \e sin 2{nt — w) + \e' sin {nt ^-n't — m — <o') 
+ f€' sin {nt — n't — fei + o;') + -j^ sin S{nt — w) 

+ 1€'* sin {nt + 2n't ~ a> - 2^0 + !«'* si^ (^ "" 2r^'< - ^«^ + 2ft>0 
+ |e€' sin (2n« + n't - 2a> - c«>') + fee' sin (2n< - n'< - 2fti + w') 
+ |y* sin {3nt -lo- 2^) - \f sin (nt-^-to- 2^) 

- 36 sin 2{nt - n'e) + f {1 - ^e* - f e'^ - iy*} sin (3n^ - 2n't - o;) 
-|(l~^e^-|e'*-J>^}sin(n^-2n'i + ft;) . 

+ ^ sin (4n^ - 2n't - 2o;) - |e sin 2(n'^ - w) 

+ fe' sin {Znt —n't — m — €o') + fe' sin (nt — n't + to — w') 

+ ^e' sin {Znt - 3n'^ - w + co') - V^' sin (n^ - Zn't + o) + w') 

+ Jglji^ sin {5nt - 2?i'^ - Zio) + ^6* sin (n« + 2n't - 3ft>) 

+ ^'^ sin (3n^ - 4n'e - w + 2fo') - ^ e'^ sin (n< - ^n't + a> + 2ai') 

+ fee' sin (2ne - n'^ - w') - ^g' sin {2nt - 3n't '+ co') 

- ff€e' sin (4n^ - n't - 2ft; - fei') + i^ee' sin {4nt - 3n'e - 2ai + a;') 

- f fee' sin (3n't — 2fl> — o;') + -^^^ sin (ni — 2w 4- co') 

+ fy^sin (n^ + 2n't -lo- 2gJ) + ^y^ sin (n«- 27i'^ -ai + 2Q) 
+ -^f sin (3n^ - 2n't ■\'W-2Q^)-^f sin (n^- 2n'e + 3ai - 2Q) 

- -^j^ sin {Znt - 2n't - 3a> + 2^) | 

Equations (219) and (564) will give 
b/^] = m^n { + J^6 sin 2{nt - n't) 

~|{l+Jj^-fe'*-J/}8in(n^-2n't + a;) 

- -V^ sin {^nt - 2n'^ - 2€o) - ^ sin 2{n't - w) 

+ ie' sin (3n^ - n'« - fii - w') + |e' sin (n^ -n'ti-w- lo') 

- -y^e' sin {Znt - 3n'^ - fi; -f oiO - ¥^' sin (^ - 3^'^ + fi> + a;') 

- ^ee' sin (2n^ - n'^ - oiO + if^-ee' sin (2n^ - Zn't + wO 
- -He* sin (5n« - 271^^ - 3fti) + -jfi^ sin (we + 2n'e - 3ft>) 

(CbnKiMMrf on <Ae imsT jM^i.) 



(569) 



.. (570) 
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- ^e'^ sin {Snt - ^n't - ^ei + 2w') - J^^'« sin (nt - 4n'^ + io + 2a}') ^ 
+ l^e' sin {int - n't - 2w ~ oi') - ij^' sin (4ni - 3n'i - 2io + a;') 

- Yff^ ^^' sin (3n'i5 - 2w - to') + f^' sin (nt - 2co + wQ 
+ -^f sin (5rw5 - 2n't -a>-2Q) + -^f sin (3n^ - 2n't + €o- 2Q) 

+ ^y*sin(ne + 2n'^~ai~2g3)+TJVy' sin (rii - 2n'^ - « + 2Q) 
-if^in(rU-2n't+Sio-2^)+ifQin{Z7U-2n't-3co + 2gi)\ 



Lastly, equations (220) and (562) will give 
dB 



(570) 



{E\^-^A = ^^ri^-ifBm{37U-(o-2a)-ifQm(nt + a)-2Q) 



> . (571) 



- if sin (5ne - 2n'i -lo- 2Q) - fy^ sin (nt H- 2n'^ - rei - 2gS) 
- |y2 sin (Sne - 2n'^ + tti - 2Q) + fy'sin (n« - 2n7-co + 2Q) I 



If we now substitute equations (666-671) in equations (668-659), we shall 
obtiiin the following: 



d(o 



Tnr 
•= — n 



I |e{l + |e'^} ~ i{l - |e^ + fe'^ - ^y^} cos [nt - cei) 



+ feg' cos (n7 —(o^ — {e cos 2(ne — w) - |e' cos (n^ + n't — to — a>') 

- f «' cos (nt - n7 - w + €o') - 1€'^ cos (n^ + 2n't -co- 2(o') 

- fe'* cos (ni5 - 27i't - lo + 2<o') - |ee' cos {27U + n'« - 2w - to') 

- fge' cos (2n^ - n'« - 2^0 + w') + |y* cos {SrU -to- 2gJ) 
-)^co8 (n^ + ^ei - 2Q) + -Jj^cos (n« - 3w + 2£J) 

- -j^ cos Z{nt ~ w) — ^e cos 2(7i^ — n't) 
+ 1{1 - ¥^ - f6'»} cos (3n^ - 2n't - ^o) 
~ f {1 - V^ - ¥^ - iy'} cos (ne - 2n't + ^c;) 
+ fe cos (4n^ — 2n7 — 2io) + -^ cos 2(n't — «i) 
^ |e' cos (377i — n'^ — w — w') + \e' cos (?i^ — n'^ + «> — fo') 
+ ^e' cos (3nt — 3n'^ - w + w') - ^c' cos {nt — 3n'e + ^o + cw') 
+ ^ee' cos (2n^ — n'^ — lo') — ^^ee' cos {2nt — 3n't + fo') 
+ ^e^ cos (5n^ - 2n't - 3w) - 1^ cos (nt + 2n'^ - 3w) 
+ ^e" cos (3n^ - 4n't - (ei+ 2w') - ^^^e'^ cos (nt - 4n'^ + w + 2ft>0 

- fee' cos (4nt - n't - 2w - foQ + ^ee' cos (4n^ — 3n't - 2a> + cwQ ^ 

(CbnfiRtied on <Ae next page.) 



>' (572) 
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+ i|Aee' cos {Zn't - 2(o - a>') — ^ee' cos (n^t — 2io + o)') 
- -^f cos {nt + 2n't - w ~2Q) - if cos {3nt - 2n't - Zio + 2^) 
+ r§^f cos (ui - 2n'e - ^ei + 2ft) + 3^j^ cos (Snd - 2n7 + «* - 2Q) 
-■Ay* cos (5ne - 2n'< - o> - 2ft) | 



^ • (572) 



^ = i^n/i{l-|6» + |e'*-fy*}8m(n^-^c;) + i«sin2(n^-fei) 

4- fe' sin (n^ + n'i — w — o)') 4- |e' sin {yit — n't — fo + w') 
+ -^ sin 3(n^ - lo) + f^'^ sin (n^ + 2n't -lo- 2to') 
+ |e'* sin (ne - 2n'^ - fei + 2cc;') + fee' sin {2nt + n'i - 2w - w') 
+ fee' sin {2nt - n't - 2ro + w') - ly* sin {Znt -to- 2ft) 

- fy^ sin {nt + co - 2ft) + f^ sin 2(n^ - n't) 
- 1(1 - i^ - 1^^*} sin (3n^ - 2n't - <o) 

- j(l - ^c* - f e'» - i)^} sin [nt - 2n't + tii) 

- |e sin (4ni — 2n't — 2^o) — ^ sin 2(7i'^ — w) 

+ fe' sin (3?ii ^ n't — w ^ ro') + |e' sin {at — n'^ + re; — w') 

- -^e' sin (3rie - Zn't - fei + w') - -^e' sin {nt - Zn't + lo + lo') 

- J^ sin {bnt - 2n't - Zw) -f ^^ sin {nt + 2n'e - Zco) 

- ^ e'^ sin {Znt - 4:n't -(o + 2(o') - ^^'^ sin (n^ - ^n't -h(o + 2(o') 
- 166' sin {2nt - n'^ - (o') + ^€c' sin (2n^ - 37i7 4- ft;') 

+ lee' sin (4n^ - n'^ - 2(o - cc;') - ^' sin (4n^ - 3n'^ - 2(o + ro') 

- ^^e' sin (3n'^ - 2f«; - lo') + ^ee' sin {n't - 2rt; + re;') 

+ ^7^ sin {nt + 2n't -co- 2ft) + ^f sin {nt - 2n't -w-^ 2ft) 

- -^7^ sin {nt - 2n't + 3(o - 2ft) + ^f sin (3n^ - 2n't - 3(o + 2ft) 
+ -^f sin (5n< - 2n't -to- 2ft) I 



(573) 



If we now put the sum of the periodic terms in equations (672) and (573) 
equal to — ^ and -^, respectively, they will give by integration, 



dt 



dt 



+ ee' (30.07969) sin {n't — (o') — |esin 2{nt — w) 

(Qmiitwed on the next page,) 



r 



(574) 
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— e' (0.6978034) sin (nt + n't — o} — oi') 

— e' (0.8 106367) sin {rU — n't — a^-h ai') 

— e'* (0.9785986) sin {tU + 2n't -ta- 2w^ 

— e'^ (1.3229 1 1) sin (nt — 2n't — ai + 2«/) 

— ee' (0.1807402) sin {2nt + m'^ — 2(o — w') 

— ee' (o. 194785 1) sin {2nt — n't — 2ci/ + ai') 

+ \f sin (3n^ - ft> - 2Q) - y^ sin (n^ + fi> - 2Q) 

+ ij^ sin (n^ - Sio + 2^) - -^ sin 3(nt - w) 

— e (2.026592) sin 2{nt — n't) 

+ {1 - ^^ - f e'*} (0.263 1 2 1 2) sin {3nt - 2n'« - to) 

— {l-^^-^'^-^f} (2.645822) sin {nt - 2n't + €o) 

+ e (0.3895707) sin (4n^ — 2n't — 2a>) + e (25.06642) sin 2{n't 

— e' (o. 1 28 1964) sin {Snt — n't -co — oi') 
+ e' (1.215955) sin {nt — n't + <ei — w') 

+ e' (0.9457427) sin {Snt — Zn't — w + w') 

— e' (10.15348) sin {nt — Zn't +io + co') 
+ ee' (0.9739255) sin {2nt — n't — a)') 

— ee' (7.39 1 886) sin {2nt - 3n'« + to') 
+ e* (0.4832083) sin {5nt - 2n'^ - 3w) 

— e* (0.5708494) sin (n^ + 2n't — 3oi) 

+ e^ (2.360416) sin (3n^ - 4n't - ro + 2^o') 

— e^ (27.29673) sin (n^ — 4?i'^ + to + 2ft>') 

— 6€' (o. 191073 1) sin {4int — n't — 2m — w') 
+ ee' (1.390509) sin (4n^ — Sn't — 2(o + w') 
+ ee' (58.18828) sin {Zn't - 2co - to') 

— ee' (25.06642) sin {nt — 2a> + fi>') / 

— y* (0.163 100) sin (n^ + 2n't — w — 2^) 

— y* (o. 1 3 1 5606) sin (3n^ - 27i'e - Zw + 2Q) 
H- f (0.6614553) sin {nt - 2n't — w -^ 2Q) 
'+ y* (0.06578030) sin {int - 2n't + io- 2Q) 

— y* (0.0386566) sin {bnt - 2n'e - ft> - 2Q) I 



-to) 



> . (674) 



VARIATION OP THE ELEMENTS. 



337 



de 



^JH^i - \{l-\^+^e'^-\f] cos {nt - co) - ^ cos 2{nt - w) 

-- e' (0.6978034) cos (nt -h n't — to— to') 

— e' (0.8106367) cos {nt—n't — w-h co') 

— ^ cos 3{nt -o))- e'^ (09785986) cos (ni + 2n't — m — 'l<a') 

— e'* (1.32291 1) cos (?i^ — 2n'i — <o + 2<w') 

— ee' (o. 1 807402) cos (2n^ + n*t — 2io— ai') 

— ee' (o. 1 94785 1 ) cos {2nt — n't — 2w + w') 

+ ^f cos (But -co- 2Q) + \f cos (n^ + oi - 2g3) 

— e (0.4053 1 84) cos 2(n^ — n't) 

+ {1 - ^e' - fe'*} (0.263 1 21 2) oofi (Znt - 2n't - w) 

+ {1-^-^'^-lf] (2.645822) cos {M - 2n't + (o) 

+ e (0.3895707) COB (int — 2n^t — 2«>) + e {25,06642) cos 2{n't — 40) 

— e' (0.1281964) cos {3nt — n't -to- (o') 

— e' (1.215955) cos {nt - n't +10- co') 

+ e' (0.9457427) cos (Znt — Zn't — co + co') 
+ e' (10.15348) cos (nt - Zn't 4- co + co') 
+ e* (04832083) cos (5nt — 2n't — 3ro) 
—€* (05708494) cas (ni -1- 2n'i — 8ft>) 
+ e'^ (2.360416) cos (Snt - An't - co -{- 2co') 
+ e'^ (27.29673) cos (nt — An't + co + 2co') 

m 

+ ee' (0.194785 1) cos (2nt — n't — co') 

— ee' (1.478377) cos (2nt - Zn't + co') 

— ee' (0.1910731) cos (Ant — n't — 2co — co') 
+ ee' (1.390509) cos (Ant — Zn't — 2co + co') 
+ ee' (58. 1 8828) cos (Zn't- 2to - co') 

— ee' (25.06642) cos (n't ~ 2w + to') 

— y* (o. 163 100) cos (nt + 2n't — to — 2Q) 

— f (1.32291 1) cos (n^ — 2n't — co-^- 2Q) 
+ f' (0.66 14553) cos (nt - 2n't + 3ft> - 2£J) 

— f (0.0657803) cos {^rd - 2n't - 3« + 2^) 

— f (0.0386566) cos (6ne — 2n't — co'— 2Q) I 



> . (575) 



43 
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42. We shall now develop equations (E) and (F). The elliptical values of the. 
coefficients of the forces ai*e as follows : 



— _ sm (v — bi) = 

{1 - Je* + |y*} sin {nt - S3) + csin (2ne - ai - gj) 
- e sin {co -^)-\f sin Z{nt - Q) + fe* sin (3n< - 2fti - Q) 
+ \{^-f} sin (ni - 2ft> + a) + \y^ sin {nt + 2a> - SQ) 



. (676) 



— ^ sin {v — ^) cos (v — Q) = 

i{ 1 - ^ + iy*} sin 2(ne - a) + 6 sin (3n^ - oi - 2Q) 

— e sin (ni + fti — 2Si) + f «*sin 2(io — S3) + -^^sin (4n^- 2«i 

- \-f sin 4(ne - fi) + |y* sin (2n^ + 2a* -4Q) - \f sin 2(ni - 



-2Q) 
-) J 



^ . (577) 



— -^ y cos > - SS) = iy + iy cos 2(n^ - ft) + «y cos (3ne - a* - 2gJ) 

l/r^rp J^ . (578) 

— ey cos (n< + fti — 2ft) 
^-^2cos(v-ft)=cos(n^~ft)-eco6(ai-ft) + ccos(2ne-ai-ft) l. (579) 



By means of equations (219) and (220); together with (576-579), we obtain 
the following values: 



VTT? si n(t;-ft) /djR\ 

y \dd) 



— n| -f {1 + 2e« + fe'* - iy*} -| cos 2(n^ - ft) 

+ |e cos (n^ — lo) — fe' cos {n't — <o') + fe cos {Znt — oi — 2ft) 

- f e cos (ne + 01 - 2ft) + |e' cos (2nt + n'i - oi'- 2ft) 

+ 1€' cos {2nt - n7 + to'- 2ft) - 1 cos 2(nt - n'e) 

+ 1 cos {^nt - 2n'e - 2ft) + 1 cos 2{n't - ft) 

- 1« cos (3nt - 2n'^ - co) + Je cos (ne - 2n'< + to) 

+ f€ cos (5ni - 2n't - a; - 2ft) - ^ cos (3n< - 2m/t + «> - 2ft) 

(Cbw rt i M tfrf on Iht next page,) 
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- |e COB (n< + 2nH - a> - 2Q) - |c cos {nt - 2n'< -a>+2Q) 
+ |e' cos {2nt - n't - w') - ^e' cos (2n< - Zn't + a>') 

- -^e' cos (4n« - n't - a»'- 2^1) + fj«' cos (47i« - Zn't + a»'- 2g3) 

- ^' cos {n't + fi»'- 2Q) + fie' cos (3n'< -w' - 2£i) \ 



. (680) 



vTT? 



-^— — ain (v — Q) cos (r — ^) ( -T- I = 
Va/i(l-e*) \dv/ 

— n{ -f cos (4n<- 2»i'< - 2Q) + fcos 2(n< - Q) 



- 1« cos (6n< - 2n'« - «» - 2g3) -|ecos (n<-2n'<- a» + 2Q) 
+ i^e cos {Znt - 2n't + to - 2Q) - |e cos (n< + 2n't — ta-2Q) 
+ ^' cos (4n< - n't - to'- 2Q) - f^e' cos (4n« - 3n'i + <o'- 2Si) 
- A«' cos (»'< + w'- 2Q) + lie' cos (3n'« - «>'- 2Q) I 



J 



. (681) 



i/rr? 



Va^t (1 ^ 



^.co.'(.-a)(f). 



m" 



n 



I |y sin 2(n^ - n't) + |y sin (4n< - 2n'^ - 2^) - |y sin 2(n'< - a) I [ • (582) 



i/rr? 



m 



<508(v — Q)(-— )== 

-n| — Jysin2(n^— Q)— fysin(4n^ 



2n't - 2ga) - |y sin 2{n't - Q) | [ • (583) 



If we substitute equations (580-583) in equations (E) and (F), we shall 
obtain the following values of the diflferential equations of the node and 
inclination : 



-— = — n 
at fi 



|-|{l + 2e« + -|«'*-^y»}+|co8 2(n^-g3) 

+ |e cos (nt — w)— Je' cos {n't -- rei') — Je cos (n^ + o> — 2S3) 
+ f€ cos {Snt - a» - 2a) + |e' cos (2n< + n'^ - to'- 2Q) 
+ |e' cos (2n^ -n'^ + a*'- 2^) - |cos 2(n^ -n'O 



^ . (584) 



(Cbfi<<iMMtf on the next page,) 
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+ 1 cos 2{n't ~ gJ) - f 6 COB {3nt - 2n't - lo) • 
+ Je cos (nt — 2n't + oi) — |e cos {nt + 2n^t — w^ 20^ 
- 16 cos {nt - 2n/t - « + 2Q) + |e' cos (2yi^ ~ nH - <«') 
- -^e' cos {2nt - 8»'e + ^') - fe' cos (n'^ + ai'- 2£i) 
+ ^' cos (Sri'e - o)'- 2a) I 



(584) 



dt 



rnr 



/-fyBin2(n^-a)+|yBin2(n«-n'^)-|yBin2(n';-Q)| [ • 



(585) 



Putting the periodic parts of these equations equal to and — ^, we shall 



obtain by integration, 



dt 



5Q 



dt 



=:: ^ / 1 sin 2(n< - gj) + |e (n^ - oi) +}€8in (n^ + fti ~2Q) 

+ Jc sin (3n^ — £u — 2SJ) — e' (30.07970) sin (n'e — ai') 
+ e' (0.542221) sin (2n^ + n'^ — w'- 2S2) 
+ e' (0.584355) sin (2/1^ - n'^ + a>'- 2Q) 

— (04053184) sin 2(n^ — n'i) + (5.013280) sin 2(n'^ — Q) 

— e (0.263 1 2 1 2) sin (3n< — 2'n!t — w) 
+ e (2.64583 1) cos (nt — 2n't + lo) 

— 6 (0.6523992) sin (nt + 2Wt — a> — 2SS) 

— e (0.8819403) sin (nt — 2n't — w + 2gJ) 
+ e' (0.194785 1) sin (2nt — n'^ — w') 

— e' (1478377) sin (2nt - Sn't + w') 

— e' (5 .0 1 3 28) sin (n'e+ fl>'-2Q) + e' ( 1 1 .69766) sin (Sn't- w'- 2ft) l 



(586) 



ay = — / |y COB 2(n< - gj) - y (0405 3 1 84) cos 2(n« - n'<) 
At I 



+ y (5.013283) cos 2(»i'< - a) I 



. (687) 
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43. Lastly, we shall develop equation (I), which gives the variation of the 
mean distance. If we multiply the values OM. -r-)' I ~j~p ^^^\1ja) ^^ ^^ 

elliptical values of dr, dv, and dd respectively, we shall find by retaining only 
the terms depending on the first power of e, e', and y, 

2 (i^\ dr = 2 — nd;J - Jesin (n^-^o) -fesin {3nt - 2n't - to) 



+ f e sin {nt — 2n't + <o) I 



. (688) 



dB 



dv J 



\do = 



— 2 f 

2 — ndt\ imxi2{nt-n't) + Ze{Znt-2n't-m) 



a 



— 3e sin {nt — 2n't + a>) — |e' sin (2n^ — n't — w') 

- ^e' sin {2nt - Zn't + ai') I 



> . (589) 



K^f)'*-°- 



(590) 



Substituting these quantities in equation (I), it will give by development of 
the first member, 



da = a — ndt < e sin {nt — 

~ f e sin (^nt — 2n7 - 
+ f e' sin (2n^ — n'^ - 



lo) — 3 sin 2{nt — n'^) 

• fc;) + f e sin (rt^ — 2n't + o;) 

<«>0 + ^e' sin (2n< - 3n'^ -f to') \ 



> . (591) 



If we put the integral of this equation equal to da, we shall find 



8a 



riv f 
a — < — e cos (nt — (o) + (1.6212734) cos 2(nt—n't) 

+ (1.5787272) cos {Snt - 2n't — cu) 

— e (5.291644) cos {nt — 2n't + co) 

— e' (0.7791404) cos {2nt — n't — co') 

— «' (5-913508) cos {2nt - Zn't + w') \ 



> . (592) 



Now, since 



dn-'-^-Sa, 
a 



(593) 
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we shall have 



dn = — n< ie cos (nt — to) — (243 1910) cos 2(nt — n^t) 

— e (2.368091) cos {Snt — 2n't — w) + e (7.937466) cos (n^ — 2n't + oi) 

— e' (1.1687106) cos {2nt — n^t — £u') 
+ e' (8.870262) cos (2ni - Zn't + a>') \ 



'. (694) 



If we multiply this equation by dt and take the integral, putting the 
Cdndt = d{nt) we shall have the variation of the mean longitude by means of 

the equation, 



d(nt) = — I |€ sin (n^ — ft>) — (i .3 14264) sin 2{nt — n't) 

— e (0.8307934) sin (Znt — 2n't — ft>) + c (9.333828) sin (nt — 2n't + ai) 
+ 6' (0.607060) sin {2nt — n't — w') 
+ e' (4.99566) sin {2nt - Sn't + (o') I 



(595) 



We have thus determined the variation of the elements of the orbit arisiog 
from the first power of the disturbing force; and we shall now determine the 
non-periodic part of the variation of the perigee and node arising from the square 
of the disturbing force. 

44. For this purpose we must compute the variation of equation (558), and 
we shall find 



^f=s.(f)..B(f).m.(f)..^-), 



(596) 



when we neglect the inclination of the orbit. 



The values of 5 [0] and d (T| are given by the following equations : 



U] = an {— 6 4- 2 cos (nt — w) + 3e cos 2nt — to} dr 
+ a^n {— sin {nt — o;) — e sin 2{nt — co)} dv 

+ a*{--2e + co8 {nt 



-0,)} 



dSv 
dt 



y. (597) 
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* [H = 2n{— sin {nt — o))—2e sin 2{nt — (o)} dr 

+ an{^ — 2 cos {nt — w) — fe cos 2{nt — (o)} Sv 
+ {— e + cos (ti^ — a;) + e cos 2{nt — co)} — 



— a{2 sin {nt- w)+e sin 2(nt — oi)} 



ddv 
dt 



If we reduce these equations to numbers, we shall find 
[o] = a* — 71 ■{ Me - ^ cos (n< - «>) + e (29.20474) cos 2{nt-n't) 
+ (1.320251) cos (37i<-2n'«-w) - (0.509613) cos (ri< - 2n'<+ a») | 



. (598) 



. (699) 



d\i]==a — n ] i sin (ne — co) — 6 (79.40903) sin 2{nt — n'O 

— (2.73682 1) sin {3nt — 2n't — a})+{i 459793) sin (nt — 2n't +oi) > 



. . (600) 



Now by means of equations (218), (219), (327), (328), (552), (553), (599), and 
(600) we shall obtain the following values : 



dr I fJL 



(5876057)}, 5 lo)(^ = — 'I {-6(24.94854)} ' 

II]<j(^=y«{+«(i5743S6)}, <Js(^=|^n{-e(64.89392)} . 

If we substitute these values in equation (596), we shall find 

<^-^ = -3-^^{+ 126.3572}. 

Adding this to the non-periodic part of equation(672), we find 



\. (601) 



m* 



-— - = | — n+ 126.3572 —rn. 



This equation gives by integration 



m? 



w> 



a; = o>o + | — '^^+ 126.3572 ~-n^, 



(602) 



(603) 



(604) 



<t>o being an arbitrary constant quantity. 
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The only non-periodic term in the value of d — comes from the term 

dt 



"° (^-^) a/g\of the value of ^. 
y \dd J dt 



It is therefore easy to deduce from equations (120) and (329), 

0^ ^ = + ^ n {4.088S74} . (605) 

at fr 

If we add this to the non-periodic term of equation (584), we shall obtain 

^ = -\—n + 4.o88874^n. (606) 

dt n fj? 

This gives by integi^ation 

^ = ^-f ^^n< + 4.088874 — n<, (607) 

Q)Q being an arbitrary constant quantity. 



—2 
If we now put — - equal to the square of the ratio of the sun's mean motion 

to that of the moon, we shall have log — = 7.7478186, and. equation (604) will 
give the mean motion of the perigee equal to 

+ {0.00419643 + 0.00395572 =0.00815215} nt, (6070 

The first three terms of PlXna's series give the mean motion of the perigee 
equal to 0.0081349272^. The two terms of th^ series which I have given ap- 
proach more nearFy to ^the true value of the motion than the three terina of 
Plana's series. 

In like manner equation (607) gives the motion of the node equal to 

— {0.00419643 — o.oooi 2801 = 0.00406842} nt ; (607") 

which is also more converging than Plana's series for the motion of the node. 



CHAPTER VIII. 

ON THE LUNAR INEQUALITIES ARISING FROM THE 0BLATENE8S OF THE 

^ EARTH. 

45. We shall now determine the inequalities in the moon's motion arising from 
the oblateness of the earth. The eflfect of the earth's oblateness is to add some 
small terms to the expressions of the moon's co-ordinates, which we have already 
determined. In the value of Q, given by equation (1), the earth was supposed to 
be spherical ; but we may include the eflfect of the earth's oblateness in that 
equation by abiding the term 

SO that we shall have 

Q = ^+{^-/,}§/£{8iaV'-i}. (608) 

This value of Q includes the eflfect of the earth's spheroidal form ; and if we 
compare it with the general value of Q as given by equation (1), we shall obtain 

-B = {/»-i^}^/'{8inV'-i}. (609) 

In these equations 

p = the ellipticity of the earth ; 

<p = the ratio of the centrifugal force to the gravity at the equator; 

D = the mean radius of the ear^h ; and 

/i' = the moon's declination. 

The demonstration of these equations requires too much detail for the limits 
of the present work ; and we would refer the student to the third book of the 
M&anique CtU&U^ a work in which the general theory of the attraction of 
spheroids is given with all desirable completeness. 
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We shall now develop equation (609). For this purpose we shall denote the 
obliquity of the ecliptic to the equator by «, and then we shall find 

sin /i' = sin e cos tf sin v + cos « sin d; (610) 

and this gives 

sin* fi' = sin* e cos* sin* v + 2sin e cos e sin coB0smv + cos* e sin* (611) 

If we now put 

m> = {p-m^, (612) 

or 

and substitute the value of sin* /x', we shall obtain 

H = —-J- \ i sin* « cos* + cos* e sin* —^ sin* e cos* cos 2v 

It I 

+ 2 sin f cos e sin (? cos (? sin V — ^ [ 



. (613) 



If we take the partial diflferentials of this equation with respect to r, v, and 0, 
we shall obtain the following values : 



I — - j= — ^ "I 1 — f sin* f cos* — S cos* e sin* + ^ sin* t cos* cos 2v ^ 

inv I 



— 6 sin e cos t sin cos sin 



; (614) 



( -— j= " < sin* tf cos tf sin 2i; + 2 sin t cos e sin tf cos tf cos v [ ; (^15) 



(dli\ ahrifi ( 
~d0r~i^[ 



— J- I — sin* e sin tf cos tf + 2 cos* e sin cos 



+ sin* f sin tf cos tf cos 2i; + 2 sin t cos e {cos* — sin* 0} sin v i 



. (616) 



If we substitute the elliptical values of r, v, and in these. equations, they 
will become by neglecting the eccentricity and retaining only the first power of 
the inclination, 

I — W — /li 1 — f sin* <6 + 4 {sin* to '^ sin* «} + 4 sin* « cos 2nt 

\dr} a' \ . . (gi7j 

+ 3y sin t cos « cos (2ni -* Q) — 3y sin t cos t cos Q I 



r 
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\= — /li sin'f sin2n< + y sint cosesin {2nt'- Q) 

dv I a I 



— ysint cosesin Q 



M 



1. 



; (618) 



— )= — /ui 2 sin « cos e sin n< + 2y {1 — }sin*e} sin (n< — Q) 

' " 1 ^(619) 

+ ^y sin* e sin {^nt — ft) — Jy sin* f sin (ti^ + ft) [ 

Co being the value of f when ^ = 0. 

46. Having obtained the expressions of the forces in terms of the time, we 
shall first consider the variation of the elements of the orbit. The factors by 
which it is necessaiy to multiply the forces in order to obtain the variations 
of the node and inclination are given by equations (676-679). Therefore we 
shall find 

sin (v — ft) cos (v - ft) I — W 

TfV f 

— « < — 1 sin* « cos (4n< — 2Si) + 4 sin* e cos 2Q 
a I 

— Jy sin « cos « cos {4:tU — 3^) + \y sin t cos e cos ^ 

+ \y sin « cos « cos {2nt — SJ) — Jy sin « cos « cos (2tU — 3Q) I 



; (620) 



Bin (v - Q) / dli\ _ 
Y \dd) 

-/«/ {1 - 1 sin»«} - {1 - Jsin»e} cos 2(nt - Q>) 

— \ sin* f cos {4tnt — 2ft) + ^ sin* e cos 2nt — \ sin* e cos 2ft 

— - sin t cos t cos l2rU— ft) + - sin t cos t cos ft V 
y y i 

ycos*(i; — ft) 

— /I I -J^y sin* e sin 2nt + ^y sin* i sin (4nt — 2ft) + \y sin* t sin 2ft | ; 

- A« ( y{l - f sin* «} sin 2(n< - ^) + Jy sin* * sin (4n« - 2Q) 

+ sin « cos « sin SJ — Jy sin* « sin 2Q + sin * cos * sin {2nt — Si) \ 



> ; (621) 




(622) 



. (623) 
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If we substitute these values in equations (E) and (F), we shall obtain 



dQ 
dt 



2Q 



= mn -| — {1 — f sin' «} + f {sin* f — sin* ^} + i sii^' « cos 

— - sin e cos e cos ^ + - sin e cos « cos (2nt — Si) 

y y 

+ {1 — J sin* e} cos 2{nt ~Si) — \ sin* < cos 2nt 

— \y sin e cos t cos {^nt — 3Q) — Jy sin « cos e cos (^nt — 3Q) > 



>; (624) 



dy 



-i- = mn \ - sin « cos 6 sin Q + -^y sin* e sin 2S3 + \y sin* e sin 2nt 
dt \ 



— sin e cos f sin 



in (2ne - Q) - y {1 - f sin* e} sin 2{nt -^)\ 



. (625) 



In the integration of these equations we shall suppose that Si is variable, and 
that we have 



a = Qo + ct% 



(626) 



but shall neglect «' in the integrals of those terms in which the moon*a mean 
motion enters into the argument. Therefore we shall find 

Q = Qo—mn {1 — I sin* e}^ + |m?i j {sin* t ~ sin* Co}c?^ 



+ m{ 4 — sin* t sin 2Q sin f cos e sin Q 

+ - - sin f cos f sin (2nt — f2) — i sin* t sin 2ni 
2y 

+ J {1 — J sin* «} sin 2{nt — Q). - -^y sin e cos « sin {int — 3Q) 
— ^y sin f cos « sin (2ni — SQ>) v 

— J — y8in*«co8 2Q+ — sin « cos e cos Q — \y sin*e cos 2r 
+ Jy {1 — f sin* «} cos 2{nt — Q) + J sin e cos t cos {2nt — Q) > 



^ (627) 



. (628) 



Th(3 principal term in the value of d in equation (124) is 

tf — y sin {nt — Q). 



(629) 
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The only terms of Q and y which sensibly aflfect the latitude are the following : 



5SS = m/ —sin f cos e sin/2n« — Q) - -^ sin « cose sin Q I. 
1 2y •'y ) 

^y ;^^|^^ineco8fC08(2rrf — ft) +-^BinecoBecosa I. 



(630) 



(631) 



If we now compute the equation 



we shall obtain 



dd 



= m<~ — ^ I sin t cos e sin ni. 



(632) 



(633) 



*7. If we Bubstitute the values ^M "3^ ) ^^ ( ■;ZS' ) ^^ equation (263), we 



shall find 



dJ9 = ^m sin e cos 4sin nt. 



(634) 



There are no terms of this form in the values of d^O and dfi ; therefore the <j(Hn- 
plete value of dO will be the sum of equations (633) and (634). Whence we get 



dtf = m — sin f COS e sin tU. 



(635) 



48. We shall now determine the variations of the radius vector and the 
longitude. For this purpose we shall observe that the factors by which the 

forces are to be multiplied for the determination of — -— are given by means of 

at 

equations (228), (234), and (239). We shall therefore find 



CjCOS^ 



[drj 



/jtmndti — {1 — f sin*e} cos n^ — } sin* e cos Snt 



— Jy sin e cos e cos {3nt — ft) + f y sin « cos e cos (n< + ft) l 



► . (636) 
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fimndt -I {1 ^ f sin' e} sin n^ + f sin' e sin Znt 

+ |y sin e cos € sin (3n^ — ft) — f y sin e cos e sin (n^ + ft) 

— 3y sin e cos e sin (nt — ft) > 

/jonndtK sin' e cos n< — sin' e cos 3n< — y sin f cos e cos (3n^ — ft) 

+ y sin c cos € cos {rU + Si) > 

fimndt } sin' e sin nt + sin' e sin 3n^ + y sin e cos e sin {Snt — ft) 

— y sin c cos e sin (nt + ft) + 2y sin e cos e sin (nt — ft) > 

/Jtmndt< — y sin e cos e cos (3nt — ft) — y sin e cos c cos (nt + ft) 

+. 2y sin e cos € cos (n^ — ft) I 



"^^^(fl^ 



/«mnd<< /sine cose sin (5nt— Q) + y ein t cos t Bin (nt + Q) [. 



. (637) 



. (638) 



. (639) 



. (640) 



(641) 



These equations give 



CjCOS 



Kf)^-'"Kf)-'""^(f)= 

fjtnindt < —{1 — J sin' e} cos n^ ~ J sin' e cos Snt 



— J y sin e cos € cos (Snt - ft) + f y sin e cos e cos (nt + ft) 

+ 2y sin e cos e cos (nt — ft) |^ 

^ * 



> . (642) 
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/mindti +{1 — f sin* e} sinn^ + 1 sin* e siu Snt 

+ |y sin € cos csin (3ni — Q) — fy sin e cos e sin (nt + Q,) 

in (nt — ^) > 



— y sm e cos e sin 
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> . 



(643) 



Equations (642) and (643) give by integration, 
fjtmJ —{I — } sin* fi} sin nt — -^ sin* e sin 3n^ 



n 



- |y sin e cos c sin {Znt-Q)+i ^y sine cose sin (n« + Q) 



+ 2 



n + »' 



71 



y sin € cos e sm 

7i — »' 



in {nt — ft) > 



. (644) 



/{c,sin^(f)+c,cos^(f) 



+ C4 COS /9 



[del 



um 



I _.|i _ I gin* e} cos n^ — -jI^ sin* e cos 



5nt 



n 



— -Jy sin e cos e cos {Znt — Q>) + f j y sin e cos e cos (n^ + Q) 



n + »' 



n 



H :y sin e cos e cos 

n — »' 



{nt - Q) I 



. (645) 



In finding these integrals we have neglected »' in those terms in which the 
coefficient of tU is greater than unity. 

With these integrals and the values of c, cos j8 and Cj sin j9, which are given by 

dd T 
equation (240), we obtain the value of — ^, in which we have neglected »'^ in 

at 
comparison with n* in the last term. 
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—^- = amn \ —i sin^ e sin 2nt — f y sin c cos e sin (2nt — Q) 
^^ 1^ ^ ^. (646) 

— 3 — y sin « cos e sin £J V 

Since ^^r, ^^r, and d^r are each equal to nothing when we neglect e, we shall 

do T doT 
have — ^^"3~> ^^^^ equation (646) will give by integration, 
dt dt 



dr==am< ^{1 — f sin^e} + ^ sin* e cos 2nt + Jy sin e cos e cos (2nt — Q) 

+ 3y sin e cos e cos Q > 

the term ^{1 — f sin* e} being added to complete the integral. 

Equation (618) will give 

— fit I sin* e cos 2nt — — y sin e cos e cos (2nt — Q) 

a I 2n 2n ^ ' 



H — y sin e cos e cos Q I 



From this we get 



— ^ = mn "I \ sin* e cos 2nt + ^y sin « cos e cos (2nt — SJ) 
dt I 



— — y sin ecos e cos S3 [ 



Equation (647) will give 

d8{o 
dt 



The value of dO (635), being substituted in (262), will give 



d8^v 



-*— = mn { --y sin e cos e cos Q — — y sin e cos e cos (2nt — Q) L 
dt K»' »' ) 



, (647) 



. (648) 



. (649) 



= mn \ —^ sin* e cos 2nt — fy sin e cos e cos (2n< — SI) 

— 6)' sin « cos e cos SJ > [ * ' 



(651) 
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The sum of equations (649-651) is the value — — . Whence we get 

at 



ddv 
dt 



= ran < \ sin* e cos 2mt — { J + ~}y sin t cos « cos (^nt — Q) 



— 6y sin « cos f cos Q 



it 



Whence we get by integration 



dv^mi.^ sin* e sin 2mt — {^^5^ + ^r-j}y sin e cos f sin (2n< — Q) 



+ 6 — y sin f cose sin Q > 



. (652) 



^ . (653) 



In this investigation we have omitted the term f {sin' Cq "" sin* e} of the value 
of j — — I , since it is of the form h cos {»t — ^ arising from the sun's action ; and 

we can determine its effect on the moon's longitude by substituting its value in 
equation (307). 

The effect of the earth's oblateness on the motion of the perigee is also easily 
found to be the same as on the motion of the node, except that it has a contrary 
sign. 



49. In order to reduce these formulas to numbers we shall assume, as given by 
observation, 



P^^h^ ^^^y -0=0.016551 a, «' = -o.oo402i7n, 



y - 0^)900456, f = 23® 2f yy" 



. (654) 



Equation (612) will give 



m = ©''.090588. 



(655) 



Then we get 



9v -o"jooi2 sin 2n^ + o".37i sin (2ni - Q) + 4^^444 sin Q; 
^ = ~8".226sinn^; 

46 



(656) 
(657) 
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o> = ftio + 0.0000003348 ni = (Oq+ 5".8oi t, 

Q = Qo — 0.0000003 348 n« = ^ — 5.801 1 
In the values of w and ft, t denotes the number of years. 



. (658) 



If we neglect the terms of equation (653) which contain *', we shall have 
Sv = m{^ sin* e sin 2nt — -^y sin e cos e sin {^nt — ft), 

^ . (uoy) 

= o".ooi2 sin 2nt — o".ooo2 sin {^nt — ft) 

This is the only perturbation of the moon's longitude produced by the earth's 
oblateness which is independent of the sun s action. 

49'. If we neglect the eccentricity of the moon's orbit we shall have dr = 0, 
dv=ndt, and dd =ndt y cos (n^ — ft) ; and if we multiply equations (617), (618), 
and (619) by these values of dr, dv, and ddy respectively, and substitute the 
products in equation (I), page 41, we shall obtain 

2d jR ^ — n~--^2m^ ndt {sin* e sin 2nt + 2y sin e cos e sin {2nt — ft) } . (659') 
or a 

This gives by integration, 

8a = am {sin* e cos 2nt + 2y sin e cos e cos (2nt — ft) } . (659") 

It follows from this equation that the moon's mean distance is not affected by 
any inequalities of long period d^^pending on the oblateness of the earth. 



CHAPTER IX. 



DETERMINATION OF THE LONG PERIOD AND SECULAR INEQUALITIES IN 

THE MOON'S MOTION. 



50. The inequalities of long period in the moon's motion arising from the 
variation of the central force which is produced by the changes of the elements 
of the moon's orbit may be computed by means of the equation 



JtV 



tj^f 



3y = ^2- 



n'h 



^ - ^ sin {.U - ^0, 
which is one of the terms of equation (307). 



(660) 



If we put 



A' = -|eV, 



•'« - j9' = 2(«> - a), 



(661) 



we shall obtain the inequality in the longitude which depends on twice the 
diflference of longitude of the perigee and node of the lunar orbit. In this case 
we have 

*' = 0.024947471, (6610 

and if we neglect »" in comparison with n* in the denominator of equation (660), 
it will become 

5v = -2-^sin(«'i-i9') 



m* n 



y. (662) 



= + |::iiieVsin(*'^-^0- 
Now we have, very nearly, as we shall see hereafter, 



n 



m' n 

_= =o.cx)559524, 

fi rir 

e = 0.05489930, 



6' = 0.01677120, 
y = 0.09004560. 



(662') 



If we substitute these quantities in equation (662), we shall find 

dv = + 2".544 sin 2(io - Q). 



(663) 
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Equation (307) also contains the term 

A* 

If in this we put 

A" = ee', »"t - ^' = a» - «>', (665) 



*"=^7f'{^;S^*^}'^"'^°^-"*"^"^- ^^^ 



we sliall obtain the inequality of the longitude depending on the angular distance 
between the perigee of the sun and moon. The term of equation (664), which 

has «'''* for a denominator, is produced by the force ( — ), while the term * — 

\dv J •" 

-— 1. The term f — -A", of equation (664) is derived 
dr I «*" 

from the term + \ee' cos («> — m') in the expression of the force ( — ) in equation 

\dr I 

(218); while the term +^ — -A'' comes from the term — \^ee' ^miio — w') in 

the expression of the force/—- j in equation (219). If we divide these terms by 
f and — 14 respectively, they will become 



2 4 A" and ~3-^A". 

These coefficients correspond to equal forces in the direction of, and perpen- 
dicular to, the radius vector. Whence it follows that the inequality produced by 
a central force is to the inequality produced by an equal tangential force as 

If we neglect »'* in comparison with n*, equation (660) shows that the 
inequalities produced by the central force are proportional to the product of the 
force into the period of the argument, while equation (664) shows that the in- 
equalities produced by the tangential force are proportional to the product of the 
force into the square of the period of the argument. 

If we now substitute the preceding values of c, e' and also *" =0.008451 3 n, 
in equation (664), it will become 

dv = {i07".o8 + i"45 = io8".53} sin {to ~ lo"). (666) 

In this calculation we have supposed that the sun's parallax is 8''.75. It is 
evident that this inequality may itself be used to find the sun's parallax; since 
according to the preceding calculations its coefficient is nearly as large as the 
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coefficient of the parallactic equation, and its theoretical and practical determina- 
tion is free from the difficulties which seem to be inseparably connected with this 
latter equation. 

61. We shall now determine the value of the secular equation of the moon's 
longitude. For this purpose we have in equation (218), the term 

\dr / or 
and in equation (327) we have the term 

a/'^^\=^{+34.390i4e«}. (668) 

\dr / a^fi 

Also by noticing quantities of the order e'* in the computation of ^i — |, we 
shall obtain the term 

^(^W-Tt(-40S-3504«''}. (669) 

Moreover the term A' cos {»'t — ^) of the value of dr, in equation (303), produces 

in the value of d [ — |, the term 

\dr}' 



ra* 



'i-i-W^H^'t-^]) (670) 

OTfl 



and there is a similar term in ^ j — j, which is equal to 



ay 



{-iA'co6(«'e-y90}- (671) 



We have in the preceding chapters considered e' as constant, and in order to 
notice the variableness of e' without affecting the accuracy of the preceding cal- 
culations, we must write e'^ — e'^ for e" in the above formulas, ^o being the 
value of e' at the epoch. But we have 

e'i - g V = h' cos («7 -^0 ; 

therefore we shall have by putting the sum of the preceding terms equal to ( *^ ]: 
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(^■^W|'{-f + 33.89014- -405.6cx)4y}(e«-e'.') = ^,5-{e«-e'o*}. (672) 

Or by substituting the value of e'* — ^*, we shall have 

i ^ \ =Hh' cos (•'< - ^'). (673) 

Now if we neglect *'* in comparison with n*, we shall find the term in 
equation (307), 

t>v = — {- 2n^8in («'^-^0}- (674) 

But ^ sin {a't - i90 = J{e'« - eV} d« ; (675) 



and in order to notice the higher powers of the disturbing force we must put 
— If for — in equation (674). Then we shall have 

8v = + 2HnC{e'^ - e'o^} dt. (676) 

All that now remains in order to obtain the secular equation is to find the 
value of the integral C(e'^ — eV) dt. For this purpose we shall observe that, 

according to the developments of physical astronomy, the values e' and (o^, at any 
time t, may be determined by means of equations of the following form : 



6' sin (o' = N' sin {gt-^^)+ N,' sin (g^t + ^,) 4- etc. 
e' cos w' = N' cos {gt + jS) + Ni cos {g^t + f^ + etc. 

in which the coefficients iV', iV,', g, g^, ^, j9i, etc. are constant. 

If we take the sum of the squares of equations (677), we shall find 

-f 2i\r' JV/ cos {{g,-g)t + ^'-^}+ 2N'N,^ cos {{g, - g)t + A - /5} , 
+ 2N,'N^ cos {(^3 - ^r^)^ + ^, - ^J + etc., 



; (677) 



> . (678) 



^^ 
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In nnmber (232) of the Smithsonian Qmtributions to Knowledge I havo 
determined the following values of the quantities which enter into the above 
formulas ; 



N' = + 0.0053866, 
JVi' = -- 0.0152679, 
iVi' = + 0.01 229 1 2, 
iV^' = + 0.0171912, 
iv/ = +0.0000136. 

i\r/ = + 0.0005812, 

iVi' = + 0.0162413, 
JV'/ = — 0.0024158, 



9 = 5".S09S45» 
<7i= 7.315380. 
5r, = 17.217532, 

5^3=17.931057, 
g^= 0.616686, 
5r,= 2.727684, 

96= 3.716923. 
ffj = 22.460985, 



^ = 87^ 43' 23".3. 

A = 19 43 4 .3» 

A = 331 SI 47 .6. 

^95=136 5 29 .0. 

A = 67 56 38 .9. 

A = 105 5 26 .0. 

/9«= 28 8 50 .4. 

^7 = 307 56 52 .2. 



(679) 



The quantities JV', iV"/, etc., g, g^^ etc., are independent of the time, and ^, /?|, 
etc., correspond to the epoch of 1850.0. 

If we now substitute the preceding values in equation (678), we shall obtain 
the following value of 6", in which the coefficients enclosed in brackets are 
logarithms : 

6^ = 0.000978688 

— [96.2161253] cos { i".8o5835.^ + 291® 59' 4i".o 

+ [96.2676518] cos {i2".42i5i2.e + 48® 22' 5 ".7 
+ [94.7967198] cos { 2".78i86i.^ + 342® 37' 57".3 

— [9541 54103] cos {i6".95i440.^ + 220® 13' 28".9 

— [96.7201139] cos {io".6i5677.^ + 116® 22' 24".7 

— [95.2491819] cos { 4".587696.i + 274^.37' 38^.3 
+ [95.8678724] cos {15". 145605.^ + 288® 13' 47".9 
+ [93.5231839] cos {i6".6oo846.^ + 26 f 55' 8''.7 
+ [96.6012456] cos {i3".50o6o9.^ + 303® 42' 57^.2 
+ [93.6688941] coe {i7".3i437i.^ + 68^ 8' 5o".2 
+ [96.7469558] cos {I4".2i4i34.^ + 107** 56' 38".6 
+ [92.1979621} cos { 2".ii0998i + 37® 8' 47".2 

— [92.8166526] cos {2i".844299i + 240® o' ii"A 



. (680) 
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- [944484669] 


C08 


!»9"-73330i.« + 202° 51' 


'26' 


'.2} 


+ [96.I2I94I6] 


cos \ 


;ii".707987.< + 244° 8' 


■24' 


'-3} 


+ [93-1649055] 


COS 


[ 4".892859.< -f 19° 46' 


44' 


'4} 


+ [96.2429672] 


COS 


; i".792622.< + 59° 34' 


- 22' 


'-9} 


[96.5744037] 


COS • 


[ 9".902iS2.« + 312° 8' 


'43' 


'-3} 


- 93.6173676; 


COS 


[ 6".698694.< + 3 1 1 ° 46' 


'25' 


'4} 


- ;96.69S4293] 


COS \ 


; 3"-598457.< + 35i°34' 


13' 


'•9} 


+ [96.6259302] 


COS 


[ o".7i3S25i+ 164° 13' 


'41' 


'4} 


+ [95-1549982; 


COS 


[i4"489848.< + 226°46' 


'21' 


'•6} 


- [957736887] 


COS 


[ 5".2434S3-< + 336° 5' 


' 4' 


'.6} 


+ [953007084] 


COS 


[i5".203373.«+ 31° 0' 


' 3' 


'0} 


- [95-9193989] 


COS 


[ 4".S29928.t+ 171° 51' 


'23' 


'-2} 


+ [93-6442095] 


COS 


3".i00237.< + 320° 12' 


' II' 


'•5} 


+ [95.2760238] 


COS 


[ o".989239.f + 283° 3' 


'24' 


'4} 


- [95-8947»43] 


COS 


[i8".744o62.< + 279°48' 


' I' 


'•8} 



.. (680) 



At the epoch we have cV = <^-00028i273; therefore we shall get by in- 
tegration, 



-[1.2738723] sin 
-f [04879024] sin 
+ [9.6668095] sin 

— [9.5006288] sin 
~ [ 1. 0085914] sin 

— [9.9020124] sin 
+ [0.0020109] sin 
+ [7.6174787] sin 
+ [0.7853173] sin 
+ [7.7449125] sin 



.000697415.^ 

i".8o5835.t + 291° 59' 4i".o} 
I2"42i5i2.^+ 48° 22' 5".7} 

?".78i86i.t + 342''37'S7".3} 
i6".95i440.^ + 220° 13' 28".9} 

io".6i5677.^ + 116^ 22' 24".7} 
4".587696i + 274° 37' 38".3} 
i5".i456o5.< + 288° 13' 47".9} 
i6".6oo846.^ + 263° 55' 8".7} 
i3".50o6o9.< + 303*^ 42' 57".2} 
I7".3i437i.<+ 68° 8' 5o".2} 

(CbnfMMMcl on tMe fMflf jMftt.) 



>■ . (681) 
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+ [0.9086606] sin \ 


[I4".2I4I34,« + 107** 56' 38^.6} 


+ [7.1878994] sin j 


; 2".i 10998^-1- 37^ 8'47".2} 


-[6.7917396] sin j 


2i".844299i + 240** 0' I3"4} 


— [8.4676922] sin 


I9"73330i.< + 202® 51' 26".2} 


+ [0.3678845] sin 


[ 1 1 "707987.« + 244^ 8' 24".3 } 


+ [7.7897679] 8>n \ 


4".892859,^ + 19^ 46' 44".4} 


+ [1.3039036] sin \ 


; i".792622.< + 59° 34' 32".9} 


— [0.8930992] sin 


9^.902 1 5 2.< + 312** 8' 43".3} 


— [8.1058026] sin 


[ 6".698694.< H- 31 1^ 46^ 25^4} 


-[14537382] sin j 


[ 3".598457.^ + 3Si^34'i3".9} 


+ [2.0869461] sin 


o".7i3525.e+ 164^ I3'4i".4} 


+ [9.3083594] sin \ 


[i4".489848.^ 4- 226^ 46^ 2h".6} 


— [0.3685048] sin 


[ 5".243453.^ + 336^ 5' 4".6} 


+ [94331936] sin \ 


[i5".203373.^-h 31^ 0' 3".o} 


- fo.5777327] sin \ 


[ 4".5 29928.^ + 171° 51' 23".2} 


-f [8.4672397] sin \ 


[ y'A002S7.t -h 320° 12' 1 1 ".5} 


+ [0.5951476] sin] 


[ o".989239.^ + 283^ 3' 24"4} 


~ [9.9362757] sin ) 


[ i8".74^o62.^ -h 279^ 48' I ".8} 



^ . (081) 



If we rednce this integral to numbers, we shall have the table on page 862, 
in which t denotes the number of centuries from the epoch of 1860.0* 



Now equation (672) gives 

,2 



^= ^' I -} + 33^89014 -^— 405 A»4 "^J L 



mz) 



If we reduce this equation to numbers, it will give 

H^- OJOOi2oG4&i. (r,HZ) 

And if we put for n the moon's mean motion in a Julian year, we shall o>4aifi f^/r 
the coefficient of j{^ ^ ^!)^ in the value of 9v in equation (G70) 

2ffn = - 1 1 1 io8",5. (PMf 

If we m!J>.iplv tL:§ coeflSd^t by the rmml^em is tb« blowing taU/?, w* 
sLaul o^U;n the corrw^yoding value of the secular ine/^aalUy, 
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Table Showing the Value of C{e'o^'-e'^dL 



f(e\^^e^)dt 



o 
I 

2 

3 

4 

5 
6 

7 
8 

9 

lO 

II 

12 

13 
14 

IS 
i6 

17 
i8 

19 

20 
21 
22 

23 

24 

25 
26 

27 
28 

29 

30 

31 
32 



0.000000 

0.000071 

0.000280 

0.000627 

O.OOIII2 

0.001734 

0.002494 

0.003391 

0.004423 

0.005590 

0.006893 

0.008330 

0.009900 

0.0 1 1603 

0.013439 

0.015407 
0.0 1 7505 

0.019733 

0.022092 
0.024580 
0.027196 
0.029939 
0.032810 

0.035807 

0.038929 
0.042 1 76 

0.045547 

0.049041 
0.052658 

0.056396 

0.060256 
0.064236 

0.068337 



Ist Diff. 



+ 



71 
209 

347 
485 

622 

760 

897 

1032 

1 167 

1303 

1437 
1570 

1703 

1836 

1968 

2098 

2228 

2359 
2488 

2616 

2743 
2871 

2997 
3122 

3247 

3371 

3494 

3617 

3738 
3860 

3980 

4101 



2d Diff. 


• 

« 




-32 


+ 138 


33 


138 


34 


138 


35 


137 


36 


138 


37 


137 


38 


135 


39 


135 


40 


136 


41 


134 


42 


133 


43 


133 


44 


133 


45 


132 


46 


130 


47 


130 


48 


I3> 


49 


129 


50 


.128 


51 


127 


52 


128 


S3 


126 


54 


125 


55 


125 


56 


124 


57 


123 


58 


123 


59 


121 


60 


122 


61 


120 


62 


121 


63 


+ 119 


-64 



/(<V-e")A 



0.068337 
0.072557 
0.076895 
0.081350 
0.085920 
0.090605 
0.095405 

0.1003 1 8 
0.105344 
0.110482 

O.H5733 
0.121095 

0.126566 

0.132146 

0.137833 
0.143627 

0.149527 

0.155532 

0.161641 

0.167853 

0.174167 

0.180581 

o. 1 87097 

0.193712 

0.200424 

0.207233 

■0.214140 

0.221143 

0.228239 

0.235428 

0.242710 

0.250083 

0.257547 



Ut Diff. 



+ 4220 
4338 

4455 
4570 
4685 
4800 

4913 
5026 

5138 

5251 
5362 

5471 
5580 

5687 

5794 
5900 

6005 

6109 

6212 

6314 
6414 

6516 

6615 

6712 

6809 

6907 

7003 
7096 

7189 

7282 

7373 
+ 7464 



2dl»fl: 



+ 



18 
17 

IS 

•S 

IS 

13 

13 
12 

13 
II 

109 
109 

107 

i07 

[06 

[05 

[04 

103 

[02 

too 

103 

99 
97 

97 
98 

96 
93 
93 
93 
91 
91 
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52. The value of | - j in equation (617) contains the term 

+ f — /I {sin* to — sin* e} 
a 

arising from the oblateness of the earth ; and this produces the secular inequality 

dv = Smn Hsin* Iq - sin* e) dt. (685) 

If we assume €o = 23° 27' 3i".o ^ 

\ (686) 
e = <o — o".48970 1 — 0.00000 1 2 e*, J 

we shall find 

sin* <o "^ sill* « = 0.000 1 73396 i + 0.00000000399 ^^« (687) 

Whence we get 

Hsin* «o — sin* t } dt = 0.00866981^ + 0.0000001331*. (688) 

The coefficient 3mn reduced to numbers becomes 

3mn = 22^.827 ; (689) 

therefore the secular inequality arising from the oblateness of the earth becomes 

8v = 0". 1 979 1^ -I- o''.ooooo3036 'P, (690) 

in which i denotes the number of centuries before or after the year 1860. 

We shall denote the secular inequality which is obtained by taking the sum 
of equations (676) and (690) by dtv. 



CHAPTER X. 



PERTURBATIONS OF THE MOON'S MOTION ARISING FROM THE PERTURBA- 

TIONS OF THE SUN'S MOTION. 

63. We shall now determine the perturbations of the moon s motion which 
depend on the perturbations of the sun s apparent motion. For this purpose we 

must take the partial diflferential coefficients of the forces j — J and ( - )i 

respect to r' and v\ and multiply them by the values of 8r' and 8v\ in the same 
manner as we have already done in Chapter IV. We shall fii'st consider the 
inequalities resulting from the perturbations of the earth s motion by the moon. 

If we denote the moon's mass by m and neglect the inclination of the moon's 
orbit, the theory of the sun's motion gives the inequalities 



with 



m 



Sr' ^ —r cos {v — v'), 



S'^f s= sin (v — t?'). 



(691) 



We shall therefore obtain by means of equations (153), (154), and (691) 



'Q 






— ~ J f COS (n^ — n'() — \e cos (n'i — io) + \e! cos (n^ -* «;') 

+ V-e' C03 {ni - 2n'i -f w') + J^ cos 3(n^ - n't) 

+ ^e cos {int — Sn't — w) — 15e cos {2nt ~ Sn'i 4- w) 

+ ^e' cos {3nt - 4n'd + «>') - J^e' cos {&nt - 2n't - to') I 



(ff )^ - -^ J { - 1 sin (n< - n't) + ie sin {2nt - n't - lo) 

— ^e sin {n't - lo) - Je' sin (nt - co') — ^' sin {nt — 2n'< + w') 

- V sin 3(^^ - ^'0 -- ¥^ sin {^nt - 3n7 - fi>) 

+ J^e sin (2n« - 2^n't + w) - -2^' sin {Znt - 4n'^ + w') 
+ V^6' sin (3n^ - 2n't - <o') I 
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\. (692) 



V 



(693) 
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With these values and equations (228) and (234) we obtain the following 
values : 



e.^ cos ^ d 




m —o a 



— ndt < q: f cos {2nt — n'i) q: | cos n'< q= -^ cos {4nt — Zn't) 
a I 

— -^ cos {2nt — 3n't) ± f c cos {nt + n't — w) 

±1 ^ cos (nt — n't 4- lo) zp |e cos (3w^ — n't — ft>) 
+ |e cos (n^ — n'^ — w) ^ ^e cos (5ni — 3n't — ft>) 

— ^e cos (Znt - 3n't — to) ± ^e cos (3ne — Zn't + «;) 

-f ^e cos (n^ — 3n'^ + a;) qi -|e' cos (2ni — to') qi |e' cos ft>' 

q: ^' cos (2n^ - 2n't + w') =f ^e' cos {2n't - w') 

q; ^e' cos (4n« - 4n'^ + lo') - ^e' cos {2nt - An't + w') 

± ^e' cos (4n^ - 2n't - <ei') + ^e' cos {2nt - 2n'^ - at') \ 

~ nc?^ J ± I cos {2nt — n'^) q: | cos n'^ ± -i^ cos (4n< — 3ii'<) 

— ^ cos (2n^ - Sn't) ± |f e cos (nt + n't — w) 
q: 1^6 cos (n^ — n't + €o) ± -j^c cos {3nt — n'^ — to) 
+ -^e cos (n^ — nH — €o) ± X^e cos (5n^ — 3n'^ — to) 

— Ifg cos {3nt - 3n'^ - co) q= ^e cos (3nt - Zn't + (o) 
+ ^e cos (nt - Sn't + (o) ± fe' cos (2ne - 2n't + o)') 
=? } a' cos {2n't - to') ± ^e' cos {^nt - ^n't + (o') 

— ^e' cos (2ne - An't + cei) q= J^' cos (Ant - 2n't - to') 
+ ^' cos (2n^ - 2n't — w') ± fe' cos (2nt — a>') ip fa' cos fl>' | 

These two equations give 



m 



m' 



^ . (694) 



. (695) 



(^.COB^^/^Ucjsin^^/^W 

— m* — ndti T- 1 cos (2nt — n't) q= -V coa n'^ ± -1/ cob (4n^ — 
/jt a' I 

- ^ cos (2n^ - Zn't) ± ffa cos (n« + n't - w) 

(CbnMntttfrf on the nni page.) 



Zn't) 



, . (696) 
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± fj^ cos {nt — n't + a>) q: ^ cos {3nt — n't — «>) 

+ a^ cos (ri^ — n't — ro) ± ^ cos (5nt — 3n't — (o) 

- -ij^ cos (3n^ - 3n't - (o) =p J^ cos (3n^ ~ 3n'^ + ai) 

+ ^(^ cos (nt — Zn't + ft>) q: |e' cos (2n^ — <o') q: J^e' cos fl>' 

q: |e' cos {^nt - 27i'^ + o}') qi i^' cos (2n'i - to') 

±1 ^' cos {^nt ~ 4n'^ + ft>') - -4^' cos {2nt - ^n't + a/') 

q= -V^e' COS (4n^ - 27i'< - a)') + ^' cos (2n^ - 2n't - a;') I 

This equation gives by integration, 

^rri^—A- (0.1947850) sin (2n^ - n't) - (25.06642) sin n7 

+ (04966103) sin (4ni - Zn't) q: (3.167950) sin {2nt - Zn't) 

+ e (1.918738) sin {nt + n't — <«>)+ c (1.418614) sin (n^ — n't + w) 

- e (0.1922946) sin (3ni- n'e — €o)±e (1.823933) ^^^ (^ ""^'^ — (o) 
+ e (0.981 5530) sin (5nt — Zn't — w) 

q= e (2.364357) sin {Snt — 3/i'^ — «i) 

- e (3.039888) sin {Snt - 3n't + (o)±€ (22.96620) sin {nt - 3n't + w) 

- e' (0.1875) sin {2nt -io')-^ (0.6079774) sin (2n« - 2n't + co') 
~ «' (37.59979) Bin i^n't - to') + e' (2.533240) sin {^nt - ^n't + cci') 
q: e' (16.5 3638) sin (2n^ - in't + €i>') 

- e' (04869630) sin {^nt — 2n't — w') 
=t e' (3.039890) sin {2nt - 2n't - a>') | 

Equations (240) and (697) will now give 

^'^^''-^~-^,''\^^^^7^(^A)^iri{nt-n't) 

- (2.671340) sin 3(n^ - n't) + e (25.76133) sin {n't - lo) 

- « (5.047364) sin {int - Sn't - ru) + e (26.89284) sin {2nt - n'^ - (o) 
+ e (23.59087) sin {2nt - 3n't + (o) - e' (o. 1 875 ) sin {nt ~ to') 

+ 6' (36.991 8 1) sin {nt - 2n'^ + ri>') 
+ e' (14.00314) sin {3nt - ^n't + w') 
+ e' (2.552927) sin {3nt - 2n't - w') \ 



- . (696) 



^ . (697) 



J 



. (698) 
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If we multiply equation (693) by dt and take the integral, we shall obtain 

-d^r- 



c? n{ (0.8106367) cos {nt — n't) + (1.35 1061) cos Z{nt — n't) 

fi /i a' { 

e (0.1947986) cos {2nt — n't — w) + e (25.06642) cos {n't — to) 
+ e' (0.7s) cos {n't — to') + e' (2.645823) cos {nt — 2n't + cd') 
+ e (1.48983 1 ) cos {^nt — Sn't — w) 

— e (9.502852) cos {2nt — 3n't + w) 
+ e' (6.94240) cos {Snt — ^n't + o)') 

— e' (1.315515) QQ^{Znt — 2n't — a)')\ 

Equation (258) will now give 

-f-^a — — ^n\ + e (0.4053184) sin {2nt — n't — ai) 

dt /i /i a' { • 

+ e (04053 184) sin {n't — ft>) + e (0.6755306) sin {int — 3n't — ai) 

— e (0.6755306) sin {^nt — Zn't + cw) I 

Equation (261) will also give by means of (699) 



— n{— (0.8106367) cos {nt — n't) 
a' I 



dt fx n 

— (1.35 1061) cos Z{nt—n't) — e (0.61 58381) cos (2n^ — n't — w) 

— e (25.87706) cos {n't — w) — e (2.840892) cos {^nt — Zn't — w) 
+ c (8.15 179 1 ) cos {2nt — Sn't + w) — e' (0.75) cos {nt — w') 

— e' (2.645820) cos {nt — 2n't + to') 

— e' (6.942400) cos {Snt — Mt + w') 
+ c' (1.3 1 55 1 5) cos {Znt — 2ntt — to') \ 

By means of the process explained in § 23, we find 






— n\ +e(28.6i78i)sin (n^ — n'^ — w) 



dt fx II 

— « (28.61781) sin {ji't — ^ii) — e (0.5901320) sin {^.nt — "Mt 

— e (0.5901320) sin (2n^ — Zn't + to) I 



-«,) 



(699) 



► . (700) 



\ ' (701) 
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If we now take the sum of equations (698), (700), and (702), we get the 

complete value of 8 — -, as follows : 

at 



^ ddr m m? a f , o /: \ • / ^ fj.\ 
8 = a n-l (24.87164) sm (nt — n't) 

dt tx a a' { 



dt fx fx 

— (2.671340) sin Z{nt — n'£) + e (55.91597) sin (^nt — n't — w) 

— 6 (2.4s 1 16) sin {n't — o)) — e (4.961965) sin (4ni — Zn't — oi) 
-f e (22.32521) sin {^nt — Zn't + €o) — e' (0.1875) sin {nt — <a') 
+ e' (36.99181) sin {nt - 2n't + o)') 
+ e' (14.00314) sin {Snt — ^n't + a>') 

+ e' (2.552927) sin {Snt — 2n't — w') 1 



>. (703) 



This equation gives by integration, 

5«r - a - — ~ / - (26.88248) cos (ne - n't) 
fx fx a' y. 

+ (0.9624382) cos 3(n^ — n'{) — e (29.05270) cos (2n^ — n't — ai) 

+ e (32.39101) cos {71't — (o) + e (1.3 1 5672) cos {4:nt — Sn't — (o) 

— e (12.43923) cos {2nt — Sn't + w) + e' (0.1875) cos {nt — €o') 

— e' (43.49940) cos {nt — 2n't + rn') 

— e' (5.184820) cos (371^ - ^n't + lo') 

— a' (0.8956392) cos {Znt — 2n'^ + ^0 | 

This value of ^r will give 

^— y = -n^ +(5376496) cos (ne-n'rt 

dt fx /x a' { 

— (1.9248764) cos 3(n^ - n't) + e ( 1 38.75284) cos {2nt - n7 - at) 
+ e{i 5.86542) cos {n't -(o)-e (5.5 18659) cos {^nt - Zn't — w') 
+ e (2 1 .99 1 1 5) cos {2nt — Sn't + w) — e' (0.375) cos (nt — w') 

+ c' (86.99880) cos {nt - 2n't + w') 
+ c' (10.36964) cos {Snt — 4n't + fo') 

+ e' (1.79 1 2784) cos (3nt — 2n't — o)')\ 



►'. (704) 



> • (705) 



PERTURBATIONS OF THE LONGITUDE. 



369 



If we now take the sum of equations (701) and (705) we shall obtain the com- 
plete value of d -— , as follows : 



dt 



(706) 



d -^ = ^ ^ -^n / + (52.95432) cos (n< - n'O 
at (A IX a' K 

— (3.275937) cos Z{nt — n't) + e (138.1370) cos i^nt — n't — lo) 

— e (10.01 164) cos {n't — (o) —e (8.35955 1) cos (^nt — Sn't — w) 
+ e (30.14294) cos {2nt — 3n't + lo) — e' (1.125) cos {7U — w') 
+ e! (84.35298) cos {nt — 2n7 + w') 
+ «' (3427240) COS (3ni — \n'i + «*) 
+ 1' (3. 106793) 006 (3n< — %h't — ro') I 

This gives by integration, the numbers in brackets being logarithms, 

a«v«-— -I + [1.7576664] sin {nt-n't) 
IJL n a' \ 

— [0.0719792] sin Z{nt — n't) + e [1.8558345] sin {2nt — n't — w) 

— e [2.1265962] lin {n^t — ki) — t [0.3461975] sin {int — Zn't — ») 
+ e [1.229841 5] sin {2nt — Zn't + io) — e' [0.05 1 1 525] sin {nt — to') 
+ e' [1.996478 1 ] sin {nt - 2n^t -+- lo') 
+ e^ [0.1034527] sin {Znt — ^n't + lo') 
+ e' [0.0374070] sin (3n^ — 2n't — w') I 

68'. In the theory of the earth's motion there is an inequality of long period 
depending on the action of Venus. According to the calculations of Airy and 
PoNT^oouLANT the effect of this inequality on the suh's radius vector is 



V 



(707) 



dr' = a' [92.39127] cos »'t, 



(7O70 



the number in brackets being a logarithm, and »' being equal to eight times the 
mean motion of Venus minus thirteen times the mean motion of the earth. This 

produces in 5 j -— J the term 



^ ( -^ J =f ^[92.39127] cos »'t 



(7O7'0 



Putting A' = f [92.391 27] and log »' = 96.49564, the term — 2 



n%' 



of equation (307), gives 
47 



(n»- «'^i 



= o".2723 sin {»'t — iSO- 



-8iD(ii'^-^ 
r 

(707'") 
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NUMEEICAL VALUES OF THE PERTUBBATIONS OF THE MOON'S CXM)RDINATEa 

64. In order to reduce the perturbations of the moon's co-ordinates to num- 
bers, we must first find the value of the coefficient — . Now, according to the 

theory of elliptical motion we have, as in equation (88), 

n»=4' (708) 

>and if we designate the earth's mass by unity we shall also have 

n'« = 1±!^. (709) 

a'* 



These two equations give 



— = — 3-, + -I7,- (710) 



n" fx a'' fia 
If we substitute the value m* given by equation (217), we shall find 

TT? __ n'* 1 c? 
fx r? /ia'*' 



(711) 



^ow taking for n and n' the mean motions of the moon and sun as determined 
by observation, we shall find 



This gives 



— = 0.07480133. (712) 



^ = 0.0055952389- (713) 

71 
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If we assume the sun's parallax to be S'^ys and the moon's mass as ^, we 
shall find 



- —- = 0.0000000166. 



(714) 



Substituting equations (713) and (714) in (711), we find 



m* 



= 0.0055952223 log 97.7478173. 



(715) 



If we multiply this by the radius in seconds, we shall get 



m* 



= 1 1 54".0973 log 3.0622424. 



(716) 



We also have 



e = 0.05489930, 
e'==o.oi677i20, 



Equation (119) will give 



y = 0.09004560, 



a 
a 



-=0.002559084. 






. (717) 



r = 



ai 1 + ^6*— e {1 — 16* + ffj^} cos {nt — to) 

-i«* {1 - !«*} cos 2{nt - «i) -|«» {1 -H^} cos S{nt 



--co) 



> . (718) 



— y^ cos 4:{nt — (o) — J||e* cos 5{nt — w) \ 

Substituting the value of e in this equation, it becomes 

r = ai 1. 00 1 507 — 0.0548373 cos {nt — o)) — 0.00 1 5039 cos 2{nt — w) 
— 0.0000619 cos Z{nt — (o) — 0.0000030 cos 4(n< — (o) 



> . (719) 



— 0.0000002 cos 



5{nt — o)) \ 



This is the elliptical value of the moon's distance from the centre of the earth ; 
and if we add the perturbations of the radius vector, we shall obtain the moon's 
true distance from the same point. 

If we designate the earth's equatorial semidiameter by 2), and the equatorial 
horizontal parallax by tt, we shall have 



D D a 

8m«'= — = . 

r a r 



(720) 
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mJMERICAL VALUES OF THE PERTUBBATIONS OF THE MOON'S COORDINATES. 

64. In order to reduce the perturbations of the moon's co-ordinates to nam- 
bers, we must first find the value of the coefficient — . Now, according to the 

theory of elliptical motion we have, as in equation (88), 

n* = ^; (708) 

or 

and if we designate the earth's mass by unity we shall also have 

n'^ = L±^. (709) 



These two equations give 






n" /I a'* (A a 

If we substitute the value w? given by equation (217), we shall find 



(711) 



INTow taking for n and n' the mean motions of the moon and sun as determined 
by observation, we shall find 



n' 



— = 0.07480133. (712) 

n 



This gives 



n'* 



- = 0.0055952389. (713) 

71 
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If we assume the sun's parallax to be 8".75 and the moon's mass as •^, we 
shall find 

la» 



fia 



/s 



= 0.0000000166. 



(714) 



Substituting equations (713) and (714) in (711), we find 



m* 



= 0.0055952223 log 977478173. 



(715) 



If we multiply this by the radios in seconds, we shall get 



m* 



= 1 1 S4"-0973 log 3.0622424. 



(716) 



We also have 



e = 0.05489930, 
e'= 0.0 1 677 1 20, 



Equation (119) will give 



y = 0.09004560, 



a 



a' 



0.002559084. 






. (717) 



r = 



-») 



-">}j 



a| 1 + ^6*- e {1 - 16* + T^ire*} cos {nt - co) 

-^{l-i^?} cos 2{nt - 10)-%^ {1 -H^} cos 3(n^ 

— \e^ cos 4(n^ — co) — JlJe* cos 6(n< 

Substituting the value of e in this equation, it becomes 

r = a -! 1. 00 1 507 — 0.0548373 cos (r^^ — ft>) — 0.00 1 5039 cos 2(n^ — oi) 
— 0.0000619 cos Z(rd — io) — 0.0000030 cos ^{jit — lo) 

5{nt — <o) I 



y. (718) 



> . (719) 



— 0.0000002 cos 



J 



This is the elliptical value of the moon's distance from the centre of the earth ; 
and if we add the perturbations of the radius vector, we shall obtain the moon's 
true distance from the same point. 

If we designate the earth's equatorial semidiameter by D, and the equatorial 
horizontal parallax by tt, we shall have 



D D a 
Bin Tt = — = . 

r a r 
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Now we have, according to observatioD, 

D 



therefore we have 



a 



= 0.01657671 = 34i9".i9; 



.// 



a 



8mjr = 34i9'M9- 

T 



(721) 



(722) 



If we increase this coefficient of - by o".i6 we may take without sensible 

r 

error 

^ = 34i9"-3S-- 



(723) 



If we suppose r to be in error by one unit in the fifth decimal place, the error 
of the parallax would be less than o".04. 

55. We shall now form equations (246), and in the yalue of {dr) we shall 
express the numerical coefficients in units of the fifth decimal place of the moon's 
mean distance as the unit. We shall also omit all the terms of {8r) whose co- 
efficients are less than o.ocxx)i. 

{dr) = — (92 — 3 = 89) + (27 + 3 = 30) cos {nt — w) 

+ (14 — 2 = 12) cos (n'i — to') + {i -^ 1=^2) QO& 2{nt — oi) 

+ (18 + 8 = 26) cos {nt + n't — 6>'- w') 

~ (19 + 13 = 32) cos (nt — n't — a) + a)') 

-(2-1 = 1) cos 2{nt - Q) + (i) cos {2nt + n't - 2ai - aiO 

— ( i) cos i^nt — n't — 2io + w') - (769 — 3 •- 766) cos 2{nt — n't) 

— (7) cos {^nt - 2n't — w) — (863 -f 23 = 886) cos {nt - 2n't -f- w) 
+ (6 + 2=8) cos {2nt - n't - w') 

— (50 + 3 = S3) cos (2n^ - ^n't + to') ~ (3) cos {^nt - 2n'i - 2io) 
+ (60 H- I = 61) cos 2{n't - (o) - (2) cos {2nt - 4tn't + 2(o') 

— (38 + 2 = 40) cos (n^ — Sn't + e> + w') 

— (3) cos {Snt — Sn't — (0 + co') 

+ (14 — 2 = 12) cos {nt — n't + (o — m') + (15) cos 2{n'i — Si) 
- (i) cos (2n^- 27i'^ + 2a; - 2Q) + (i) cos {2nt - 2n't-2a} + 2Q) > 

(Omtiimed <m the next pagt,) 



(724) 
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+ (3) COS (n« + 2n't - 3cei) - (4) cos (nt - 2n't - w -f 2Q) 

— (2) cos {nt - 2nH + ^(o - 20) -f (5 j cos {nt + 2n't - u> - 2Q) 

— (i) cos {nt - An't + w + 2tt»') + (3) cos (3n7 - 2« - w^) 

— (i) COB {n't -*• 2<o + w') + (19 + 6 =*= 25) cos {rU — n't) 

— (i) cos 3 (n^ — n'^) — (2) cos i{nt — n't) 

— (8) cos {3nt — An't + w) + (i) cos {2nt — n't - w) 

— (1) cos {n't — lo) 4- (i) cos {nt — 2n't H- w') 

— (i) cos {3nt — 5n'^ + <tf -f- a*') 



^ . (724) 



If we put a = 1 in equation (719), and add the value of {8r) given by equa- 
tion (724), we shall obtain the complete value of r; and the substitution of r in 
equation (723) will give the moon's parallax with quite as great facility as the 
ordinary method of obtaining that co-ordinate. 

We shall now determine the perturbations of the longitude which we have 
designated by {8v). The partial values of {8v) are given in equations (307), (400), 
(470), (551), (656), and (707). We shall omit all the inequalities whose co- 
efficients are less than o".i. The first term of the coefficients in the following 
equation is the value of the corresponding equation in the value of dv, and the 
second term is the sum of all the remaining equations, except for a few equations 
whose arguments depend wholly on the mean motions of the sun and moon, in 
which cases three or more terms of the coefficients are given. The parallactic 
equation also contains the term + (2".i). This term was not calculated rigor- 
ously, but estimated by induction as being the sum of all the remaining terms 
of the series which make up the complete coefficient. By means of this arrange- 
ment we are able to estimate the convergency of the series and perceive at a 
glance just which equations require further approximations, 

{dv) = - {46".! + I7".6 = 63".;} sin {nt - «) 

- {3".; + 3"-i = 6".8} sin 2{nt - r») - o".3 sin 3(n< - (o) 

- {776".s - i2o".l =6s6".4} sin {n't-w') 

- {9". 7 - 2"6 « 7'\ I } sin 2{n't - to') - o".2 sin 3(n'< - rt^O 

- {70". 9 + 3 1 ".9 =« I02".8} sin {nt + n't — (o-- w') 
+ { 78".! + 56".;} « I34''.8} sin {nt -n't-w + (o^) 
+ {o".6 - 2".8 •= - 2^\2} sin 2{nt - Q) 

- o".9 sin {nt + 2n't -to- 2a)') + !".i sin {fU - 9n'< - rn + 2^') 

(CbMfiMfed OM ^ next pope.) 
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- 4".9 sin (2nt + n't -2(0- to') + 5 "4 sin (2nt - n't - 2(o + lo') 
+ o".2 sin {3nt-(o- 2Q) - i"4 sin {nt + <o - 2Q) 

+ o".6 sin (2n^ + n't - a;'- 2gS) - o".2 sin (2n^ - n'^ + w'- 2Q) 

- o"4 sin {3nt + n't - 3a>'- a;') + 0^4 sin (3ne - n't — 3ai + w') 
+ o". I sin {Snt + n't -to- to'- 2Q) 

- o".2 sin (3ri^ - n'e - a; + a/'- 2Q) 

- o".4 sin (ni + n't + io — to'—2Q) 
+ o''.6 sin {nt -n't+to^ to'- 2Q) 

- {82"4 + 26".8 + io^3 + 3".9 + (2".i) - 2".i = I23"4} 

sin {nt — n'^) 
+ {23S3"4 + 2".S = 23S5".9} sin 2{nt — n't) 

+ { I ''.6 -o".6- o''.2 -o".i =o".7} sin 3{nt-n't) 

+ 1 3^4 sin 4:{nt — n'^) 

+ { 191 "4 — o".9 = I90".5} sin {Snt — 2n'^ — to) 

+ o".2 sin (6n^ — 4n't — 2o>) 

+ {4245 ".2 + i22".o = 4367".2} 8in(nt — 2n't + w) 

+ 26".s sin {2nt - in't + 2(o) 

- { I9''.8 + 7"4 = 27''.2} sin {2nt - n'^ - o;') 

+ {iS6".3 + 8".2 = i64".5} sin {2nt- 3n't + to') 

- s".8 sin {2nt - n't -to) + I4'^3 sin {^nt - 2n't - 2to) 

+ ii".7 Bin {n't- to) - {i6i^8~ 17^9 = 143^9} sin 2(n'^-a;) 
+ {7" 7 + o".7 = 8"4} sin {2nt - 4n't + 2to') 

- { i".s + I'^2 = 2''.7} sin {Snt -n't -to- to') 

+ { 197". 9 + 1 1 ".6 = 209''.s } sin {nt - Zn't + to ■\- to') 
+ {12". 7 + I ".3 = i4".o} sin {Znt - Zn't -tO'{-to') 

- {6 1 ".3 - 7". I = 54".2} sin {nt -n't + to- to') 

+ o".2 sin {5nt — 5n't — ai + oiQ + 3".7 sin {Znt - 5n't + to + to') 

- o".7 sin {Znt - Zn't + to-to')- $",7 sin {^nt - 2n't - 2Si) 

- {298".! + 7".8 = 30S".9} sin 2{n't - Q) 

{OmHnued on the next page,) 
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-f- 5".2 sin {27U - 2n't + 2ai - 2Q>) 

- 3".i sin {2nt - 2n't - 2a; + 2Q) + i''.o sin (5n^ - 2n't - 3ai) 

- 1 1".5 sin (n^ + 2n'^ - Sw) + o''.3 sin (2nt - 6n'^ + 3ai') 

- f\S sin (3n< - 2n'^ + a; - 2Si) 
+ I3''.2 sin (n< - 2n'^ - tt> + 2^) 

- I4".7 sin (n« + 2n't - oi - 2^) 

- o".8 sin {5nt - 2n'« - a> - 2Q) 

- o''.3 sin (3n^ - 2n't -5w + 2Q) 
+ 8".; sin {nt - 2n'e + 3co - 2Q) 

- o".3 sin (4n< - Sn't + co'~ 2^) -9".! sin {Sn't - ai'- 2Q) 

+ 9". I sin (n'e + w'- 2Si) + o".3 sin {2nt - 3n'^ + 2fl> + oi'- 2Q) 

-o^3 sin (2n^ - 3n't - 2«i + ai' + 2Q) 

+ o".6 sin {Snt - 4n'e - a> + 2a}') 

+ 7"4 sin (ne - 4n'e + co + 2fti') 

+ o".9 sin (4n^ - 3n'^ - 2ai + «>') 

— o''.i sin (4ne - n't - 2ai -fl;') - 8".i sin (5n't - 2oi - a;') 

+ 2".5 sin (n'e - 2a> + a>') + o".8 sin (n^ + n't - 2c«;) 

-o''.8 sin {2nt + 2n't - Aio) + o".6 sin (2n^ + 2n't - 4Q) 

+ o".i sin {2nt - 2n'^ + 4co - 4Q) - o".6 sin (2n't - 4fti + 2Q) 

- o^'.S sin {2nt + 2n't - 2co - 2Si) - o".2 sin (4n'^- 2ai' - 2Q) 
+ 2".S sin 2{ai - Q) + io8".S sin («i -w') 

+ o".2 sin (3n^ - bn't - co + 3«iO + o".2 sin (?i^ - 6n't + ai + SoiO 

- o".5 sin (?i^ + Zn't -Zw-w')+ o''.2 sin (n^ + n't ~ 3a> + ^ei') 

- o''.3 sin (4n'e - 2ai - 2a>') - ©",3 sin {Znt - Zn't + co + a;'- 2f3) 

— o"4 sin (n^ — n'^ — co — ai' + 2Q) 
+ o".i sin (3n« - n'^ + a> - a;' - 2^) 
+ o".3 sin {nt - Zn't -«> + «>' 4- 2^) 
+ o".S sin {nt + n'^ - <o + o)'— 2Q) 

- o".3 sin {nt + 3?i'e -co — co'- 2ft) 

(Cbw rt m i a rf on M« nexl jv^pe.) 



(725) 



376 



THEORY OP THE MOON'S MOTION, 



— o^'.i sin {nt - n't + 3(o — w'- 2Q) 

+ o''4 sin (n^'- 3n'^ + 8« + a>'~2Q) 

+ o".2 sin (4n^ - 3n'« — w) — i''4 sin (2n< — in^t + m) 

— 2".4 sin (nt ~ 2n'^ + at') + o".2 sin (3n< - in't + «') 

— o".4 sin (3n^ - n'e - 2(o) — I'^i sin (nt — 3n't -f 24») 

— o".2 sin {2nt - 2n't — m + w') -o".i sin {2nt - Wt + a» + <«/) 
+ o".2 sin (StU - n'^ - 2Q) + 0^.3 sin (n^ + n't - 2Q) 

— o''4 sin (ne - 3n't + 2Q) + 3".3 sin (2nt - 4n'i + 2Q) 
+ I ".4 sin {SrU - 4n'^ - oi) + 32''.8 sin {StU - 4n't H- «) 

— o"i sin (4ne - 3?i'e — «') + i".2 sin (4nt - 6nH + w^ 
+ 4^4 sin Q + o"4 sin {2nt - ft) + Av 
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The value of (dd) is the sum of equations (311) and (405), except a single 
term depending on the oblateness of the earth, which is given by equation (667). 
It is readily seen that the expression which determines the latitude is more eon- 
verging than the corresponding expression for the longitude; and it seems 
scarcely necessary to carry the approximations to terms of a higher order of mag- 
nitude, unless it be for the purpose of finding the effect of such terms on the 
expression of the perturbations in longitude. 

W = {73".i + o".9 = 74".o} sin (n« - ft) + i/'^i sin {w - Q) 

- {2".6 + i".S =4".i} sin {2nt - cu - ft) 

- {9"-7 - S"-0 = 4".7} sin {nt + n't - w'- ft) 
+ { 7".6 - i".3 = 6''.3} sin (nt - n't + w'- ft) 

— o".2 sin {nt — 2io + ft) — o"4 sin {Znt - 2w - ft) 

+ o".2 sin 3(n^ - ft) + o"a sin {nt + 2n't - 2io - ft) 

— 2". 7 sin {n't 4- 10 - to'- ft) - 3''.! sin {n't -co — (o'+ ft) 

- 3".8 sin {2nt + n't -co- to'- ft) 

+ 3".9 sin {2nt — n't — w + w'- ft) 

— o"4 sin {SrU + n't -2q} — co'- ft) 
+ o"4 sin {Zrvt — n't - 2io + w'— ft) 
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— 0".2 sin {nt + n't — 2io - (0'+ ft) 

(OpnniMios on m6 



) 



PERTURBATIONS OF THE LATITUDE. 



377 



+ o''.2 sin {nt - n't - 2(o + «>'+ Q) 
+ { I i6'^a - o".3 =■■= 1 15'\8} Bin {Znt - 2n't - Q) 
+ { 672".2 - 24".9 = 647".3} sin (ni- 2n!i + ft) 
+ { 1 5". I - o". I = 1 5".o} sin (4ne - %n'i - w - Q) 
+ {i84''.5 + S'^3 = i89".8} sin {2nt ~ 2n'4 4- «) - ft) 

- { iso''.8 + I4".5 = 1 65 ".3} sin (2»'^ -«i — ft) 
+ {34"-S - i"-6 = 32".9} sin (2ni ~ 2»'< -i» + ft) 

- { i".o + o".4 = i''4} sin (3»e - n'^ - ^u'- ft) 

- {io''.4 + 3''.S = I j'"^) wii (r»^ - n't - a/+ ft) 
+ {7''.S + c/'4 = 7"^} sin (3«* - 3n'« + «;'- ft) 
+ {29''.9 -f <y' .7 = 30".6} sin (tU - Sw'e + 01^+ ft) 
+ i'^4 si» (5n^ - 2n^< - 2iM - ft) 

- 14". I sin (n^ + 271^^^ - 2a» - ft) 
+ o".3 sia (3ni - 4yi'e H- 2<i/- ft) 

+ i".o sin {nt — 4«'* 4- 2a/+ ft) - i"x> sin (5n^ - 2n'^ - 3ft) 

- 1 3".8 sin {nt + 2n't - 3ft). + o'^3 sin {Znt - 2n't + 2u- 3ft) 

- o''.7 sin (n^ - 2n't -24o + ZQ) 
— o".i sin {int — n'^ — r«> — w'— ft) 
+ 8''.6 sin (2n^ - Sn't + ai + «/- ft) 

- 7'^2 sin {Sn't - co - ai'- ft) 
+o".9 sin {int -Sn't-a} + w^- ft) 

- 2''.7 sin {2nt - n't + cu - w'- ft) 
+ 2".2 sin {n't — (0 + o)'— ft) 

- o".S sin (2n^ — n't — lo — w'^- ft) 
+ I ".6 sin (2n^ - 37i7 -io + to' + ft) 

+ 4".7 sin {Snt - 2n't ~ 2<o + ft) - 2". i sin {nt - 2n'< + 2^; - ft) 
+ o". I sin {6nt - 2n't - Sto - ft) 
+ o"A sin (4n^ - 2n't - 3a; + ft) 

(CbfU^Mued ofi the netipoffe*) 
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- I ''4 sin {2nt + 2n't - 3<o - Q) 

- o''.i sin {int - 2n't + a> - 3Q) - o''.i sin {2n't + ai - 3Q) 

- I ".5 sin {2nt H- 2n'e - <u - 8Q) 
+ o".6 sin (2n^ - 2n't + Sa> - 3g3) 

- o"4 sin (tU + 3n't - 01'- 3Q) + o''4sin (ne + nU + a^'- 3Q) 

- o".7 sin (n< + 3n'« - 2co - <u'~ Q) 
+ o".2 sin {nt + n't - 2a> + a^'- Q) 
+ o".3 sin {2nt - 4n'^ + £o + 2a>'- Q) 

- o^'.s sin (4n'^ -w 2a;'- Q) + o".6 sin (5nt - 4n'^ - Q) 
+ 3''. I sin (3n^ - in't + fl) + o". 1 sin {6nt - 4n'^ - cu - Q) > . (726) 
+ 2"4 sin (4n< - 4n'e + a; - fl) + 0^4 sin (Ant - An't -w + Si) 
+ 6".5 sin {2nt - 4tn't + w + Q)+ o".3 sin {3nt - 5n't + af'+ Q) 

- 3".6 sin (2ne - n'< - fiS) + 3''.2 sin (n'^ - SI) 

- o".i sin (2n^ - Sn't + Q) - o".5 sin (ZrU - n'^ - co - Q) 

- o".6 sin (n< — n'< — ft) + Q) + o".2 sin (?i< + n'^ — co — SJ) 
+ o".i sin (n^ - n'e + a; - Q) - o".2 sin (nt - 3n'e + 01 + Q) 

- o". I sin {2nt - 2n'e + oi'- Q) - 8"2 sin rU 
+ ydsV cos (n^ — Q) 
^«v being the secular inequality in the longitude. 

If we add equation (726) to equation (132) we shall obtain the complete 
expression for the moon's longitude, referred to the fixed equinox of the epoch; 
and if we add equations (133) and (726) together we shall obtain the expression 
of the moon's true latitude. 
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